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Introduction

Let N be the set of all positive integers with usual operations @ + b = s(a, b) (addition)
and a % b = m(a, b) (multiplication). For every bijection p : N x N — N define two
mappings ¢ and wx from N to N such that o (¢) = o(p(a, b)) = s(a,b) and p(c) =
w(pla,by)y = m(a, b) for all ¢ € N. Such a bijection p is known as Peano mapping. In[1,
p. 32] S.M. Ulam asked “Does there exist a Peano mapping p such that addition commutes
with multiplication in the sense that o (1(c)) = u(o(c)) for all ¢ € N 77, No examples
were known, and then the well-known Peano mapping p(a, b) = 24~1(2b — 1) was seen
by Ulam not to work, as p(o (2)) = 1 (3) = 2, 0 ((2)) = o (2) = 3. Though the question
is very natural and fascinating, it never got an answer since then.

In this article, we answer Ulam’s question in showing that no Peano mapping exists with
the desired property. The proof is simple and totally elementary.

In dem nachfolgenden Beitrag wird ein auf S.M. Ulam zurlickgehendes Problem
gelost. Ist p : N x N — N eine Bijektion, eine sog. Peano-Abbildung, und bedeu-
ten s,m : N x N — N die Abbildungen, die durch s(a,b) = a + b (Addition)
bzw. m(a, b) = a - b (Multiplikation) gegeben sind, so seien o, u : N — N durch
o = s5op ' bzw. u = m o p~! festgelegt. Es besteht nun die Frage, ob es eine
Peano-Abbildung p mit der Eigenschaft gibt, dass o und p vertauschen, d.h. dass fiir
alle natiirlichen Zahlen ¢ die Gleichheit o (p(c)) = p(o(c)) gilt. Die Abbildung p,
gegeben durch p(a, b) = 29~ 1(2b — 1), ist beispielsweise eine Peano-Abbildung; al-
lerdings gilt in diesem Fall o (u(2)) = 3 und p(o (2)) = 2. Der Autor zeigt, dass dieses
Beispiel keine Ausnahme darstellt, dass es also keine Peano-Abbildung gibt, die das
gewiinschte Vertauschen von o und p zulasst.
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We further show that no such Peano mapping exists in R™. The proof uses only quadratic
extensions of @, and so works as well for the algebraic numbers A, but it leaves the case
of Q7 open.

Proof for N

Let us assume that there exists a Peano map p such that o and p commute. Note that
o =s5o0p tand u =mo p~'. Therefore we have
mop_loSop_l :sOp_lomop_l,

or
1 1

mop "of§=Sop ~o#nl
To simplify notation, write f : N — N x N for the bijection p~!. Then
(mo fosWa,by=1(so fom)a,b) V(a,b) e NxN. (1)

We first show that (1) = (1, 1). Assume to the contrary that there exists an integer k > 1
such that f(k) = (1, 1). So

(mofosyk—11y=m(ftk))=m(l,1)=1=(o fomptk—1,1)=s(fk—1)).

This is impossible, as s( f(n)) > 2 in N. Moreover s(f(n)) = 2 implies n = 1.

As a consequence,

(so fom)(l,}=s(f(1))=2=(mo fos)l, 1) =m(f(2).

Hence f(2) € {(1,2), (2, )}. It f(2) = (1, 2), there exists an integer k > 2 such that
J (k)= (2, 1), Again from (1) we have

(mo fosyk—1,1)=2=(ofom)ik—1,1)=s(f(k—1)).

Sok —1=1o0rk = 2, acontradiction. The same argument works with f(2) = (1, 2).
This proves that there is no Peano mapping for which o and p commute. O

Proof for Rt

As above, suppose to the contrary that a bijection f : RT — RT x R exists, satisfying
(mo fos)a,b)=(so fom)a,b) Y(a,b) €Rt xRT. (2)
Take three real numbers #, v, w such that the system of five equations

Xi+yi=u;, xi-yi=v (1=<ix55)
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with
U1 =Ur =Uq=UV] =03 =V = U,
Uz = v = U,
Us =v4 = W

has positive real solutions (e.g. u =6, v =7, w = 8§).
Let f(u) = (a,b). Frommo f(x; +v;) = s o f(x; - ¥;) (equation (2)), one gets

mo f(uy = mo f(v)=mo f(w)=ab,
sof(uy = sof(vy=so f(w)=a+b.

As there are at most two solutions for f(u), f(v), and f(w), namely (a, b) and (b, a), the
map [ cannot be a bijection, establishing the desired result. (]
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