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Plastic Shakedown of Structures with Stochastic Local Strengths
Ruine des structures en domaine plastique avec résistance locale empirique

Plastisches Versagen von Tragwerken mit stochastischen lokalen Festigkeiten
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Istituto di Ingegneria Civile Istituto di Scienza delle Costruzioni
Universita di Firenze Universita di Napoli
Italia Italia

1. INTRODUCTION

A procedure for evaluating bounds on the plastic collapse probability of
redundant, ductile structures with stochastic local strengths has been presen-
ted elsewhere [1] and brought to the direct knowledge of I.A,B.S.E. members by
a contribution to the Free Discussion at the Amsterdam Congress [2]. The ori-
ginal form of the procedure allowed the determination of bounds to the relia-
bility of structures subjected to load systems measured by a single parameter
with known probability density law; these bounds could be made closer by suc-
cessive approximations,

Later, the procedure has been extended to multi-parameter loading [3], and
shown to be just a particular case of a more general formulation applicable to
all structural problems whese solution is given by a maximum or minimum condi-
tion [4].

In this and a companion paper [ 5], the procedure is further extended and
applied to the shakedown/incremental collapse problem of plastic structures.
In fact, it is well known in classical limit analysis (see e.g. Refs. 6, 7)
that a ductile structure can be led to gradual collapse ("incremental col-
lapse'") by repeated lcads of smaller intensity than the corresponding non-re-
peated loads, even if the lowering of the yield limit with plastic cycles of
stress is (unsafely) neglected. This effect, which is quantitatively signifi-
cant in a number of cases of practical engineering importance, appears not to
have been examined before for structures made up of elements with random
strengths; also Professor Ferry—Borges' Introductory Report for this Symposium
[8] considers explicitly effects of the "fatigue" type only.

The theorems which allow the introduction of this effect into probabilis-
tic limit analysis are presented in detail in the quoted Ref. [ 5], and are
briefly summarized below. This paper is more specifically devoted to a nume-
rical example.
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2. BOUNDS ON THE PROBABILITY OF SHAKEDOWN

For simplicity's sake, only structures with one significant strength com-
ponent (bending moment M) will be considered.

Let mg pax and mg pip be the elastic diagrams of maximum and minimum bend-
ing moment Meps« and, respectively, M€ ins calculated allowing all the admis-
sible loadings to act in turn on the structure. If m} and m} are the diagrams
of positive and negative limit moments M) and, respectively, M], the static
theorem states that shakedown takes place if at least one diagram m* of self-
equilibrated moments exists such that the inequality:

M" < Me +M¥<M'; M'<Me ., +M*<M (2.1)
o - m - o o - o

ax min -

holds in every section of the structure.

On the contrary, by the kinematic theorem, shakedown cannot take place if
a rigid-plastic mechanism exists such that:
e

L. M,
1 1L max

. e . ' . " -
84, + ?, M min 865 > T MJ, Ad, + T M ad (2.2)
i and j being the dummy indices which distinguish sections undergoing positive
and, respectively, negative plastic rotations, Therefore, if mj and mj are
random functions and if a number of self-equilibrated diagrams Y, my o..... my,
is considered, denoting by Ej the event that (2.1) holds at least for one mj,

and by S35 the actual probability of shakedown, one gets:

de = Prob {El} < 8 (2.3)
Similarly, consider a number of mechanisms ki, ..... k. and denote by Ej the
event that (2.2) does not hold for any k;. Then:

de = Prob {E,} > S, (2.4)
From (2.3) and (2,4), bounds on the probability of incremental collapse
P, =1 - 84 follow obviously:

d d
Bay =1 = Sgy 2Bg 21 -8, =Py (2.5)

The two events (2.1) and (2.2) are mutually exclusive and exhaustive. There-
fore, bounds (2.3) and (2.4) are sharp, in the sense that the difference
SdY—de approaches zero when all self-equilibrated diagrams and all possible
mechanisms are considered for the definition of events Ej and Ej.

3. NUMERICAL EXAMPLE

Consider the simple frame in Fig. 1, already studied in [1,2,3], of nomi-
nally constant section throughout, subjected to loading dependent on two para-
meters, Wi and Wj.

Assume that only the eleven critical sections shown in Fig. 1 are signifi-
cant, and_that in each critical section |Mgi1 = MJ; =_ﬁoi. Assume further
that the ﬁoi (i =1, «..,., 11) constitute a set of independent random varia-
bles distributed according to the Gauss probability law P,; (Mpi) with mean
value My = M, = 10 tm and standard deviation 0,5i = 0, = 1 tm in every sectionm,
The set of admissible loading is defined by the following inequalities:

0 <W <W ; 0 <W, < W 3.1)

1 lm 2m

where Wi, and Wop, are the "extreme load-parameters' on which the probability
of incremental collapse depends. The results of the analysis are presented
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mainly as level curves, respectively Cyp and Cyp, of the bounding incremental
collapse probabilities Pdw and PdY’ drawn in the plane of the load-para-
meters wlm, WZm'

To thain the curves P4y (Wlm, Won) = P (curves Cyp) consider three dia-
grams m;% mj, ﬁ§ which, on the expected (or average) structure [1,2,3], can be
associated with the three failure mechanisms shown in Fig. 2. Fig. 3 shows
such diagrams for a particular value of a = w2m/wlm. Each of these diagrams
is also associated with extreme loads which lead the expected structure to in-
cremental collapse according to one of the quoted mechanisms. Therefore, if
the actual loading (Wy,, oWj,) has to be multiplied by a factor yy; in order
to cause collapse of the expected structure according to mechanism k:;, three

1
self-equilibrated diagrams are associated to each pair (Wlm, aWig) by setting

m¥*
m* = =~ (i =1,2,3) (3.2)

L Y4i

Now, put:
M,. = max {|M% P Vil B 1V ol Vil (3.3)
1] 1 max 1 1 min 1
P =1,[1-P . (M.)
r J [ 3 ( £l ] ¥ = lywsmsusld

Prs = Hj[ 1 - POj (max {Mrj’ Msj}i] r,s = 1,2,3 (3.4)

s >r
P123 = l'lj [l - Poj (max {Mlj’ sz, M3j })]

From (3.3) (3.4) it is possible to obtain the expression for Pdw:

1—Pdw (W
Function Pgy (Wip, aWyp) is plotted in Fig. 4 in a semi—logarithmic diagram
versus the ¥0ad—parameter Wim, for a number of values of the ratio o, and for
Pdy < 0.1. Intersecting these curves by horizontal lines it is possible to
obtain points of the level curves C¢P' These curves are shown in Fig. 5, for
P = 1075, 1074, 1073, 1072, 1071, o!s.

1m? o) = (LB + (1-By) + (1=By) = Pyy = Pyg = Byg + Py (3.5)

As for level curves Py (Wlm, Wop) = P (curves CPY)’ it 1s necessary to
associate to the three collapse mechanisms so far considered also the omnes
that lead to localized fracture the expected structure, paying attention to
the critical sections 1,4,6,8,11., Furthermore, it is convenient, in order to
keep the calculations simple, to consider separately each failure mechanism,
and to calculate only the individual failure probabilities. By this simplifi-
cation, it turns out that curves p are composed by a number of straight
lines. In order to illustrate the procedure, consider, for instance, mecha-
nism k, (Fig. 2). The equation of virtual work for this mechanism is:

3 W, +2.1816 W =M +2M o+ 2 M ¥, (3.6)
The second member of (3.6) is a Gaussian random variable Ba with mean value
D, = 6 M, and variance ofj = 100%. In order to keep the failure probability
lesser than P, it is necessary that the first member of (3.6) remaing lesser
than D, + Zp-op, Zp being the value of the standard normal variable which is
not exceeded with probability P. TFor P = 0.1, the equation of a side of the
polygonal Cyp is given by:

W, + 2.1816 W, =6M - 1,28410 ¢ (3.7)
2m lm o o

Bg. 19 VB
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Similarly, the equation for the alternate plasticity mechanism relevant, for
instance, to section 1 is:

e e - e
imax ~ Mimin = 0.1818 Wlm + 0.8864 me = 2 M01 (3.8)
For P = 0.1, the equation of another side of the polygonal CYP would be:
0.0909 W, + 0.4432 W, =M - 1.28 ¢ (3.9)
1lm 2m o) o]

Note now that the same equation (3.9) is obtained when section 1l is consider-
ed as critical, and rupture occurs if eq. (3.8) holds in section 1 or in sec-
tion 11. Therefore, if Q is the probability that eq. (3.8) holds in only one
section, the compound probability will be

20-q2 =P (3.10)

Q=1- JT=T O (3.11)

Replacing Zp by ZQs it is possible to obtain directly the overall probability
of rupture relevant to both mechanisms: for P = 0.1, eq. (3.11) yields
Q = 0.05, ZQ = 1.65, and the equation (3.9) becomes:
0.0909 W. + 0.4432 W, =M - 1.650 (3.12)
Im 2m o o]

Curves C,, are shown in Fig. 6 for P = 1072, 10°%, 1072, 1072, 107}, 0.5. 1t

is soon noted that only the first three mechanisms yield significant bounds on
the probability of incremental collapse. This is clearly due to the defini-
tion (3.1) assigned to the set of admissible loading; however, even under
these conditions, Fig. 7 shows a contraction of the shakedown domains with
respect to the corresponding domains relevant to monotonic loading.
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Fig. 7: Comparison between monotenic and repeated loading
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SUMMARY

A method for bounding the shakedown probability of an elastic -perfectly plas-
tic structure with stochastic local yield condition, subjected to repeated cycles of
loading is presented. The procedure is then illustrated by a numerical example with
reference to a framed structure,

RESUME

On présente dans ce travail une méthode pour estimer la probabilité de ruine
d'une structure élastique parfaitement plastique avec condition de fluage local
stochastique, soumise 3 des cycles de charge répétés. Le procédé est ensuite
illustré par un exemple numérique traitant un portique.

ZUSAMMENF ASSUNG

In dieser Arbeit wird eine Methode zur Begrenzung der Shakedown-Wahr -
scheinlichkeit eines elastisch-idealplastischen Tragwerkes mit stochastischen
lokalen Fliessbedingungen unter wiederholten Belastungszyklen vorgelegt. Das
Vorgehen wird sodann anhand eines numerlschen Beispiels, bezogen auf ein Rah-
mentragwerk, veranschaulicht.
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