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Open manifolds with nonnegative Ricci curvature and
large volume growth

Changyu Xia

Abstract. In this paper, we study complete open ri-dimensional Riemanman manifolds with
nonnegative Ricci curvature and large volume growth We prove among other things that such

a manifold is diffeomorphic to a Euclidean ra-space Rn if its sectional curvature is bounded from
below and the volume growth of geodesic balls around some point is not too far from that of the
balls in Rn
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1. Introduction

Let {M,g) be an n-dimensional complete Riemanman manifold with nonnegative
Ricci curvature The relative volume comparison theorem [BC, GLP] says that
the function r —> vo^ rPnr is monotone decreasing, where B(p,r) denotes the
geodesic ball around p G M with radius r and ujn is the volume of the unit ball m
the Euclidean space Rn Define am by

a.M hm
LVnrn

It is easy to show that am is independent of p G M, hence it is a global geometric
invariant of M We always have

aMunrn <vo\[B(x,r)} < ivnrn, Vr > 0, Vx G M (11)

We say (M,g) has large volume growth if o.m > 0 It should be noticed that, in
this case, 0 < o.m < 1 and when o.m 1, M is isometric to Rn by Bishop-Gromov
comparison theorem [BC, GLP]

A manifold M is said to have finite topological type if there is a compact domain
Q whose boundary dfl is a topological manifold such that M \ Q is homeomorphic
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to dfl x [0,oo). Abresch-Gromoll [AG] first obtain the finiteness of topological
type for complete n-manifolds (M, g) with RicM > 0 and small diameter growth
diam(p,r) o(^-), provided that the sectional curvature Km > Ko > — oo.

Let (M, g) be an n-dimensional complete manifold with RicM > 0 and am > 0.

It has been proved by Li [L] that M has finite fundamental group. Anderson
[A] has showed that the order of the fundamental group of M is bounded from
above by -^—. Perelman [P] has proved that there is a small constant e(n) > 0

depending only on n such that if o.m > 1 — e(«), then M is contractible. It
has been shown by Shen [S2] that M has finite topological type, provided that
V°L r^T aM + o J-i) and, either the conjugate radius coujm > c > 0

or the sectional curvature Km > Kq > —oo. Petersen [Pe] conjectured that if
«m > \ then M is diffeomorphic to Rn. Recently, Cheeger and Colding [CC] gave
a partial answer to Petersen's conjecture. In fact, they proved that there exists a
small constant S(n) > 0 such that if o.m > l — ô(n), then M is diffeomorphic to Rn.
Another result which supports stongly Petersen's conjecture has been obtained by
do Carmo and the author recently in [CX].

In the present paper, we study complete manifolds with nonnegative Ricci
curvature and large volume growth. Let M be a complete manifold and p G M
be fixed; we say that K™m > c if for any minimal geodesic 7 issuing from p all
sectional curvatures of the planes which are tangent to 7 are greater than or equal
to c. This notion was first introduced by Klingenberg [K].

Theorem 1.1. Let (M, g) he a complete Riemannian n-manifold with Ricci
curvature RicM > 0, an > 0. Suppose that K™m > — C for some point p € M and
some positive constant C. If for all r > 0, we have

then M is diffeomorphic to Rn.

The following result is a generalization of Shen's theorem mentioned above.

Theorem 1.2. Let (M, g) he a complete Riemannian n-mamfold with Ricci
curvature RicM > 0, aM > 0. Suppose that K™m > —C for some p £ M and C > 0.

((«lUg)"-1.,, (L3)

then M has finite topological type.

Let (M,g) be an n-dimensional complete noncompact Riemannian manifold.
Fix a point p G M. For any r > 0, let

kp(r) := inf K
M\B(p,r)
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where B{p,r) is the open geodesic ball around p with radius r, K denotes the
sectional curvature of M, and the infimum is taken over all the sections at all
points on M\B(p, r). It is easy to see that kp(r) < 0 and that kp(r) is a monotone
function of r.

U. Abresch [A] proved that if Jq°° rkp(r)dr > — oo, then M is of finite topological
type. Recently, Sha and Shen [SS] showed that a complete open Riemannian
manifold M has finite topological type if RicM > 0, o.m > 0 and

Mr) > -r^S (1.4)

for some constant C > 0 and all r > 0.

In this paper we then prove the

Theorem 1.3. Given C > 0, and an integer n > 2, there is a positive constant
e e(n, C) such thai any complete Riemannian n-mamfold M with Ricci curvature

> 0, o.m > 0, kp(r) > —jt^ti and

<(l + e)a (15)

for some p G M and all r > 0 is diffeomorphic to Rn.

Now we list the following Toponogov-type comparison theorem for complete
manifolds with K™m > c obtained by Machigashira which will be used in this

paper. Let M^{c) be the complete simply connected surface of constant curvature
c. Throughout this paper, all geodesies are assumed to have unit speed.

Lemma 1.1 ([Ml], [M2]) Let M be a complete Riemannian manifold and p be a

point of M with if™11 > c.

(i) Let 7j : [0,/j] —> M, i 0,1,2 be minimal geodesies with 71 (0) 72(^2)

p, 70(0) 71 (/1) and 70(^0) 72(0)- Then, there exist minimal geodesies 7^ :

[0,4] -> M2(c), i 0,1,2 with 71 (0) f2(/2), 70(0) 71 Cl) and 7o(^o) 72(0)
which are such that

L(7.) L(7.) /or i 0, 1, 2

(il) Let 7j : [0,4] —> M, i 1,2 be two minimizing geodesies starting from
p. Let 7j : [0,4] —s- M2{c) for i 1,2 be minimizing geodesies starting from
same point such that Z(j[(0), 7^(0)) Z(tY(0),tV(0)). Then <7i(4i), 72(^2)) <

),'j2(h))> where dc denotes the distance function in M2{c).
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2. Proof of Theorem 1.1 and Theorem 1.2

Let M be an n-dimensional Riemannian manifold and 1 < k < n — 1. If for any
point x G M and any (A;+l)-mutually orthogonal unit tangent vectors e, ei, ...,efc G

TXM, we have ^Z«=l ^(e ^ e») — ^, we say that the A;-th Ricci curvature of M
is nonnegative and denote this fact by Ric)^ > 0. Here, K(e A et) denote the
sectional curvature of the plane spanned by e and et(l < i < A;). Notice that if
RicM —

0 then Ricm > 0.

We shall prove the following more general theorem than Theorem 1.1.

Theorem 2.1. Let (M, g) be a complete Riemannian n-manifold with Ricj^ >
0, aM > 0. Suppose that K™ln > -C for some C > 0 and p G M. If for all
r > 0, we have

then M is diffeomorphic to Rn.

For a point p G M; we set dp(x) d{p,x). Notice that the distance function
dp is not a smooth function (on the cut locus of p). Hence the critical points of dp

are not defined in a usual sense. The notion of critical points of dp was introduced
by Grove-Shiohama [GS].

A point q(=/= p) G M is called a critical point of dp if there is, for any non-zero
vector v G TqM, a minimal geodesic 7 from qtop making an angle Z(v, 7'(0)) < -|
with v. We simply say that q is a critical point of p. It is now well-known that a

complete noncompact Riemannian n-manifold M is diffeomorphic to Rn if there
is a p G M such that p has no critical points other than p.

Let S be a closed subset of the unit tangent sphere SPM at p G M. Let B-%(p, r)
denote the set of points x G B{p,r) such that there is a minimizing geodesic 7 from
p to x with ^-(0) G S. For 0 < r < 00, let Sp(r) denote the set of unit vectors
v G S such that the geodesic 7(4) expp(tv) is minimizing on [0, r). Notice that

Sp(r2) C Ep(ri), 0 < n < r2; Xp(oo) f| Ep(r). (2.2)
r>0

The following generalized Bishop-Gromov volume comparison theorem was
observed in [S2].

Lemma 2.1. ([S2]) Let (M,g) be a complete n-manifold with Ricm > 0. Let

S C SPM
decreasing.

S C SpM be a closed subset. Then the function r —> —L Er" ls mon°tone
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Lemma 2.2. ([S2]) Let (M,g) be a complete n-mamfold with Ricm > 0. The

function

is monotone decreasing. If in addtion that M has large volume growth, then

vol[_By (r\{'P,r)}

ujnrn
> aM, Vr > 0. (2.3)

Lemma 2.3. Let (M,g) be a, complete n-manifold with Ricm > 0 and o.m > 0.

Then

^y >«m, Vr>0. (2.4)

Proof. Observe that

r)(P^)] _
Vol[-g£p(oo) (P. r)} + V°1[-BEp(r)\Ep(oo) JP, r)\

By the standard argument, we have

Zi .0

vol[SEp(r)XEp(oo)(p,r)] < ^ • vol(Ep(r) \ Sp(oo)) (2.6)

It follows from (2.2) that

lim vol(Ep(r) \ Sp(oo)) 0. (2.7)

Substituting (2.6) into (2.5) and letting r —> oo, one obtains by virtue of (2.7) and
(2.3)

volLBsp(oo)(p,r)]
hm —— > lim

Using Lemma 2.1, one obtains (2.4). D

Lemma 2.4. Lei (M,g) be a complete n-mamfold with RIcm > 0 and aM > 0.

Let Rp denote the(pomt set) union of rays issuing from p. Then for any r > 0

and any x € dB(p, r),

(2.9)
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Proof. Let s d(x, Rp); then s < r and

S(x,s)USEp(oo)(p,2r)cS(p,2r). (2.10)

The left hand side of (2.10) is a disjoint union. By (1.1), we have

vol(B(x,s)) > aMw„s".

From Lemma 2.1 and Lemma (2.3), one obtains

2nvol[5(p,r)] >vol[B{p,2r)] (2.11)

This proves (2.9). D

Let p,q G M. The excess function epq(x) is defined by

epq(x) := d(p, x) + diq, x) - dip, q)

Lemma 2.5. ([AG, SI]) Let (M,g) be a complete n-mamfold with Ric^ > 0 for
some 1 < k < n — 1. Let 7 : [0, a] —s- M be a minimal geodesic from p to q. Then

for any x G M,

epg(*)<8^—J (2.12)

where s d(x,7), r min((i(p,x), diq,x)).

Let 7 : [0, 00) -^Mbea ray issuing from p and let x G M. It is easy to see

that ep 7u\(x) d{p,x) + d{^/{t),x) — t is decreasing in t and that epiu\{x) > 0.

We define the excess function eprl associated to p and 7 as

epn{x) tJimjoepi7(t)(x). (2.13)

Then

ep,7(x)<epi7(t)(x), Vt>0. (2.14)

Lemma 2.6. Lei (M,g) be a complete open Riemannian manifold with Kprbm >
—C for some C > 0 and p G M. Suppose that x ^ p is a critical point of p. Then

for any ray 7 : [0, 00) —s- M issuing from p
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Proof For any t > 0, take a minimal geodesic at [0,d(x,^/(t))] —s- M from x to
7(t) Since x is a critical point of p, there exists a minimal geodesic t from i top
such that a't(0) and t'(0) make an angle at most -| Applying Lemma 1 1 to the
geodesic triangle (j\iq tuat,T), we obtain

cosh(VCt) < cosh (VCd(x,"f(t))) cosh (Vcd(p,x)) (2 16)

/ ^—, _.
Multiplying the above inequality by 2 exp \/C(d(p, x) —t)j and letting t —> +00,
we obtain

exp IvCd(p,x) J < exp f vCep 7(x) J cosh f vCd(p,x) J (2 17)

Then Lemma 2 6 follows from (2 17)

Proof of Theorem 2 1 We shall prove that M contains no critical points of p(other
than p) and therefore it is diffeomorphic to Rn To do this, take an arbitrary point
x(^ p) £ M and set r d(p, x) It follows from (2 1) and (2 9) that

k

rfc+T

Thus we can find a ray 7 [0, +00) —s- M issuing from p and satisfying

\ 2 \\^ 1

s=d(x,7)< —^log ^ r~ (2 18)

Take q £ 7 such that d(x,q) d(x,j) By (2 18), d(x,q) < r Also one can easily
deduce from triangle inequality that

mm(d(p,x),d(i(t),x)) r, V t > 2r

Thus q £ 7((0,2r)) and so

Using (2 12), (2 14) and (2 18), we obtain

eP7(x)<ep7(2r)(x) (2 19)
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By (2.15) and (2.19), x is not a critical point of p. Thus M is diffeomorphic to
Rn. This completes the proof of Theorem 2.1. D

Theorem 1.2 is a consequence of the following more general result.

Theorem 2.2. Let (M, g) be a complete Riemanman n-mamfold with Ric^ >
0, aM > 0. Suppose that K™m > -C for some p G M and C > 0. //

vol[B(p,r)]
„._ _ „ay i ^ „_„ ~6 - i „... (2 20)

then M has finite topological type.

Proof of Theorem 2.2. By the Isotopy Lemma [C, G, GS], it suffices to show that
for any x G M, if d(p, x) is large enough then x is not a critical point of p. Our
assumption (2.20) enables us to find a small number e > 0 and a sufficiently large

r\ such that

aM, Vr>ri. (2.21)

Since

lim log 7r7=- log 2,
rw+oo V 1 + «

there is a sufficiently large r% such that

logf 2

-e, W>r2. (2.22)

Let ro max(ri,r2); then for any r > ro we have from (2.21) and (2.22) that

(2.23)

Now one can repeat the arguments as in the proof of Theorem 2.1 to prove that
M\ B(p,ro) contains no critical points of p. Therefore M has finite topological
type. This completes the proof of Theorem 2.2. D
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Proof of Theorem 1 3 Let ö ö(C) < ^ be a solution of the following inequality

cosh2(aVcö) - cosh UVCö\ < 0 (2 24)

We take our e e(n, C) in Theorem 1 3 to be

S) (2 25)

Take an arbityary point x(^ p) G M and let r d(p, x) It suffices to prove
that x is not a critical point of p Let 7 [0,2r] —s- M be a minimizing geodesic
from p to q j(2r) such that s d(x, 7) d(x,B-% ^^(p, 2r)) Using the same

arguments as in the proof of (2 9), we obtain

x

d(x,BSp{oo)(p,2r)) < 2aM- (vol^(P^)] _
] -

^ (g ^
Take a minimizing geodesic a from x to q For any minimal geodesic a\ from x to
p, let p a\(ör) and q a(ör) Applying the Toponogov comparison theorem to
the hinge (cr|[0 Sr], cri|[0 Sr]) in M - Bj(p), we have

cosh ^rrd(p, q) I < cosh2(4VCJ) - smh2(4v/C(5) cos 6» (2 27)

where 9 Z(<t/(0),<t'1(0)) be the angle of a and a\ at x and we have used the fact

that the sectional curvature of M satisfies Km > — ^-ß- on M — Bj (p) Let m G 7
such that d(x,m) d(x, 7), it then follows from the triangle inequality that

d(p, 9) > d(p, q)-d(p,p)-d(q,q) (2 28)

d(p, m) + d(g, m) - [d(p, x) - d(p, x)]

2Sr + [d(p, m) — d(p, x)] + [d(q, m) — d(q, x)\
> 26r -2d(x,m)

From (2 25), (2 26) and our assumption (1 5), we have

d(x,m) d(x,BSp{oo)(p,2r)) (2 29)

<2e^r
Or

- T
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Thus we have

diß,q)>\sr (2 30)

Substituting (2 30) into (2 27) and using (2 24), we find that

smh2(4\/CJ)cos0 < cosh2(4VCJ) - cosh f -j—d(p, q) J (2 31)

< cosh2(Ay/Co) - cosh (fo

or
Ö > \ (2 32)

Hence x is not a critical point of p Thus M is diffoemorphic to Rn The theorem
follows
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