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The global study of geodesics in symmetric and nearly
symmetric Riemanvian manifolds’)

By H. E. Ravuch, New York (USA)

1. Introduetion

The present article represents a further contribution to the program of
research initiated in two papers of the author, RaucH [13, 14]2). In the first
of these one finds

Theorem A. Let M", n = 2, be an m-dimensional complete RiemannNian
manzfold of class C*, x = 4, for which a constant K > 0 exists such that

hK <KP,y) =<K, all PeM", all y,

where K (P,vy) is the RigmMannian curvature of the two-section y with vertex
at P and h ~ .75 is the solution of sinz Vh = ﬁ/2. Then the stmply
connected covering M™ 1s homeomorphic to 8™, the n-sphere.

A critical review and expanded exposition of RAUCH [13], in particular the
preceding result will be found in the monograph RaucH [15]. In the interim
several new contributions due to other authors have brought this particular
phase of the general program to a definitive conclusion: in KLINGENBERG [12]3)
h is replaced by A’ ~ .54 satisfying sin aVh = V'K, for even m; in
Tsuramoto [17] this conclusion was extended to all n; and in BERGER [1]
and [2] for even », A is replaced by k" = 1/4, which he proves to be best
possible in the very strong sense that if the limits are actually attained and
Mm is not homeomorphic to a sphere then it is a complex or quaternion pro-
jective space or the CAYLEY projective plane, each bearing its associated
standard RIEMANNian metric.

BERGER’s ultimate version of Theorem A shows that the method is a natural
one ; however, in the introduction to RAucH [15], appearing before this result,
it was pointed out that 1/4 is a natural limitation to the effectiveness of the
method, quite independent of the dimension, so that 1/4 is best possible for

1) Delivered at the International Colloquium on Topology and Differential Geometry in Zurich,
June, 1960. This work was partially supported by NSF, Grant No. G 6695.

%) Reference to bibliography at end of paper.

3) The author wishes to disavow the hesitant sentiment expressed in the footnote on p. 8
of RaucsH [15]. His misunderstanding was due to a hasty reading.
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the method in all dimensions and best possible for even n but not necessarily
for odd n. In confirmation thereof is the announcement?) of KLINGENBERG
that he can replace A by 1/4 for all n but without proving that 1/4 is best
possible for odd n. What is missing, of course, is the natural counter-example
for odd n corresponding to the projective spaces in even dimensions. Lacking
such a counter-example, one is entitled to suspect that Theorem A is valid
in odd dimensions with a value A” < 1/4, and one is certain that the present
method cannot shed any light on this question. Going further, BERGER in
exhaustive unpublished calculations has confirmed that the only simply con-
nected homogeneous (symmetric or non-symmetric) manifolds of strictly post-
tive curvature are the spheres and the aforementioned projective spaces. 5)

Is it possible that every simply connected manifold with strictly positive
curvature is homeomorphic to one of the above named models? For the reason
indicated the present methods will not suffice to answer this question. But
should it happen by some chance that it were answered affirmatively by
another method, what would then become of ‘“comparison theorems’’ such as
theorem A and its improved version—would they be superseded? No, they
would instead enter into a larger context by distinguishing curvature-wise
among the several possible models.

Now in RAvucH [14] an extension of theorem A is envisaged in which M”»
is compared with irreducible symmetric RiEMaNNian manifolds other than
the sphere. A holonomy condition enters ; and results in BERGER [3] appearing
in the interim imply (significantly, in view of what has preceded) that the
only admissible models for comparison purposes are precisely the spheres and
the various projective spaces. There is thus a need for a reexamination of
RavucH [14], and the present communication takes the first steps by presenting
the revised hypotheses and the analytical mechanism as well as some relevant
material on the global differential geometry of the general compact symmetric
manifold.

2. Symmetric manifolds — curvature, geodesics, holonomy

Lack of space forbids any synoptic account of definitions and theorems;
the reader is referred to CArTAN [4-7] and [8], Chapter XI, and, for a more
modern treatment of certain differential geometric aspects, to the biblio-
graphy of BERGER [3]. A symmetric RIEMANNian manifold possesses

¢) These Commentarii, 35 (1961) 47.

§) Added in proof. In & letter to the author BERGER states that a reexamination of his cal-
culations reveals the existence of two new (non-symmetric) examples, both of odd dimension
(7 and 138). If confirmed, this would answer the question of the next paragraph in the negative
and lend new significance to KLINGENBERGS improvement of theorem A.
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Property A. The curvature of a 2-section propagated parallelly along a geodesic
18 constant.

Property B. The restricted holonomy group coincides with the connected com-
ponent containing the identity of the isotropy group (more precisely, with the
representation thereof in the tangent space at a given point).

Every symmetric manifold is globally the product of irreducible symmetric
manifolds. For the sake of simplicity, then, let £} be an irreducible symmetric
manifold (dimension n) of positive curvature and E” the corresponding space
of negative curvature whose structure is obtained from that of E} by multi-

plying the infinitesimal transvections by V' — 1. To avoid the inconvenience
of passing to the universal covering for some later topological conclusions let
E? and E” be assumed simply connected.

At any fixed P e E}(E") consider an orthogonal frame (in the tangent
space) and unit orthogonal vectors w, v having the appearance u = (u,,...,
Up_y,0), v=1(0,...,0,1) with respect to that frame. After a suitable ortho-
gonal transformation and renumbering of the u's the curvature form at P
for the section y spanned by # and » has the appearance

KP,y)=+ Ky(ui+ - +up) £ - £ K, (b, + - +upy), (1)

where K, > --- > K, = 0 and, in general, K,, = 0, the plus sign occurring
for E? and the minus for E” §).

Before proceeding to use Properties A and B it will be instructive to
compute 1) explicitly in terms of the structures of the Lik algebras, g and f,
of the Lik groups, G and K, of isometries and isotropy of E}. Consider
first the case where E? = H, H a simple, compact, simply connected LIk
group endowed with the standard Riemaxnian metric for which H x H acting
on H by left and right translation is the group of proper isometries to which
i1s adjoined the symmetry [—ml-'m about m(m,le H), the holonomy
(= isotropy) group being AdH (i.e., AdH is the representation in ), the
Lir algebra of H, of the inner automorphisms !—mlm=, 1, m e H, con-
stituting the isotropy group about the identity). Let X,,..., X, be a basis
of h such that, if X = z,X; (summation convention), then the KiLLiNa
form of h is — (X, X) where?) (X, X)=a,z;,. If X and Y =y, X, are
such that (X, X)=(Y,Y)=1, (X,Y)=0 then, if » is the two section
spanned by X, Y,

K(y) = — Byyix52,y, = — X, Y], Y], X) (2)

¢) Because of the homogeneity of the space it is permissible to drop the P in K(P,y). The
metric and curvature form of E’_‘i_ are uniquely determined up to the same multiplicative constant.
") This is not the normalization used by CARTAN in some of the papers referred to.
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(CARTAN [6], p. 65 or p. 737). Now in b introduce a new orthonormal basis
éy,...,e, for which

[esr1, Y] = — 27w, (Y) ey , (3.a)
[esr, Y] =20, (Y)e93n, K=1,...,m, (3.b)
leomin> Y] =0 x=1,...,1 , (3.¢)
where [ is the rank of ), n =1+ 2m, and w,(Y), k= 1,...,m, are
the roots®) (angular parameters in CARTAN’s terminology) of Y. The last [
vectors ey, .,,...,e, span a CARTAN subalgebra?) t containing Y. Clearly,

if X and Y are to play the roles of # and v» in (1) then because of (3c) it
is permissible to put X = Xi™u.e,, Y = 27, . v,e;, in (2), where

i+ -+ + Uy, = V3, + -+ + 95 = 1. One obtains
K(y) = ﬂzkz (g1 + Ugp) 0y (V) (4)
=1

where here and in (3) a root of multiplicity p is written p times?). Let c,(Y)
be the distance (the metric reduces to the ordinary euclidean one on t)
from the origin to the point where the vector Y crosses the hyperplane

(2o e;) = 1. For this point the coordinates w,,,,,...,w, in t take
the values ¢, (Y)v3ni15- .., Cx(Y)?v,. One can write, therefore,
0, (7) = — (0, (V) ¥) = —
F cp(Y) N ce(Y)
Substituting in (4), one obtains
v (2 2 e
K(y) = Usey + Uar) oo - 5
(7’) k§1( 24—1 + 21c) Ci(Y) ( )

To obtain E” corresponding to E? — H one complexifies H and h and
considers the subspace of H generated by the purely imaginary subspace

V-1 b of the complex LiEk algebra. One then has to change the sign of the
inner product whereupon it is clear from ‘2) that the curvature form of E"
is simply the negative of that of E}. The group of isometries of E" is the
simple complex group, the complexified H, while the holonomy group is the
same as before, Ad H.

8) As a result of the fact noted in ?) the roots here will not have the traditional appearance
(for all matters pertaining to roots the reader is referred here to de SIEBENTHAL [16] and references
there). In addition, the roots here are evaluated for the parameters having square sum 1.

%) The presumption here is that Y is general so that { is unique. If Y is singular, then
take any one t.
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To obtain the other symmetric manifolds in question consider a compact,
connected LIE group G with Lie algebra g, an involutive automorphism
7 of G (the symmetry), and the maximal compact connected subgroup K point-
wise invariant under v with LIE algebra f c g. Let X,,...,X,, ¢ =dimg,
be a basis for g normalized as before and, in addition, so that X,,..., X,
form a basis for f+, the orthogonal complement of f. The one-parameter

subgroups generated by f*+ form E" = G/K. Given Y ¢¥* and a CarTAN
subalgebra tcf of dimA<, where I+ 2m = q one can as before
choose a new orthogonal basis e,,...,e, in g such that e, ,e¥, k=1,

..,m, and ey, . , x=1,...,1 span ¥ the two sets together spanning
i (so that m + A = n) and, in addition, formulae 3) hold with w,(Y), the
root with respect to t, replaced by @,(Y), the root with respect to ;, l.e.

in particular, a linear form in v,,,,,..., ¥5,,) only. One then has, corre-
sponding to (4) and (5)

K(y) = 752{;‘1“21:—16’% (Y) (6)

and
K . :{v 2 __y_tf_.__ 7
(v) —‘k=1u2k~1 Ei(Y) ) (7)

where ¢,(Y) is defined analogously to ¢,(Y). The consideration of V1§
and reversal of the sign of the inner product (in this paragraph just the first
n terms of the Kimuring form are used) show that K(y) for E” is just the
negative of that for £} . The holonomy (isotropy) group remains K but the
group of isometries becomes the open real simple group with Lie algebra
I+ V1%

Let P EY(E") be arbitrary but fixed, and let o be a fixed geodesic ray
issuing from P. With the conventions used in (1) let v be the unit tangent
vector to o at P so that w lies in the (» — 1)-plane orthogonal to wv.
Introduce FERMI coordinates along o and consider the JACOBI equations
(cf. RavucH [15], Chapter 3). Property A implies that the latter take the shape

n;j:Klna=O, x=1,...,n,, (8)

m + Kony=0, oa=n,,+1,...,0—1,

where the prime denotes differentiation with respect to s, the arc-length
measured on ¢ from P.19)

_ 1% In order to reconcile formulae (6), (7) with (1), (8) one [must replace u;, us, ..., Yam—
In the former by u%;, #g, ..., Uy_) and Ugyiy, ... Ugmtd DY Up_r41s --c5 Up_1-
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The first conclusion from (8) for E} is

Lemma 1. The first point Q on o conjugate to P (briefly, first conjugate

point) is at the distance s = n|/V K, from P. See Ravch [15], Chapter 3.
The second conclusion for K} is stronger:

Theorem 1. The geodesic issuing from P whose initial tangents lie in the

hyperplane 6:u, .z = - =u,_, = 0 all have the same length n| V' K,, all
meet at the first conjugate point Q on o, and form a metric sphere with constant
curvature K, and dimension n, + 1 in the natural induced metric.

There are two proofs both based on Property B.

First proof (group-theoretic): given w e d there exists a one-parameter
subgroup of the holonomy group taking v into w (in particular) because the
curvature K, of the section 3 spanned by v and % is non-zero. By Pro-
perty B this subgroup is realized by a one-parameter subgroup 7'(6) of K,
0 <0 <2xn. T(0) rotates ¢ into the geodesic o (0) issuing from P whose
initial tangent % (0) lies in y. Denote the point on ¢(0) at distance s from
P by T(0,s). Then, by JacosI’s theorem, y = T4(0, s) is a vector solu-
tion of (6) for which %(0) =0, 5.(0) =0, x =0, + 1,...,n — 1, so that
To(0,n/V K,) = 0. From the group property of 7(0) one deduces im-
mediately that 7'(0) Q@ = @ identically in 6. Applying this reasoning for
all wed one draws the first two conclusions of Theorem 1. Furthermore,
since (1) on & is precisely the curvature form for a sphere of dimension
n, +1 and curvature K, and the holonomy group takes v into any
% ¢ 6 and leaves the form (1) invariant (Property B) one sees that at P all
sections y have the same curvature K,. The transvections then carry the
conclusion to every point of the geodesics in question.

Second proof (differential-geometric): one deduces from (6) (RaucH [15],
p. 21 and p. 41) that if 2’ is the unit »,-sphere in the subspace of the tangent
space at P spanned by 6 and v and 42?2 is the line element on X' then
the line element do®* on E7 satisfies

dot — gt - SOPVES o )
K,

along o. The argument at the beginning of the first proof shows that (9)

holds along any geodesic whose initial tangent at P liesin 4. But (9) is the

classic expression for the metric of a sphere in geodesic polar coordinates and

Theorem 1 is deduced in an obvious fashion.
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Before continuing with the analysis of E? one can dispose of the topo-
logical implications of the curvature structure of E” by observing that (8)
(with the minus sign) show immediately the absence of points conjugate to
P and hence by a familiar reasoning the existence of a homeomorphism of
E™" on euclidean n-space. In fact this is a special case of the theorem of HADA-
MARD and CARTAN, a proof of which can be found in RaucH [15].

The key role played by the curvature through its intermediary, the con-
jugate locus in E7, is shown by

Theorem 2. Let C be the locus of first conjugate points of any fixed P e EY .
Then K3 — C s an n-cell.

Two proofs of Theorem 2 will be given. The first gives a very detailed de-
scription of C but it uses the full force of the group structure and, in partic-
ular, makes use of (4) and (5). The second is purely differential-geometric
using Properties A and B only and not (4), (5), (6), and (7). While it gives
less information it is more elementary and is entirely in the spirit of the author’s
methods.

As for the first proof Theorem 2 is a corollary of

Theorem 2'. C, the locus of first conjugate points of P e B}, 1is the orbit
under the isotropy group K about P) of a polyhedron II obtained as follows :
consider a maximal torus T through P and the dominant root & (of ¥*)

with respect to T (i.e., with respect to 1\, tangent space of T); consider the
(A — 1)-plane & = 1 and the images thereof under the Weyzi group of EY};
the intersection of the open half spaces bounded by these planes and containing
P form an A-cell D whose boundary is a polyhedron b} ; tdentifying faces of
I equivalent under the translations of the group of the diagram of KT, one
obtains II. EY — C 1s the orbit of D under K and is, in particular, an n-cell.

Proof of Theorem 2': Let o be any geodesic issuing from P. It belongs
to at least one T2, To T one can apply the analysis of (6) and (7) as modi-
fied in the second paragraph, and one sees from (7), and (8) that the first
conjugate point is at the distance = /VE;: min C «(Y), Y being the initial
tangent of ¢ and the minimum being taken over k. Now by definition

min ék(Y) = 1/max @,(Y), and one can write @,(Y) = a,v5,41 + -+ +
+ G Vamir = | Dy | |Y | cos O where | &, | = (af, + --- + a};)1/2 is the norm
of the root vector &; = (@4,...,a;)), norm Y =1, and 6 is the angle

11) Again because of homogeneity it is sufficient to confine one’s attention to one P, which
in this case may be taken to be the projection of the identity element of Q.
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between &, and Y. Thus max, &,(Y) is attained for the root vector with

maximum norm. But if one returns to the usual coordinates?) in t then
every root vector can be written as a linear combination with non-negative
integral coefficients of fundamental root vectors. One easily verifies that
increasing any one of these coefficients increases the norm of the vector with
respect to ey, 1,..., €3,,2 S0 that the dominant root vector has largest norm

and min ¢, (Y) = distance from P to the point where Y cuts & = 1. Thus
the part of this plane cut out by the fundamental chamber is in C, and the
facts that the WEYL group is a group of isometries and all maximal tori are
conjugate under K complete the proof of Theorem 2’ except for the last

statement. Notice that if Y lies in several tori so that it is singular in 1t there
is no ambiguity, the dominant curvature K, being uniquely defined and
hence also the first conjugate point. Such a point lies on the intersection of
at least two planes of /7 and their intersection with one or more planes of
the infinitesimal diagram or on the intersection of one plane with the infini-
tesimal diagram.

To prove the last statement of Theorem 2’ lay off on each ray issuing from

P in the tangent space at P a segment of length n/VK where K, belongs
to the initial direction of the ray. Because K, is continuous, bounded from
above, and has a positive minimum as a function of that direction the totality
of these segments form a cell F. Introducing geodesic polar coordinates at
P one obtains a map gp:F — ET which is, thanks to the absence of con-

jugate points on each geodesic issuing from P up to length =/ VI—{T; a local
homeomorphism onto the orbit of D under K, that being the totality of
geodesic arcs issuing from P and free of conjugate points as the preceding
analysis has shown (see RaucH [15] for the local homeomorphism property of
gp). EY being complete, every point of it can be joined to P by an absolutely
minimizing geodesic, no interior point of which, therefore, can be conjugate
to P. Thus gp maps F onto E} — C, which can now be identified with
the orbit of D under K. However, gp is 1 — 1 on F as one sees by
imbedding E} in AdQ (CARTAN [6], p. 425 or 947) and then using the uni-
queness of the canonical representation for general adjoint matrices (CARTAN
[10]), i.e., precisely those in the present case which belong to gp(F).

The second proof of Theorem 2, promised above, uses a method which is
quite characteristic of the author’s researches and consists of the introduction
of the space of geodesics EY of E? (a concept introduced in RavcH [13],

p- 297). ﬁi consists of all the geodesic segments issuing from P and termi-
nating in ¢ and C itself. This point set is topologized as follows: every point,
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including P, not on C has a neighborhood defined in the natural way by
any one branch of (the a priori multi-valued) gz'. The key part of the argu-
ment is to topologize a neighborhood of €. But Theorem 1, formula (6), and
Property B provide the necessary tools. Indeed, given any one segment o
and the corresponding point @ ¢ C', one obtains an n-dimensional neighbor-
hood of @ from short arcs of the geodesics meeting at @ and forming the
(ny + 1)-dimensional sphere of Theorem 1 and from the neighboring (trans-
verse) points of C' given by varying the initial direction v of o by allowing
small increments of w, ,,,...,u, ;. E} thus topologized is a manifold,
simply connected and with the same local differential geometry as E} and
furthermore is a smooth unbounded covering of E? as one sees by applying
the c-process (RaucH [15], Chapter 2) to any curve y in EY. Any potential
difficulties in applying the c-process at C are eliminated by the preceding.

But E? is assumed simply connected. Hence E’_’; = E! and Theorem 2
follows.

Some examples should prove instructive. Consider first the group spaces.
Comparing (4) and Theorem 1 one sees that every geodesic (read : 1-parameter-
subgroup) issuing from (say) the identity is one meridian of a 3-sphere formed
of geodesics issuing from the identity and meeting again at the first conjugate
point—if the initial element of the Lik algebra is not singular since the domi-
nant root has multiplicity 1. This 3-sphere is, of course, a simple orthogonal
group isomorphic to the covering group of the group of all rotations in three
variables. In case the initial element is singular then there is, as noted before,
a degeneration—some of the roots become equal and some vanish. One observes
from the shape of (4) that in such a case the sphere of Theorem 1 is always
odd dimensional. Maximal degeneration occurs at the vertices of the funda-
mental cell (i.e., the positive fundamental domain of the WeyYL group) of
the diagram. These are obtained by setting w =1 and any I — 1 of the
fundamental roots equal to zero. The orbits of these vertices under K form
the antipodal loct observed by CARTAN in CARTAN [5, 6], which loci are then
simply special subsets of C'.

Similar remarks apply to the more general symmetric spaces of rank higher
than one, the phenomena being appropriately more complex.

Of particular interest, however, are the symmetric spaces of rank one,
namely, the spheres, 8", of both even and odd dimensions with metrics of
constant curvature, and the projective spaces: P*(C) =8U(n + 1)/U(n),
the complex projective space with the hermitian elliptic metric, P*(Q) =
= Sp(n + 1)/Sp(n) xSp(l), the quaternion projective space (dimension
4n) with an analogous metric, and P? (CAYLEY), the CAYLEY projective
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plane (dimension 16) with an analogous metric. Because of their explicit and
elementary geometric and analytical definition it is not necessary to use
formulae (6) and (7) to compute (1) and (8), which can instead be deduced
directly from said definitions (for the projective spaces see BERGER [2], p. 59).
One obtains the results in summary form in which is included the shape of
the metrics in appropriate geodesic polar coordinates along a geodesic issuing
from P (asin (9)) (cf. RaucH [15], Chapter 3):

S K(uf + - 4wy ), (10)
77;/+K77C¥=0 06=1,...,n—‘1,

*n 9 -l/_——
ds? + Mdyadya (summation convention on «);

K

K
Pr(C): Kl + (a2 + -+ + ufy),

ny+ Kny =0

14 K

g m=0 a=2..2m—1,
in2 VK 4sin? (VK s/2

don  SFRS gy o SIWOR) 4y gy,

K
Pr@Q): K (ul + uj + uf) +  (ug + -+ + g, ),

n +Kn,=0 x=1,2,3

V4 K
me+ g mg=20 p=4,....4n — 1,
. g (VK
dst + —Sl—n%f-{—idyadym . S ;;Ks/ 2. dygdyg;

K
P2 (CayLEYy): K(u2 4 --- +u§)+—z—(u§+ coe 4 ud),
etc.

The normalization of the curvature has been deliberately avoided in (10).The
spheres of Theorem 1 are respectively S* itself, 8% = P1(C), 8* = P(Q),
and 8% = P! (CaYLEY) while C is respectively the antipode of P, and the
respective planes (P*1(C), P»1(Q), P' (CAYLEY) = S%) at infinity with
respect to P.
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3. Comparison Theorems

Theorem A and its subsequent versions are compounded of two elements,
the geodesic structure of S” as given by (10) and Theorem 1 and a metric
comparison theorem (cf. RaucH [15], Chapter 4) for the “unknown” M=». In
seeking to find analogues of Theorem A one finds in the preceding section the
necessary generalization of the first element for the symmetric spaces of
positive curvature so that those spaces become candidates for the role of
standard model. In extending the metric comparison theorem in RaucH [14],
the author found that the symmetric models indeed fitted the needs of his
analytic machinery with an additional restriction—that the holonomy group
of the non-symmetric manifold be a subgroup of that of the symmetric model.
According to the results of BERGER [3], however, the only irreducible holo-
nomy groups of non-symmetric manifolds are precisely those of the spaces
of rank one enumerated in Section 2. In view of this it will be well to reexamine
RaucH [14] and to begin the reexamination with the metric comparison
theorem there (Theorem 2, p. 305).

Let M™ be a non-symmetric simply connected RiEMaNNian manifold with
holonomy group N. Let 7' (P) be the tangent space at P ¢ M™, and let
N(P) be N actingon T(P). If P,QeM" and 6 is a C' curve joining
P to @, let ks(P, Q): T(P)— T(Q) be the linear map generated by parallel
transport along 8. Clearly N(P) = k; (P, Q) N(Q)ks(P, Q). Let E" be
a compact symmetric manifold of rank one with curvature unnormalized and
holonomy group K, and let 7' be the tangent space at any one fixed point
of E? (because of homogeneity it matters not which point).

Definition 1. M™ is c-close to E? if there exist a value K, for the highest

curvature of E%, and for each P e M™ a linear map h(P):T - T(P) such
that

1 (Q)ks(P, Q)h(P) e K, all P, Qe M, (11)
all 6,

cK(y) < K(P,h(P)y) < K(y), all PeM™ (12)
all y,

where y 18 a 2-section in T, h(P)y is its image in T (P), K(y) and K(P,p)
are, as before, respectively the sectional curvatures of E* and M™, and 0<c<1
18 @ constant.

Lemma 2. In Definition 1 h(P) may be replaced by h(P)k, k ¢ K.

Proof: (11) is verified by a trivial group-theoretic calculation and (12) is
verified because K (y) is invariant under K.

Some elaboration will be useful in grasping the full import of Definition 1.
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Setting P = @ in (11) and letting & range over all curves one sees that if
M™ is c-close to E% then its holonomy group, in particular, is (isomorphic to)
a subgroup of K. It will be convenient, not to say more vivid, to call a mani-
fold whose holonomy group??) is U(n) almost-KaeriLerian, is Sp(n) xSp(1)
almost-quaternionic, and is Spin (9) almost-Cavrevan, all in the current spirit.
Thus in Theorem A and its subsequent versions M” might very well a prior:
be almost-KAEBLERian, etc. That it cannot be so a posteriori but must, in
fact, have holonomy group SO(n) (should one say, almost-spherical?) is a
consequence of deep topological restrictions due to the more restricted holo-
nomy group (for almost-KAEHLERian, see CHERN [11]). Thus the curvature
restrictions imply restrictions on the holonomy group. It would be interesting
to see this confirmed directly by an analysis of the curvature tensor.

Theorem 2 of RAUCH [14] can, in the special cases at hand, be sharpened
to the following theorem in which P7(C) may be replaced by P*(Q) or
P2 (CAYLEY) and the term almost-KAEHLERian by almost-quaternionic or
almost-CAYLEYan with the appropriate and obvious changes drawn from
formula (10).

Theorem 3. Let M?" be c-close (Definition 1) to P*(C) so that M** <is
almost- KagaLErian (in particular, possibly almost-quaternionic). Let P e M**
be arbitrary but fized. Let y be the 2-section in T tangent to a projective line
in P"(C), and let o be a geodesic issuing from P whose initial tangent lies
wm h(P)y wn T(P), where h(P) ts the linear map of Definition 1. Let the
geodesic polar coordinates at P (vide supra) be so chosen that y, = y,, , = 0 are
the equations of h(P)y. Then

ds® + a, (s)dy; < (13)
i cK- — gin%0 in2(VcK./2)s\sin20
. s1n2VcKos)1 sin®6, (4sm( cK,f )s) 0 7,2
<as + ( oK, oK, Y
where the left-hand side is the metric of M** written tn polar form along o with
Yo =+ =Yg, 1 = 0; and where 0 < s §ln/VKo, 0< A< and

0y = 0y(A,c) for fixed A tendsto 0 as c— 1.

The proof of Theorem 3 is contained except for minor notational changes
in pages 312-319 of RavcH [14]. However, the first three pages of that proof
are somewhat awkward, and the author would prefer to lay a secure ground-
work here leaving the reader with the one or two remarks necessary to com-
plete the proof by reading the remainder there.

Along ¢ introduce FERMI coordinates so that P is at s = 0 and
Zg = ++- =29, ,=0 at s=0 is the hyperplane y,= ... =v,,_, = 0.

12) With appropriate torsion vanishing.
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The JacosI equations of M?* along o will be

e + Kpy(s)ng, a=1,...,2n —1 (14)
(f summed over the same range),

where K g(s)2,28 = Ry, 208(8)24285 242 = 1, 18 the curvature for the section
defined by the unit tangent to ¢ at s and the vector (z,,..., 25,,, 0) nor-
mal to ¢ at s. Then it is sufficient (see RavcH [15], p. 21 and p. 36) to prove
that

(15)
- - in2VeK.s\1 —sin?0,y [ 4sin?(VcK,./2)s \sin26
7 (8)- 7i(8) = T (877 (5) < (sm S 08) 0 ( sin (GIG{0 o/2)s ) o
0 <s =in/V'K,,
where 7 is the vector solution of (14) such that %(0) = 0, #,(0) = §;.
First, one observes that
2 K,y 2 2
c Kﬂzl + T (22 + tr + z2n—1) < Kaﬁ(s)zcxzﬂ g (16)

K, ,
SK#+— @+ +4,), 0=s<oo.

In fact (16) follows from the c-closeness of M2 to Pn(C). First of all, (16)
is true at s = 0 as one sees by choosing a frame in 7' for which y is given
by z,= -+ =2,,_, =0 (i.e., 2, and z,, free). (The choice of z as symbol
for coordinates in 7' will be justified immediately.) If one then chooses as
basis vectors in 7'(P) the images of those in 7' under A(P) and momen-
tarily assumes z,z, = 1 then (16) follows immediately for s = 0 from (12)
and (10). But the choice of FErMI coordinates implies that the z at @, dis-
tance s along ¢ from P, are coordinates relative to the frame that has
been transported to § by parallelism along 0 from the frame at P. Thus
k,(P, @) is represented by the identity matrix in the FERMI coordinates.
However, if A(Q) is a mapping for which (12) holds then k (P, Q)k(P) =
=h(Q)h1(Q)k,(P,Q)h(P) =h(Q)h, he U(n), so that (16) is valid for @,
too.

Consequently one has by repeated application of the fundamental lemma
(RaucH [15], p. 32 and pp. 37-38)

J@z,r) =1z, 7r)<J,(2,7), O§_r<n/l/l—{—;, (17)
where

’ 4 ‘K
J(z,7r) = f(:"‘aclua — KO/"? — ——4_0— (/’Lg + aer <p /l’gn-l)) ds ,
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o« summed from 1 to 2» — 1 and u being the vector solution of the first
equations of (10) with u(0) =0, u(r) =z2; J,(2,r) is the same with K,
replaced by cK,; and

I(z,r) = {(77;77; - Kaﬁnanﬂ)d‘g = faB(T)zazﬁ ’
o, f summed from 1to 2n — 1,

where # is a vector solution of (14) with #(0) = 0, 5(r) = z (cf. RavcH [15],
p. 28 and p. 43). Evaluating the right and left sides of (17) explicitly one has

(VK cotV Rzt + (Vo cot |/ e @+ g )
- faﬂ(r)zazﬁ <

(VeK,cotVeKyr)22 + (VCK" cot, VKo r) (25 4+ -+ + 22,_1) .

2 2

From here on the reader may follow the indicated pages of Raucu [14]
with the one precaution that the estimate in the eighth line from the top of
p. 317 is no longer needed and a resulting sharpening takes place by suitably
modifying the following estimates.
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