On the Local Triviality of the Restriction Map
for Embeddings.

Autor(en): Lima, Elon L.

Objekttyp:  Article

Zeitschrift: Commentarii Mathematici Helvetici

Band (Jahr): 38 (1963-1964)

PDF erstellt am: 23.05.2024

Persistenter Link: https://doi.org/10.5169/seals-29440

Nutzungsbedingungen

Die ETH-Bibliothek ist Anbieterin der digitalisierten Zeitschriften. Sie besitzt keine Urheberrechte an
den Inhalten der Zeitschriften. Die Rechte liegen in der Regel bei den Herausgebern.

Die auf der Plattform e-periodica vero6ffentlichten Dokumente stehen fir nicht-kommerzielle Zwecke in
Lehre und Forschung sowie fiir die private Nutzung frei zur Verfiigung. Einzelne Dateien oder
Ausdrucke aus diesem Angebot kbnnen zusammen mit diesen Nutzungsbedingungen und den
korrekten Herkunftsbezeichnungen weitergegeben werden.

Das Veroffentlichen von Bildern in Print- und Online-Publikationen ist nur mit vorheriger Genehmigung
der Rechteinhaber erlaubt. Die systematische Speicherung von Teilen des elektronischen Angebots
auf anderen Servern bedarf ebenfalls des schriftlichen Einverstandnisses der Rechteinhaber.

Haftungsausschluss

Alle Angaben erfolgen ohne Gewabhr fir Vollstandigkeit oder Richtigkeit. Es wird keine Haftung
Ubernommen fiir Schaden durch die Verwendung von Informationen aus diesem Online-Angebot oder
durch das Fehlen von Informationen. Dies gilt auch fur Inhalte Dritter, die tUber dieses Angebot
zuganglich sind.

Ein Dienst der ETH-Bibliothek
ETH Zirich, Ramistrasse 101, 8092 Zirich, Schweiz, www.library.ethz.ch

http://www.e-periodica.ch


https://doi.org/10.5169/seals-29440

On the Local Triviality of the Restriction Map for Embeddings

by Eron L. Lima?)

Let V, M be C* manifolds, V compact. A map f: M — M is said to
have compact support if it agrees with the identity outside of a compact set.
For 1 <7 <oo, we consider the following spaces endowed with the Cr-top-
ology: &"(V, M) = all C* embeddings of V in M; ¢r(M) = all C* maps,
with compact support, of M into M; 9r(M) = all C* diffeomorphisms,
with compact support, of M onto M. We remark that 97 (M) is an open
subset of @r(M).

R. Pavais proved [1] that if V is a submanifold of W then the restriction
map j:C8"(W, M) — & (V, M) is a locally trivial fibration. Previously,
R. THOM had observed [2] that j has the covering homotopy property for
polyhedra. The local triviality of j follows easily from the theorem below,
(see [1], or Remark 2), at the end of this note), which was also proved by
J. CERF [3]. We present here a very simple proof of this theorem. For implica-
tions and applications, see the bibliography.

Theorem: Given fe &7 (V, M), there is a neighborhood U of f and a
continuous map &: U — Q7 (M) suchthat g = &(g) of forevery ge U.

Proof: We may assume that ¥V is a submanifold of M, f = inclusion, and
M is embedded in some euclidean space R*. Let n':7T'— M be a tubular
neighborhood of M in R¥ and =:7 — V a tubular neighborhood, of radius
e>0, of V in Rk, with T < 7". Denote by 47 the tubular neighborhood
of V with radius &/2. Since the shortest line from a point in R* to V is a
normal segment, any line segment of length < ¢/2 which intersects 7' lies
entirely within 7'. Choose a neighborhood U’ of fin &7(V, M) so small that
lg(y) —y|<e/2 for all geU' and all ye V. Let A: R—[0,1] bea C®
function with A(f) = 1 for [t] <e¢/4 and A(f) = 0 for |t| > /2. Define a
map & : U — @ (M) as follows. Given g e U', put &(g9) (x) ==, ifx e M —
— T, and &'(g9) (x) =a'{x + A(|z — =nx|) - [g(wz) — mx]} if xeT. One
sees that &' is continuous and &'(f) is the identity map of M, so & (f) e 2"(M).
Since Qr(M) is open in (7(M), a smaller neighborhood U of f can be
chosen so that & (U) c 9" (M). Put ¢ =¢'|U.

Remarks: 1) Let (M) c 9r(M) be the subset of C* diffeomorphisms,
with compact support, that are diffeotopic to the identity. It is known that
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25 (M) is open in @r(M). (This can be seen by a construction similar to, and
simpler than, the above one.) So, if needed, U may be taken such that
£(U) ¢ 95(H).

2) Given fe"(V, M), take & and U as in the theorem, let F = j-1(f)

and define a homeomorphism wo: F X U—4§1(U) by »(f,9) = &(g)-f,

for feF, g e U. This shows that j is a locally trivial fibration.

3) When r =co, &*(V, M) and 9%(J) are C*® (infinite dimensional)
manifolds, locally homeomorphic with FrEcHET spaces. The reason why &
is continuous is that, in the last analysis, it is obtained as a series of compo-
sitions of the variable map g with fixed C* maps. Now, composition is a
differentiable map in the C*® topology. (See [4], pages 182, 183.) So, by the
same token, £ is a C® map when 7 = co. It follows from this and Remark 2)
above that §: &*(W, M) - &*(V, M) would be a C” fibration, in the
sense that the local trivializing maps y: F X U — j72(U) are C*, provided
one could show that F is a differentiable manifold.
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