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Àbelian/7-adic Group Rings

Eugène Spiegel

Introduction

In the following we investigate the question of when two finite abelian groups G

and H hâve isomorphic group-algebras over the /?-adic integers and p-adic field.
We use the following notation: N dénotes the positive integers,p and q are distinct

primes in N, Zn is the ring of integers modulo n(neN),Pis the ring ofp-aâic integers,

Qp is the field of /?-adic numbers and Cn dénotes a cyclic group of order n (neN).
If G is a finite group and R is a principal idéal domain, RG R(G) will be the

group algebra of G over R.

§i

Throughout this section, G and H dénote finite abelian groups of order qn. If
F is a field of characteristic k^q, by the theorem of Perlis-Walker [3], F(G)^
£3= î (nJvd) ^(Cd)> where £d is a primitive qdth root of unity over F, vd degree (F((d)/
F) and nd is the number of éléments of order qd in G. Also, njvd is a non-negative
integer.

As (qd,p)=l, the splitting field of the polynomial g(x) xqd-l over Qp, is a

totally unramified extension of Qp. This says that degree (Qp (Çd)IQp) degree (Zp (£d)/

Zp), where Cd is a primitive #dth root of unity over Zp. Hence we can write

P t p(Q
d=l

and

ZpG^ t adZp{Q
d=i

for a common collection of integers ad=njvd9 d=l,2,...,n.
The following generalization of the Perlis-Walker resuit is due to Raggi Cârdenas.

PROPOSITION 1.1. Let A be a local ring, with maximal idéal M, and residue

field K of characteristic p. Suppose M is finite, and H*=o M*={0}. Then AGca

I2=i {ndlvd)A{Q where Çd is a primitive qdth root of unity, vd degree(K(QIK)
and nd is the number of éléments of order qd in G.
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Proof. See [4].

LEMMA 1.2. Ifad, d=l, 2,..., n, are defined as in (*), then PG^Yï-i
Proof. If meN, the residue field of the local ring Zpm is Zp. Due to Proposition

1.1 we must hâve

By taking injective limits, (the injective limit of Zpm is P), the above isomorphism
leads to an isomorphism

PG* t adP{Q.

COROLLARY 1.3. If ad9 d= 1, 2,..., n, are defined as in (*), and R is either Zpi
P or Qp then

RG^t adR{Q
d=l

where Çd is a primitive qdth root of unity.
We define the function y:N-+N by yq(m) is the least positive integer such that

y(w)=l (modulo qm). Then yf(l)«y,(2)<... and yq(d)^ao. If deN, and Çd is a

primitive #dth root of unity over Zpi 1 =(«d=fpW|1"1, so that yq(d) vd, and

Define the séquence {am}, m l,2,..., by ai l, and if am is defined, am+1 is

the smallest positive integer such that yq(am+ x)>yg(am). Thus y4(ax)<yq(a2)<... and

If .R is Zp, P or ôp, then R(Çd) R(Çd+i)oyq(d)=yq(d+l) so that we define
the séquence bu b2,..., bn by

ai +1 -1

where ar=0 if r>n and ûi, a2,..., an are as in (*).
In terms of this notation, we can restate Corollary 1.3 as

COROLLARY 1.3'. // R ZP, P or Qp, then there exist non-negative integers
bub29*..9 bn such that

where Çai is a primitive qaith root of unity.
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We now show that the séquence bl9 bl9..., 6n are invariants of RG.

If meN, and r is a non-negative integer, by the symbol rCm we mean the direct
sum of r copies of Cm. Let$!, 52,..., sn be a séquences of non-negative integers such

that si\st+l9 i l,..., «-1. Suppose that ^4 and 5 are finite abelian groups of the
the same order and A~Yj=i rfiPsi-i b~Ya=i ?iCp*i-i where rh fi are non-negative
integers for i 1,..., n. Since (p* -1 | (pSi +1 -1 the fundamental theorem of abelian

groups tells us that A~B if and only if rf ff, /= 1,...,«.
If 5 is a commutative ring with identity, let S* {<5eS | ô is of finite multiplicative

order}.

THEOREM 1.4. Let R be Zp, P, or gp. // G and H are finite abelian groups of
order qn, then

RG ^RHo (RG)* - (RH)*.

Proof. Since adjoining Çai to gp giyes a totally unramified extension of Qp9

(Qp(Cjy^(Zp(Cj)*^CpVqiolo-1. But any élément of finite order in QP(CJ is in
fact in P(CJ so that (P(Çai))**Cpyq<«o-u

By Corollary 1.3', there exist non-negative integers bl9 ^2>--» bn such that RGcz

YUibiR(Ç*i)' Thus (^^-Z^i^^P^t^-i- If bl9bl9...,bn is another séquence
of non-negative integers such that RG^Yj^ib-JR^^ (RG)*ï±YubiCPvq<<*ù-v By
the fundamental theorem of abelian groups, we must hâve bi bi9 /=1,..., n. Thus
the séquence bl9 b2,..., bn is determined by RG and in turn détermines, via a one-one

correspondence, the group (RG)*. Therefore RGo-RHo(RG)*o-(RH)*.

COROLLARY 1.5. Let R be Zp, P or Qp. If G is a finite abelian group of order

q\ and RG^YÂ=ibiR(Ltl *G^Z?=i M(Cai), where bi9 hi9 i l,...,w, are w<w-

negative integers then bi bi9 /=1, 2,..., «.

COROLLARY 1.6. Suppose G and H are finite abelian groups of order qn. The

following are équivalent.

(i) ZpG*ZpH9 (ii) PG^PH, (iii) QPG*QPH.

Proof. Note that (ZPG)* ca (PG)* c* (QPG)* and use Theorem 1.4

§2

If A is a finite abelian group of order n=peq\lqei...qerr9 we let Ap be the p-Sylow

subgroup of A and ^ the #rSylow subgroup of A. Again we start from a resuit

of Perlis-Walker.
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PROPOSITION 2.1. If A and B arefinite abelian groups of order n=p\lpe22 • P?
where pi9 /= 1,..., r, are distinct primes, and F is a field of characteristic k, where

k 0or(k9n) l9 then FA^FBoFAPic-FBPi9 /=l,...,r.
Proof See [3] and [1].

PROPOSITION 2.2. Let A and B be finite abelian groups of order pn. Then

Proof. By the resuit of Perlis-Walker (of the last section), QpA~Yji=i adQP(Cd)
where Çd is a primitive pdth root of unity, ad=njvd9 nd is the number of éléments
in A of order p\ and t;d degree(ôp(Cd)/gp). Similarly, QpB^d=i àdQp{;d)9 where

âd—nd/vd, and nd is the number of éléments in B of order pd. QPA~QPB implies

Qp contains only the (/? — 1 )st roots of unity, and Qp(Çd) is a totally ramified extension
of Qp9 so that (Ôp(Cd))* ~Cpd(p-1)- By the fundamental theorem of abelian groups
we hâve ad âd, rf=l,..., n, and so nd=nd9 d=l,...9 n. Thus A^B.

COROLLARY 2.3. If A and B arefinite abelian groups of order n9 and Q is the

field of rational numbers, then QA^QBoAc^B.
Proof By Proposition 2.1, it is sufficient to suppose that n=pm. If QA~QB9 then

QA®Qpc-QB®Qp\ i.e., QpA^QpB. But by Proposition 2.2, A^B.

COROLLARY 2.4. If A and B arefinite abelian groups of order pn9 then PA^
PBoAc-B.

Proof PAc-PB implies PA®Qpc-PB®Qp. By Proposition 2.2 A^B.
Note that ifA and B are finite abelian groups of orderpn, then ZpA ^ZpBoA ^ B.

See [2], e.g.

THEOREM 2.5. Suppose R is Zp9 P or Qp. If G and H arefinite abelian groups
of order n=peqe^...qerr where p9 #i,..., qr are distinct primes, then

RG^RHoRGp^RHp and RGqt*RHqt /=l,...,r.
Proof If R=Qp9 the resuit follows immediately by Proposition 2.1.

Suppose R=Zpi and ZpGczZpH. By the results in May [2], Gpc*Hp. Suppose

\G,\=pei, \Hp\~pc\ and c=max(c1, c2). Let (ZpG)pC={ôpC \ ôeZpG}. {ZpG)pC*
(ZpH)pC. As Zp*Zp9 we hâve (ZpG)pt^Zp(G\Gp)^{ZpHf ^ZP(H\HP). By
Proposition 2.1, Zp(GIGp)*Zp(HIHp)=*Zp(Gqt)*Zp(Hq{)9 /=l,...,r. Thus Zp(G)*
Zp(H)=>ZpGp^ZpHp and Zp(Gqt)^Zp(Hqt)9 /=l,...,r. The opposite implication
follows from the tensor product.
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If R=P, and PGc-PH, we let /=(/>) be the idéal of P generated by p. The

epimorphismi>->P//^Zp, induces an isomorphism ZpG^ZpH. By the previous case

ZpG^ZpH=>Gp^Hp and ZpGqi^ZpHqi, i l,...,r. But by Corollary 1.6 ZpGqtc*

ZpHqtoPGqi^PHqi, so that PG^PH=>PGp-=PHp and PGqt^PHqii i=l,..., r. The
opposite implication follows from the tensor product.

COROLLARY 2.6. Let G and H befinite abelian groups of order n. Thefollowing
are équivalent.

(i) ZpG~ZpH, (ii) PG^PH, (iii) QpG~QpH.

§3

In this section we investigate for which integers meN, is it true that two abelian

groups G and H of order m hâve isomorphic /?-adic group rings if and only if G

and H are isomorphic. To study this question, it is sufficient, by Theorem 2.5, to
again suppose that G and H are abelian groups of order qn. We will use the notation
of Section 1.

DEFINITION. We let J(q) r, if there is an reN such that af r and ar+1#
(r+1). Otherwise, we define S(q) co. We will call */(#), the index of q9 (relative
top).

THEOREM 3.1. Let R be Zp, P or Qp. Let neN.

(i) Ifn<2J(q\ and G and H are abelian groups of order qn, then

(ii) If n^2J(q\ there exist non-isomorphic abelian groups G and H, of order qn

such that RGczRH.
Proof. (i) Suppose G ca CqVl x CqV2 x • • • x Cqyr and H^ CqXi x Cq*2 x •.. x Cq*r

where yi>y2>-'->yr>Q> zi^z2>'">zr'^0 and yl+y1 + -~+yr=z1+z2 + -~ +
zr=n. By Corollary 1.3', there exist non-negative integers bl9 b2,..., bn and bl9 B2,...,
bn such that JK?aL"-iM(C.i) and iWaJ]"-i M(C). By Corollary 1.5, RG*
RHobi hi9 i l,..., n. We suppose RG^RH. b^njy^i) for /=1,..., S{q)-\,
where nt dénotes the number of éléments of G of order ql. Similarly, Bt-mjy^i),
where mt dénotes the number of éléments of H of order q\ Thus if yt<S(q) or

zi<Jr(q) we must hâve nt=mi9 i l,..., «, and G^H.
We will assume nowyx>S(q) and zx^J{q).
Suppose yi>z{&f(q). Let {j^C^xC^x- x CqVr and ^C^xC^x-x

C,,r. Then G*CqyixG, H^C^xB, \R\>\G\, \G\^'^'1^^'1 and
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mS(q)-l

Clearly, w^o-i^far™"1)!*?! (<£ Euler "phi" functions) while
<t>(qJ(q)~1)\H\><l>(<l'f(q)~i)\G\=ns(q)-i' This contradiction showsy1=z1.

Finally, we assumey^zi9 i'=l,..., f, f^l, and zf+1<<yf+1<e/(^). Let

G C^yi X C^y2 X • • • X Cqyr

(j C gyt + 1X'" XC ^yr

/2 O^zy + jX '" XLqzr

then G^ G' x G", H~ G1 x ^ and |G"| |

Letn=yt+l. Then

m»

If A is the number of éléments of G' of order q\ then ^ ^1^1. But n^
\G'\ ((t>(qfl))>MG"\=mfl. This is the desired contradiction, and we conclude

/==1,..., r, and Gw#.
(ii) lîn

and

A straightforward vérification shows that bt=bi9 i=l,...,S(q)—l and bi bi 0,

i>Jr(q). Since |G| |/J|, we must hâve bjiq^b,iq) and RG~RH.
If n>2S(q)9 we merely tack on a sufficient number of copies of C€ to each of

the above examples.
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