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On the Analyses of a Skew Girder Bridge by the Theory of
Orthotropic Parallelogram Plates

Etude des ponts ä poutres obliques par la theorie du Parallelogramme orthotrope

Über die Untersuchung von schiefen Balkenbrücken durch die Theorie der ortho-

tropen Parallelogrammplatte

MASAO NARUOKA • HIROSHI OHMURA
Professor of Kyoto University, Assistant Professor of Kobe University,

Kyoto, Japan Kobe, Japan

1. Introduction

It is well known that Y. Guyon and Ch. Massonnet's table and diagram
of the distribution coefficients based on the theory of orthotropic rectangular
plates are very effective in the experimental analysis and design calculation
of right girder bridges. On the contrary, there are very few researches on the
skew girder bridge in every country. It would not be too much to say that
the research made by T. Y. Chen, C. P. Siess and N. M. Newmark [1] is
the only excellent one. Their research is based on the theory of continuous
isotropic parallelogram plates supported by flexible girders. It can be easily
assumed that the theory of orthotropic parallelogram plates will also be
effective to the same degree in the analysis of skew girder bridges as the
orthotropic rectangular plate in the analysis of right girder bridges. From this
point of view, assuming a simply supported skew girder bridge structure with
cross girders or sway bracings distributed in the direction perpendicular to
the main girder as an orthotropic parallelogram plate which is simply supported
on the opposite two skew sides, the authors intended to derive skew network
finite difference equations for the orthotropic parallelogram plate and to give
the influence coefficients of the deflection and bending moment for the several
cases of characteristic values of the plates.
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2. Skew Network Finite Difference Equation for the

Orthotropic Parallelogram Plate

The analysis of the orthotropic parallelogram plate is to obtain the Solution
of the following fundamental differential equation expressed in Cartesian
coordinates:

xdx± dx2dy2
+ B,

d*w
y dy*

2H vxBy + vyBx + ±C.

V, (1)

Since the analytical Solution ofthe above differential equation is verydifficult,
it is better to solve the equation numerically by using the finite difference
method than to solve analytically. In the case where the plate is simply supported
at the opposite two skew sides and supported by flexible girders at the other
two sides (see fig. 1), by using the skew network as shown in fig. 2, the above
differential equation can be changed into a finite difference equation for each
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Fig. 1. Assumed Orthotropic Parallelogram Plate, Simply Supported at the Opposite
Two Skew Sides and Supported by Flexible Girders at the Other Two Sides.
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Fig. 2. Skew Network.
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of the following nine types of network points, that is, a) general interior
points, b) interior points near the left simple support, c) interior points near
the right simple support, d) interior points near the edge girder, e) interior
points near the sharp corner, f) interior points near the blunt corner, g) general
edge points, h) edge point on the sharp corner, i) edge point on the blunt
corner. For these derivations, Poisson's ratio vx and vy are assumed to be zero
and the following notations are used in these equations.

OL

B K tan cp, Y2 _ÄB' j K± EJr,
KBx'

H
VBxBy

The values of ]/A and k correspond to the values 2 6 and a defined by
Y. Guyon and Ch. Massonnet.

The above nine finite difference equations are shown in eqs. (2) ~(10).

a) General interior points.

Bh l-B!/2 \ß2A

¦B3-zAß 2B(1+B+B2) -U(i+B2HzA 2BH+B-B2) B3+zAB

+2zA(hß) V

tAUßtl'B'J A'-ßJ

T +2zA(l+B) r
A*-ß*/2+B* -uA2-<tB2(hß2) 6+6A' 'yß2(3+2ß2) tßÜ

+2ZAB2 -<*zA(1+2Bz) +*zA(2+3B*) -<,zAU+2ß2) +2?AB2

B3\aB 2ßH+ß-ß2) -W+ß*h**A 2BU+B+B2) -B3-zAß
+2zA(1-ß)

\B%

+2zA(hß)

VB_

*-# (2)

b) Interior points near the left simple support.

1-B% \ß'/4

ui+B2)-UzA 2ß(-frß-ß2) B\zAB

\ +2zA(i-B)V
6+SA2+Uß2/2 -tA^ßfrß2! A2-ß2/2+ß*

^B"*2zl(^5ß2) -4ZÄ0+282) +2ZAB2

-if(l+ß2)-*zA 2B(1+B+B2) -B3-zAB

+2zA(hß)

f-ß2/4 \-B \ß*/*

(3)

c) Interior points near the right simple support.

ß*A

-B3*AB 2B(1+B+B2) -mß'HzA

\ .\ \.
A2-B2/2+B* -UA2-Uß2(HBz) 6+5tf+17B2/2

+2ZAB2 -4zA(H2ß2) +5ß*+2tA(i,+5ßz)

ß3)zAB 2B(i*BBz) -W*B*M*A
V +2ZÄU-B) '

W \ß WA¦V

,M (4)
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d) Interior points near the edge girder.
-BfZ-zAß ß(hß+ß2) -2(hß'HzA B(-nB-B2) B3/2+?AB

\ +2ZÄ(hß)

-i - A V + 2ZÄ(l-ß) \~
A2-ß2/^B* -4A2-iß2(Hß2) s+6fy7B92 -*A\WHl+B2) A'-ß'ß+ß*

+2zAß2 -tzA(l+2ß2) +6ß*+4ZA(2+3ß2) -4ZA(l+2ß2) +2ZAB2

BT+XAB 2ßH+ß B2) -M+ß2)-4zA 2ß(t+B+B2) -B3\aB
2ZA0-B)

'/» \ß
2ZAO+B)

f-ß2/2 Vß*
e) Interior points near the sharp corner.

\ß2A

Ry (5)

-2-2ß'-ß3/2 BH+B-B1) ß3/2**AB

-4rl +2ZA0-B)

5+5A*+3lß% -rf-ittfdH

£S5

A2-B%+B*
+Sß*+2zA(t+5ß2) -4ZA(1+2B2) +2ZAB2

t+ß'UzA 2B(1+B+BZ) -B'-ZAB-4ff+i
T^ +2ZÄ(l+ß)

1-B2A \ß
T ¦> ß2A

f) Interior points near the blunt corner.
-ß3/2-ZAB BU+ß+ß2) -2-2ß'+ß3/2

V +2ZAU+B) -4ZA

A-ßh+ß* -rf-täl+B2) S+S/fipßt*
+2Z-AB2 -MAti+Zß2) +Sß*+2ZA(4+,-*ZA(»ZB2)

B3+rAB 2BH+B-B2)
+2ZA(1-B)

-<,U+B2)-teA

-V r-m

g) General edge points.

-f

A2/2-B2A -2A2-2ZA(1+2ß2) l+3A\B2/2 -2A2-2ZA(1+2B2) AWMzAB*
i-ZAB2+T -*T +2zA(2+3B2)+6T -47> *T

Bfr+zAB BH+BrB2) -20+ß2)-<,ZA ßü+B+B2) -B3/2-lAB

\ +2ZA(1-B) \ +2ZAÖ+B) \
\ß2A \7-ß2/2 \ß2A

PA
2ßy

(6)

(8)

h) Edge point on the sharp corner.

hSAll2+ß2A -2A2-2ZA«+2ß2J A2/2-ß2MzAß2

+ZA(U ß+W)+57 -fr +7

-2-2ß2-B3/2-UZA B(1+B+B2) -ß3/2~zAB

"T +2ZÄ0+B)

}ß2A \-ß

i) Edge point on the blunt corner.
e/2-B2A+zAB2 -2A2-2ZA(H2B2) 1+5%2+B2A

+T -*T +?A(tn-ß+5ß2)+5T

B3/2+zAB BH+B-B2) -2-2B2+B3/2-itzA

\ +2zA(/-ß)\
\ß2A ß- \/-ß2A

ß2A

»¦$•

¦"¦¦$

(9)

(10)

In these equations, the quantity p0 is the equivalent combined effects in
terms of load per unit of area for all the loads which act upon at point 0. Thus,
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if at point 0 there act a uniformly distributed load of p0 per unit of area,
a line load of q0 per unit of length in the x direction, and a concentrated load
of P0,p0is given by

Po Po +y + yf- Po + Y+-Y^-Ay AxAy Ay Ay

If point 0 lies on an exterior edge of the plate, p0 is given by

- __ % P0 2q0 2KP0
^-^+o.5A,+ö^ÄÄ~^o+^7+"^r"-

Covering the orthotropic parallelogram plate with the skew network and
applying the above nine finite difference equations for each network point,
we can obtain simultaneous equations. Solving these equations, the values
of deflection can be calculated and then the bending moment can also be
obtained from the following equations.

a) General interior point (see fig. 2)

K2
Mx =--^2-Sx(Wl>-2'W0 + Wl)>

1 (U)
My =- — By {B2 (wr-2 Wq+w^+0.5 B (- wr2+w12 + wV2,- w12,)+(w2,-2 wQ+w2)},

Ay

K
Mxy -YK(xBx^B (Wr - 2 ^0 + ^l) + °-25 ~ WV2 + ^12 + Wl'2' ~ wl*)} •

b) Point on the left simple support (see fig. 3 a)

K2 1

Mx =:--^-JSxz(wi2'-wi2), My -^By{B2z-B){w12,-w12),

K
Mxy -^kccBx(Bz-0.5)(w12,-w12), (12)

Ay

c) Point on the right simple support (see fig. 3 b)

K2 1
Mx =—Y2-Bxz K'2 -wra0 > My -—By{B2z-B) (wr2 -wV2),

A». Ay
(13)

Mxy ~ Ti" K a Bx (B Z ~ °-5) (W12' ~ wVx) •

d) Point on the exterior edge (see fig. 3 c)

K2
Mx =-^rBx(w1-2w0 + wr), Mv 0,

Ay

X
VMxy —^k<xBx{B (wr — 2 w0 + w1) +0.5 (-wr + w1 + wiz — w12)}.

(14)
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(J. \2
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Fig. 3. Points on the Simple Supports and on the Exterior Edge.

The assumption of vx vy 0 is same as in the case of the derivation of the
finite difference equations.

The detailed description of the above eqs. (2) ~ (14) requires so much space
that it is omitted and only the results of the derivation are written here (see

references [2]).

3. Tabulation of the Influence Coefficients of Deflection and Bending Moment

If the tables of the influence coefficients of the deflection and bending
moment were completed, these tables would become of great help for the
designers of the skew girder bridges. From this point of view, it is necessary

7 2 3 4 5

V \7 \a \9 \f0

^ Simple 7
\support ^\ %

V' \72 \l3 \/« N

\75

Simple \/S \/7 \7ß \/7' \76'
support
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\70' V' \ 7' V'
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Fig. 4. Orthotropic Parallelogram Plate, Simply Supported at the Opposite Two Skew
Sides and Free at the Other Two Sides, and its Skew Network.
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subtracting the Solution of the above both cases. The digital Computers,
UNIVAC-120 and Bendix G-15D, are used for these matrix inversions.

It requires much space to write the influence coefficients of deflection and
bending moment of all points 1 ~ 18 in detail. Therefore, as an example, only
the influence coefficients of deflection w and bending moment in x direction,
Mx, of the points 3, 8, 13 and 18 are shown in tables 1 ~ 8 for the case of J 0

(that is, the plate is free at the two sides in y direction).

4. Experimental Verification of the Theory

In order to check the effectiveness of the author's method of analysis for
the skew girder bridges, experimental researches were made on three modeis,
that is, a) a skew grillage girder bridge consisting of composite main and cross

girder sections, b) a skew grillage girder consisting of aluminium round bars
for main and cross girders, c) a skew grillage girder bridge consisting of main
and cross girder sections of plastic material of polymethachrilmethyl, Acrylite.
Now that the detail of the result of experimental research for the model a) was
already published [3], it is omitted to describe here and the results for the
model b) and c) will be described.

I. Model. The plan and cross section of these modeis b) and c) are shown
in figs. 5 ~ 8, and the characteristic values of the modeis b) and c) are as
follows:

Model tan (p a b K A B Fig.*=Vbv/bx

b)i 8/17 405 860 17/8 (17/24)2 9 1 Fig. 5

b)2 32/63 429 845 63/32 (63/128)2 16 1 Fig. 6

c)i 29/42 580 420 42/58 (1/1.38)2 1 0.5 Fig. 7

c)2 11/20 660 600 10/11 (1/2.2)2 4 0.5 Fig. 8

II. Experiment. For the model b), a concentrated load P — 5 kg was applied
to the mid- span point of each main girder and the deflection was measured
at these points by dial gauges. For the model c), a concentrated load P 5 kg
was applied to the points corresponding to the network points of the skew
network of the orthotropic plate, and the deflection was measured at these

points by dial gauges, and the strain of the girder was measured by electric
wire resistanee strain gauges cemented into the web plate of the main girder.

III. Experimental result. The results of experimental researches for the
model b) and c) were shown in figs. 9~ 14. For the sake of convenience, these

figures show only the influence values of deflection, bending moment and
distribution coefficient for points 3, 8, 13 and 18, along the mid-span line and the
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measured values are compared with the theoretical values calculated under
the assumption of ac 1 and 0 in all these figures.

In the figures for distribution coefficients, the notations used by Y. Guyon
and Ch. Massonnet are used, for example, K, b and /. That is, 2 b is the effective

width instead of b used in fig. 4.

The results of experimental researches for the model c)1 and c)2 are shown
in figs. 9 and 10, plotting the measured values of the deflection and bending
moment for model c)1 and in fig. 11, plotting the measured values of the
bending moment for model c)2, but the results for model c)2 are shown in
fig. 12, not with the values of deflection itself, but with the values of
distribution coefficients K defined by Y. Guyon and Ch. Massonnet. For the

purpose of comparison, the distribution coefficients calculated from the dial
gauge readings are shown in figs. 13 and 14 with those calculated from the
theory for the specimen modeis b)1 and b)2.

IV. Consideration. From above experimental researches, it was clarified
that the authors' theory can explain well the experimental results and the
measured values seem to be in satisfactory agreement with the theoretical
values.

Generally speaking, the measured values check favorably with the theoretical

values calculated under the assumption ac 0 in these modeis b), while
the measured values do with the theoretical values under the assumption
k= 1 in the modeis c). These differences can be well understood from the fact
that the former model of aluminium round bars has no slab and the torsional
rigidity is small, and that, on the contrary, the latter modeis have the slab

so that the torsional rigidity is larger than that of the former modeis.
The values of influence coefficients of the deflection and bending moment

of the orthotropic parallelogram plate for any arbitrary values of k between
1.0 and 0 are not yet completed, and therefore, the measured values can not
be compared directly with the theoretical c values corresponding to the
torsional rigidity of the modeis themselves. However, the experimental results
can be said to be satisfactory practically.

5. Conclusion

From the above numerical analyses on the orthotropic parallelogram plates
and the experimental researches on the modeis of a skew grillage girder, it was
clarified that the theory of the orthotropic parallelogram plates is very effective

in the analyses of the skew girder bridges.
The authors are now calculating the influence coefficients of deflection and

bending moment for the cases of various combinations of characteristic values
of the plate, using the skew network shown on in flg. 4, but wish to calculate
those in the case of a finer skew network to obtain more accurate values.
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Summary

The authors derived the skew network finite difference equation for the
orthotropic parallelogram plate, simply supported on the opposite two skew
sides and supported by flexible girders at the other two sides, and calculated
the influence coefficients of deflection and bending moment for the special
characteristic values of the plates. These values of influence coefficients were
verified by the experimental researches on modeis of skew grillage girder
bridges.

Resume

Les auteurs etablissent l'equation limite aux differences dans le cas du
treillis oblique, pour la dalle orthotrope en forme de parallelogramme, portant
simplement sur les bords obliques opposes et soutenue sur les deux autres par
des poutres de flexion.

II a ete ainsi possible de determiner les coefficients d'influence de la fleche
et du moment flechissant pour les valeurs caracteristiques particulieres de la
dalle.

Ces coefficients d'influence calcules ont ete confirmes par des essais sur
modeles de ponts constitues par des grilles portantes obliques.

Zusammenfassung

Die Autoren geben hier die Ableitung der begrenzten Differenzengleichung
bei schiefem Netzwerk für die orthotrope Parallelogrammplatte, die an den

gegenüberliegenden schiefen Rändern einfach gelagert und an den anderen
beiden durch Biegeträger gestützt ist.

Damit wurden die Einflußzahlen der Durchbiegung und des Biegemomentes

für die besonderen charakteristischen Werte der Platte bestimmt.
Diese berechneten Einflußzahlen wurden durch Versuche an Modellen von

schiefen Trägerrostbrücken bestätigt.
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