
Semi-continuity of the face-function for a
convex set.

Autor(en): Eifler, Larry Q.

Objekttyp: Article

Zeitschrift: Commentarii Mathematici Helvetici

Band (Jahr): 52 (1977)

Persistenter Link: https://doi.org/10.5169/seals-40002

PDF erstellt am: 23.05.2024

Nutzungsbedingungen
Die ETH-Bibliothek ist Anbieterin der digitalisierten Zeitschriften. Sie besitzt keine Urheberrechte an
den Inhalten der Zeitschriften. Die Rechte liegen in der Regel bei den Herausgebern.
Die auf der Plattform e-periodica veröffentlichten Dokumente stehen für nicht-kommerzielle Zwecke in
Lehre und Forschung sowie für die private Nutzung frei zur Verfügung. Einzelne Dateien oder
Ausdrucke aus diesem Angebot können zusammen mit diesen Nutzungsbedingungen und den
korrekten Herkunftsbezeichnungen weitergegeben werden.
Das Veröffentlichen von Bildern in Print- und Online-Publikationen ist nur mit vorheriger Genehmigung
der Rechteinhaber erlaubt. Die systematische Speicherung von Teilen des elektronischen Angebots
auf anderen Servern bedarf ebenfalls des schriftlichen Einverständnisses der Rechteinhaber.

Haftungsausschluss
Alle Angaben erfolgen ohne Gewähr für Vollständigkeit oder Richtigkeit. Es wird keine Haftung
übernommen für Schäden durch die Verwendung von Informationen aus diesem Online-Angebot oder
durch das Fehlen von Informationen. Dies gilt auch für Inhalte Dritter, die über dieses Angebot
zugänglich sind.

Ein Dienst der ETH-Bibliothek
ETH Zürich, Rämistrasse 101, 8092 Zürich, Schweiz, www.library.ethz.ch

http://www.e-periodica.ch

https://doi.org/10.5169/seals-40002


Comment Math Helvetici 52 Ic>77) 325-328 Bnkhausci \ cilag, Basel

Semi-continuity of the face-function for a convex set

LARRY Q. ElFLER

Introduction

Throughout this paper, let K be a compact convex subset of a locally convex
topological vector space E. Given jc e K, set F(x) cl {y e K:[y, jc + e(x- y)]c K
for some e >0}. We call F the face-function on K since F(x) is the smallest closed
face of K containing x if F(x) is finite dimensional. If f:K -» R is continuous, we
define the lower envelope fe of / by fe =sup{g:g is a continuous affine function
on K satisfying g^/}. Following Klee and Martin [3], set Ke={xeK:fe is

continuous at x for each continuous function / : K —» R} and set Kt {x e K : F is

lower semi-continuous at x}. Klee and Martin proved that Ke c Kt in gênerai and

that K Ke Ki ii K is 2-dimensional. They left open whether Ke Xj. We show
that Ke Ki is K is finite dimensional and produce an infinité dimensional

example where K Kt^ Ke.

Lower semi-continuity of F

Let jc —> F(x) be the face-function on K defined above. We say that F is lower
semi-continuous at x if for each y e F(x) and for each neighborhood U of y,

{z g K:F(z) meets U} is a neighborhood of x. Note that F(x) is a compact convex
subset K for each xeK. If F is lower semi-continuous on K, then the set of
extrême points ex(K) of K is closed. If ex(K) is closed and if K is 2 or
3-dimensional, then Clausing and Magerl [1] hâve shown that Ke K and so

Kt K.
Let P(K) dénote the space of Radon probability measures on K and equip

P(K) with the weak* topologv. Given ixeP(K), there exists a unique point r(ii)
in K such that J gdfx g(r(/ut)) for each continuous affine function g on K. The

map r:P(K)-+ K is the résultant or barycentric map. If jcgK, we let Ôx dénote
the point mass measure at x. The map r is an open map of P(K) onto K if and

only if K Ke. See [2 or 5]. We say that r is open at fieP(K) if for each

meighborhood U of /u, in P(K), r(l/) {r(i/): i> e U} is a neighborhood of r(fi). We

say that r is A-open at fx e P(K) where 0< A < 1 if for each neighborhood U of /u,
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in P(K), Àr(L0 + (l-À)K is a neighborhood of r(/x). We first establish criteria for
determining when r is open at xi. Thèse results are of interest aside from their
application to the study of the lower semi-continuity of the face-function.

LEMMA 1. Let ixeP(K). Then r is open at /jl if r is k-open at /x for some

Proof. Assume that r is À-open at tt. Set x r(/x). If xa —» x, then there exist

ita —» it and yaeK such that Àr(^a) + (1-À)ya xa. But y« —> x. Hence, there
exist va^> il and za e K such that \r(va) + {\-\)za ya. Thus,

One obtains that r is À(2-À)-open at fi. Hence, r is p-open at ^ for each

0<p<l. This implies that r is open at /lu

LEMMA 2. Lef x 6 K. The following are équivalent.

(1) r is open af fi if r(/Lt) x and
(2) r is open at [x if r(fi) x and if /x is supported by 2 points.

Proof. We only need to show (2^> 1). Let U be a neighborhood of ju, where
r(/jt) x and /ut is supported by n points. We show that r(U) is a neighborhood of
x by induction on n. The resuit holds for n 2. So assume the resuit holds for
n^m. Fix /ul e P(K) such that r(/x) x and /x is supported by {xu xm+i}. Let
x =ZriV à,jc,. We assume each À, >0. Set yk (Akxk + Àk+iXk+1)/(Àk + Àk+i) and set

M-k=l!c=i1AIôXi+(Ak+Ak+1)ôyk-hir>+k1AlôXl. Suppose xa -* x. Then there exist

/4->ju,k such that r(jxk) xa. Set ^ =IiT=i (l/m + l)/Ltk. Then r(va) xa. Since

v<x -^ZîT-i (l/m + l)jLtk, we hâve lima sup ^«( V)> (m/m + l)Ak if V is an open set

containing xk. Thus, there exist /xa —> /x and zaeK such that
(m/m + l)r(jO + (l/m + l)za x«- Hence, r is open at jx by Lemma 1. By approx-
imating measures by measures with finite support, we see that r is open at fi if

THEOREM. Let xeK. The following are équivalent.

(1) /e is continuous at x for each fe CR(K)
(2) r is open at /x if r(fi) x
(3) r is open at fx if r(tt) x and i/ fi is supported by 2 points.

Proof. The implication (1) ^ (2) follows from Proposition 3.1 in Phelps [4, p.
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21]. The implication (2)^>(1) follows from the séparation form of the Hahn-
Banach theorem and taking limits in the hyperspace of P(K). See [2] for détails.
The implication (2<=>3) is simply Lemma 2.

COROLLARY. Assume K is finite dimenswnal Then Ke Kh

Proof. The inclusion Ke ç Kt was established in [3]. Let x e Kt. Suppose

IX e P(K) such that /x is supported by {y, z} and r(/x) x. We only need to show
that r is |-open at jjl by Lemma 1 and the above theorem. Set x Ay + (1-A)z
where 0^ A < 1. We may assume y^ z and 0< A < 1. Let U be a neighborhood of
/ll in P(K). Set fl —\r(U) + \K. Assume il is not a neighborhood of x. Then there
exist xn-*x such that xn£û and dim F(xn) q where q is least possible. By
taking subsequences, we may assume that there exist yn, zneF(xn) such that

yn —» y and zn —> z since lim sup F(xn) 3 F(x) 3 {y, z}. Set wn Ayn + (1 - A)zn. We

may assume vvn^xn. Set en max{e:xn + e(wn-xn)e K}. Then dimF(jcn +
en(wn-xn))< dim F(xn) q. But, wner(L7) for n large. If en > 1 and if wner([/),
then

1

wn +—— {xn + en(xn - wn)}

Hence, en < 1 for n large. Thus, xn + en(wn - xn)-* x and xn + en(wn - xn) e O

which is impossible by the minimality of q.

Example 1. Let K be the convex hull of {{el\ ±l):0< 0<tt}U{(1, ±i)} in C2.

Then K is 4-dimensional and ex(K) is closed. The face-function is not lower
semi-continuous at (1,0) since F(l,0) is a square and F(e10, 0) is an interval if
O<0<tt.

Example 2. Let X {0,1,|, i,...} and equip X with the usual metric from R.

Let K dénote the closed unit bail in the space of real Radon measures on X, Le.,

the dual of CR(X). Equip K with the weak* topology. Then K is a compact
convex set. Given jllgX, set ||/x|| /x+(X) + jll"(X). If ||/li||<1, then F(jut) K. If
||fi||= 1, then F(^) is the closed convex hull of {sgn (jll(x)) • 8X :xeX}. One easily

checks that the face-function is lower semi-continuous on K and so K Kb The

zéro measure 0 is not in Ke by criterion (2) in the theorem since \[8A + (-l)Si]
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