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New Rectifiable Tetrahedra

1. Introduction. Hilbert’s third problem [1] asked if there were a pair of
polyhedra of equal volume such that one polyhedron could not be divided into a finite
number of pieces to make the other. Bricard [2] and Dehn [3] showed that the regular
tetrahedron and the cube are such a pair. There still remained unanswered the problem
of describing and enumerating those other tetrahedra which are equivalent to cubes
by dissection. Such tetrahedra are here called rectifiable tetrahedra.

The methods of obtaining rectifiable tetrahedra consist of dividing rectifiable
prisms into congruent tetrahedra, and then adding or subtracting rectifiable prisms
and rectifiable tetrahedra with the hope of discovering new shapes of rectifiable
tetrahedra. Several investigators have used these methods and found examples. Their
findings are summarized in a paper by the author [4]. Since completeness has never
been demonstrated, there is still room for further investigation. The following note
describes several newly-found rectifiable tetrahedra by the same methods.

2. Dissection theorems

Definitions. 1f a polyhedron can be cut into a finite number of pieces to form
another polyhedron, then the two polyhedra are said to be equidecomposable. 1f one
of the polyhedra is a cube, then the other is said to be rectifiable.

Theorem 1. (Gerling 1844, Bricard 1896) Two isometric tetrahedra (mirror images
of each other) are equidecomposable.

Proof: From the center F of the circumscribed sphere of the tetrahedron ABCD,
drop a perpendicular FE to the face ABC. Then the planes EFA, EFB, EFC, ABF,
BCF,CAF cut off the tetrahedra numbered 1, 2, 3 adjoining the face 4 BC. Similarly,
three tetrahedra are obtained for each of the other faces, making a total of 12 tetra-
hedra into which A BCD is divided. The three tetrahedra 1, 2, 3 can be assembled in
the reverse order, as shown in Figure 1, to form the face of the symmetric tetrahedron
A'B’'C'D’. The other faces are similarly treated.

Fig. 1. Isometric tetrahedra are equidecomposable
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If the center F of the circumscribed sphere of the tetrahedron 4ABCD falls
outside of the tetrahedron, then the tetrahedron is made of a combination of additions
and subtractions of the 12 component tetrahedra.

It is well known that all prisms are rectifiable. Therefore, if a prism is divisible
into congruent tetrahedra, then these tetrahedra are also rectifiable. Sydler [5]
showed that a polyhedron, which is the sum or difference of two rectifiable polyhedra,
is also rectifiable. Also, if Theorem 1 is used, we can state another theorem of Sydler
as follows.

Theorem 2 (Sydler 1943). If n given similar tetrahedra (directly similar or
mirror images) can be dissected and then re-assembled into a rectifiable polyhedron,
then each of these tetrahedra is rectifiable.

3. Derivation of the special rectifiable tetrahedra

If a corner of a cube is cut by a plane whose intercepts on the edges are propor-
tional to 7, 1,1/r, where v = (1 + }/5)/2, then the tetrahedron that is cut off by the
plane is Sydler’s tetrahedron 7;. By assembling 120 of these tetrahedra into a poly-
hedron of 30 faces and dissecting it into prisms, Sydler showed that 7; is rectifiable.
A simpler demonstration is shown in the following theorem.

Theorem 3. The Sydler tetrahedron T is rectifiable.

Proof: The Hill tetrahedron H,(x) is rectifiable since three of them make a
prism. Figure2 shows an H,(«) tetrahedron for a =2 /5. It is divided into four similar
tetrahedra. Three of these pieces are the same size and are designated by 7. The
smaller similar piece is designated by ¢,. Hence, by Theorem 2, the tetrahedron 7; is
rectifiable.

There are many relations connecting the various rectifiable tetrahedra. In
attempting to find new shapes by addition and subtraction, one frequently finds a
shape already known. Table 1 indicates the character of the tetrahedral parts obtained
by dividing a rectifiable tetrahedron into two pieces by a plane through an edge. The
designated angle is the dihedral angle at the edge. Where only one angle is indicated,
the dihedral angle is bisected equally. In other cases, the unequal parts into which the

Fig. 2. Rectifiable tetrahedron H,(27/5) divided into four tetrahedra of T ype T,
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Table 1
TETRA.| ANGLE PARTS TETRA. | ANGLE PARTS
H(x) | Ti-2a Ha ()4 Hy() Tio | mW/s+n/10 | Ta+ Tis
Hy(x) /3 Ha () +Hy(e) Tus 3n/s Tie+ T
Hy(2n/s) 3T+ t, T n/s Tis+Ts
H,(am/8)| 2T/5 To+ T, Tiw | Tho+ /s | Te + T
Ha(T/5) | T/S + 1v/10 Te+T2o Tie 2m/3 Ty + T2y
T, 21/3 T, +Ty 1 Tie 2m/s T¢ +Tig
T2 an/s Tie +Tip | Tiy 21/s Hi(w/5)* Tyg
T: 21t/s T+ T, Ty 21m/3 T3+ T23
T3 |m/s+an/s | Tyu+Ts Tis /3 Tye +The
T3 |T/io+3mwho| To + Ty Tie n/s T20 + T20
T3 2n/s Ta+ Tié Tis 21m/3 T+ T
Ty 21/3 T3+ T3 Tay an/s Tae+Tha
Te 2nfs+ /s | T+ Tg T2 | Wio+ /s [Ha(amis)+ Ty
Ts 2n/s T +T T23 3mls Tau+Tay
Ts am/s H,(21/s) + T2y Tas n/3 Tas+Tas
Te 4yw/s T+ T Ta23 2m/s Ty +Tiy
Te |Wes+3m/s | Tyu+T3 Tar |[n/s5+2n/s | T + Tas
T /3 Tg +Tg Tey |2n/5+T/5 | Ts + Ty
T+ /s Te+Ty Tey | /5 + 11/10 | Tay +Hz(2nss)
T, 31/s Tio+ Tio T21 [3/o+m/i0 [ Tio+ Tys
Tr w3, w/s 3an/s| 4 Ty Ty [T/s+2m/5 [H(n/5)+ T2
T, |mn/s+an/s | Ty+ T2 H(n/s)| nis+am/s | T+ Tye
Ts | T7/10+3n/10 [H,(21/5)+ Ty, Te (Tie+Tie)/2
Ts | 31/10 + /10| Teu +Halen/s) T29 (T2 + Ta)/2
Tis |em/s+m/s | T+ Tie T2e |(M3-9)en/3] Ta1+ Ty

dihedral angle is divided is indicated by two angles. For one of the divisions of T, all
the angles are bisected to divide 7, into four parts, each of which is T3;.

If one of the parts is known to be rectifiable, then the other part is also rectifiable.
The new tetrahedra are numbered sequentially as found. Table 2 gives the dihedral
angles and the relative lengths of the edges of the newly-found rectifiable tetrahedra.
There is no claim for completeness; there may be many more to be discovered. Sydler
[6] showed that Dehn’s conditions are necessary and sufficient for a tetrahedron to
be rectifiable. These conditions have not been employed to find the listed tetrahedra,
although they are compatible. A guide to satisfactory subdivisions is the selection of
pairs of known rectifiable tetrahedra which have a trihedral angle in common and an
included face in common. Then the smaller tetrahedron can be subtracted from the
larger to obtain another rectifiable tetrahedron.

The procedure that has been used is clarified by considering several examples.
The bisecting plane A BE of angle 2 7/3 of the rectifiable tetrahedron, designated by
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Table 2

T3 Ty Tis Tie Ty
LENGTH |ANGLE [LeneTu [ancLe [LeneTh [aneLe [Lenc T [AncLE JLENGTH [aNcLE
A |VioeziE | n/s |Gowais /2| m/s Wiovai® | mifio |Vio-2(E | w/s |Viowais | /s
AC |Vis-el® |13 |(1s-eBB | /3 |{18-6®5 | /3 | 2V3 | /3 |V3(1+63) [ /3
AD | 2¥8-2 |m/2 |2(5-2 | /2 Nie=slB |w-o3]| & n/z | 4 n/2
BC |2f5-2 |n/z2 |Bo-olh|n-w,|2v5-2 | /2 Wie-¢f8 |en/3 | 273 | n/3
BD |fis-els | n/3 Woo-1ofs2| =, |Vie-s% | =3 |Vio2l§ |an/s |Vie=cTs [an/3
€D [Wso-22@ [3n/s |Vs0-zals [3mfio [Vs-2F |an/s |Vzo-afE | /5 |fio-2ls |an/s

EDGE

Evcel__ 118 Tye T20 T2 T2z
LENGTH |ANGLE [LENGTH |ANGLE JLENGTH |ANGLE [LENGTH |ANGLE [LENGTH |ANGLE
AB [f2o-#¥ |11/s |G -1 /e [orz® | mho |02 | /s |Bbem)/e| /3
Ac |Nio-26 [ n/s |Vio-2fs | n/s [io-25 | nfs | a3 [w/z | =@ |n/3
AD |Vig-eTs |an/3 |Bu-cBif|n-og [2ee2Bl2|m-o |Vio-285 |3n/s |1ev20s [anm/s
8C (Nig-¢fF |ar/3 | 2Y3 |a2m/3] 2V3 |2n/3 [Vioe2{s 2N/ Iﬁf——fs/z M-y,
8D [G(5-) | 11/3 Wou-st /2| o oeealifz| oy |20E-2 | miz Wesatl2| &,
o |V20-806 | /s |hoselok| m/s |G- /3 |30 0| /3 |f1o-2i® [3m/10

T3 Ty
LENGTHIANGLEJLENGTH|ANGLE
AB| 23 |n/3 | 2V3 [m/e
AC Iig-¢Vs| 11/3 [Nig-¢Vs| 11/3
AD |lio-2 [2n/s [Vo-2%F [m-w, u /2 |io-2%5 [un/s
BC |Vio-2(% | 2n/s |Vi0-2(5 |an/s |Vio-2% |3n/s | wvE | n/2
BD | Nis-615| w/3 Vo215 | =, Vig- /5 prmfr-an|Vioe2Vs |2m/s
€D [2o-81% |3n/s [Vs-2v% |3n/s [Vzo-8vs | wis |30E-1)| /3

5 Ta6

ANGLE |JLENGTH |ANGLE

oty | 2V3 [nfz-w,,
£ ™/3 | 2V3 )2
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m
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g [0}

EDGE
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T,, divides the tetrahedron into two unequal tetrahedra, as shown in Figure 3. The
smaller of these is the same as 7. The larger tetrahedron of these two has a new
shape and is designated by T,. The tetrahedron T}, of paper [4] was cancelled because
it is a special case of Hill’s third type with o = /4.

The new tetrahedron 7, has an axis of symmetry which passes through the
midpoints of opposite edges. A plane, which bisects the dihedral angle at the short
edge, divides Ty5 into two congruent tetrahedra designated by 7;,. A plane, which
bisects the dihedral angle at the long edge, divides 7,3 into two congruent tetrahedra
designated by T;;. The foregoing relations can be described by the notations 7}4
= Ty — Ty, Ty, = 1/2 Ty (short), Ty = 1/2 T;4 (long).

Tetrahedra T, T;, T,, T, and T; are obtained by appropriate combinations of
tetrahedra of type T;. However, Lenhard obtained T, by a new process, namely, by
subtracting four tetrahedra of type 7; from a rectangular prism of edges 7, 1,1/7.
Because T, is highly symmetric, the tetrahedra Tj, T;, T, and T, are obtained by
appropriate subdivisions of T,
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A n/5

Fig. 3. T,(ABCD) = T4(ABCE) + Ty4(ABED)

Similarly, T, has an axis of symmetry. Hence, plane cuts through this axis
produces two of T, or two of Ty, Again, T,; has an axis of symmetry and it may be
divided into two of T;, or two of Tj,.

Note that in all the special tetrahedra, T; to T, most of the dihedral angles
are rational fractions of 7. When an angle is not rational, then there is always another
angle of that tetrahedron, or two other angles to make their sum equal to 7. Hence,
the sum of the dihedral angles of each of these tetrahedra is a rational fraction of .
This is also true of Hill’s tetrahedra of the first or second type.

However, the dihedral angles of Hill’s third type do not conform to this
condition. Their dihedral angles do not add to a rational fraction except when « is
also a rational fraction of .

In Table 1, « is a free variable. In Table II, &, and «; are the same as in [4]. The
special values are given as follows.

ay & 65°, tana, = V9 — 2Y/5,
oy & 75°, tanog =19 4 2 ]/g,
ag & 49°,

x & 4630,
o0 R 80°39", cosay, = V25 — 10/5/10,
oy X 85° s
~ 37°46", cosay, = )/ 10/4 .
M. Goldberg, Washington, D. C.

BIBLIOGRAPHY

[1] D. HiLBERT, Mathematische Probleme, Nachr. Ges. Wiss. Goéttingen, Math.-Phys. Klasse,
1900; Bull. Amer. Math. Soc. 8, 437479 (1901-1902); Gesammelte Abhandlungen, vol. 3,
290-329, Springer, Berlin, 1935.

[2] R. BrICARD, Sur une question de géométrie velative aux polyédres, Nouv. Ann. Math. 55,
331-334 (1896).

[3] M. DEnN, Uber den Rauminhalt, Math. Ann. 55, 465-478 (1902); Gottinger Nachr., Math.
Phys. 1900, 345-354.

[4] M. GoLDBERG, Two More Tetrahedra Equivalent to Cubes by Dissection, E1. Math. 24, 130-132,
(1969), corr. 25, 48 (1970).

[5] J.-P. SYDLER, Sur la décomposition des polyédres, Comm. Math. Helv. 76, 266-273 (1943-44).

(6] J.-P. SYDLER, Conditions nécessaires et suffisantes pour I’'équivalence des polyédres de l'espace
euclidien a trois dimensions, Comm. Math. Helv. 40, 43-80 (1965).



	New rectifiable tetrahedra

