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ON LIE’S HIGHER SPHERE GEOMETRY

by Jay P. FILLMORE

1. INTRODUCTION

In this paper we draw together two theories having their roots in
the ideas of S. Lie over a century ago: Lie’s higher sphere geometry, with
its famous line-sphere transformation [5], and the theory of Lie groups,
especially the description of a geometry by global Lie groups 1, Indeed,
not until the 1960s, with the appearance of W. M. Boothby’s description
of homogeneous contact manifolds [1, 2] and with the appearance of
parabolic subgroups, could this connection be established. One can now
say, in terms of Lie groups, that the three-dimensional complex line and
sphere geometries are isomorphic and that the real line and sphere geometries
are two distinct real forms of one geometry. Furthermore, the line-sphere
transformation gives explicitly the isomorphism of the complex forms.

In Section 2 we summarize the formulation of Boothby’s theory for
algebraic homogeneous contact manifolds and make some observations
about their real forms. The classical contact manifolds of complex co-direc-
tions in projective space and of Lie’s higher sphere geometry are described
in general in terms of this theory in Sections 3 and 4. Finally, in Section 5,
the connection with Pliicker’s line geometry in three dimensions is estab-
lished, and the line-sphere transformation is brought into perspective.
This introduction continues with an overview of F. Klein’s formulation
of Lie’s theory [5, 6], Boothby’s theory, and their connection.

To a line in complex projective space P> may be assigned Pliicker
coordinates

$1 = P12s & = DP31s & = Pas,s
€4 = DPo3z» &5 = Po2> &6 = Dot s

[6, §20]. These coordinates satisfy
Ev8y + b5 + ¢3¢ = 0,

1 This description of Lie’s higher sphere geometry in terms of Lie groups answers
a question posed in 1965 by S. SasAki [9, p. 173].
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and hence lines in P> correspond to points of a quadric Q* in P>. Two lines
in. P3 intersect when their corresponding points on Q* are conjugate.
A surface element in P3, a point and incident plane, becomes the pencil
of lines passing through the point and lying in the plane; this corresponds
to a line lying in Q*. The space of surface elements in P> thus corresponds
to the space of lines in Q* The projectivities of P> which preserve the
quadric Q* permute the lines of Q* and hence the surface elements of P>,
Moreover, these projectivities preserve the condition, between two surface
elements at infinitesimally adjacent points, that a point of one lies on the
plane of the other; hence they are contact transformations of P>.

To a sphere -

x2 +y? + 2% —2ax —2by —2cz +C =0

~in complex Euclidean space E>, with center at x = a, y = b, z = ¢ and |
radius ‘
2 =a?>+b*+c*-C,

the sign of r corresponding to an “orientation”, may be assigned homo- |
geneous coordinates ’

, b = ,c=z,r=

a =

p
-

= | R

[6, §25]. These coordinates satisfy
B4y = IR — =0,

and hence oriented spheres in E> correspond to certain points of a quadric
¥4 in P°; if spheres which are points or planes or which have centers at
infinity are included, all points of ¥* are obtained. Two spheres in E°
are tangent at a point, orientations taken into account, when their corres-
ponding points on ¥* are conjugate. An “oriented” surface element in E3, |
a point and incident oriented plane, becomes the pencil of sphercs tangent _
to the plane at the point; this corresponds to a line lying in ¥*. The space
of oriented surface elements of E> thus corresponds to the space of lines -
in ¥*. The projectivities of P> which preserve the quadric ¥* permute
the lines of ¥+ and hence the oriented surface elements of E*. Moreover,
these prOJect1V1t1es are contact transformations of E3.
The line-sphere transformatlon dlscovered by Lie, is given by

€1=a+\/—:1_ﬁs 64=O€_\/_1ﬁ’
fz'=,?+/1, Es =y — 4,
63 = U, 66

_v,,
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as formulated by Klein [6, §70]. This makes correspond points of . the
quadric Q* of signature (+++ ———) and points of the quadric pt
of signature (+ + + + — —). Conjugate points correspond to conjugate
points, and a line in one quadric corresponds to a line in the other. Thus,
surface elements in P3 correspond to oriented surface elements in E°
and this correSpondence is a “contact transformation”. ‘

Now, classically a contact transformation in P 3 or E* is a transformation
on the 5-dimensional space of surface elements which preserves, up to a
non-vanishing multiple, a maximal rank Pfaffian form

) =dZ—pdx—'Qdy,

[6, §63], where the coordinates x, y, z, p, g describe the surface element
consisting of the plane -

z' —z =px' —=x) +q(y —)

at the point (x, y,z). The condition w = 0, that at two infinitesimally adja-
cent points the point of one surface element lies on the plane of the other,
is preserved by a contact transformation. The appropriate spaces for the
line-sphere transformation are the 5-dimensional spaces of lines in Q*
and lines in ¥*. Exhibiting the Pfaffian forms and examining the effect
of the line-sphere transformation on them may be done systematically by
observing that these spaces are homogeneous.

Boothby’s ~ description of compact homogeneous complex contact
manifolds [1,2; and 7, §2] constructs for each type of simple complex
Lie algebra g: a connected centerless simple Lie groups G having Lie
algebra g, a parabolic subgroup P of G, and a Pfaffian form w on a
principal C*-bundle over G/P, so that G/P, with w pulled down by local
sections, is a compact complex contact manifold, homogeneous under the
1dentity component G of the group of all its contact automorphisms. Every
such contact manifold is so obtained uniquely up to isomorphism. This
construction yields, for the classical simple Lie algebras:

A, projective cotangent bundle of P"—the classical
space of incident point-hyperplane pairs in P",

B,and D;  space of lines in a quadric,

C, odd-dimensional projective space P2'*1,

[1,(7.1)]. The isomorphism A4, ~ D, arises from the description of
surface elements in P> as lines in Q* by Pliicker coordinates. Since the
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complex quadrics Q* and ¥* both have groups of projectivities of the
type Ds, the contact manifolds of line geometry and sphere geometry, §
when viewed as the spaces of lines in Q* and ¥* respectively, are necessarily
the same, that is, isomorphic. :

When Boothby’s description of homogeneous contact mamfolds is
refined, using J. A. Wolf’s theory of complex flag manifolds [8, Ch. I,
to include their real forms, line geometry and sphere geometry are no
longer the same, but, as was classically recognized [6, §25], are obtained
from the real forms PSO (3,3;R) and PSO 4,2; R) of PSO (3, 3; C)
and PSO (4, 2; C), where the quadratic forms defining these projective
special orthogonal groups are those of the quadrics Q* and ¥*. Now,
PSO (3,3; C) and PSO (4,2; C) are isomorphic, so the corresponding §
complex contact manifolds are isomorphic; in fact, these groups, are
conjugate in PSL (6; C) by the matrix of Klein’s description of the
line-sphere transformation. Viewed another way, PSO (3, 3; R) and
PSO (4,2; R) correspond to two real forms of PSO (3, 3; C) defined
by two complex conjugations. Consequently, real line geometry and real -
sphere geometry are two distinct real forms of complex line geometry. The |
line-sphere transformation then corresponds to an automorphism  of
PSO (3, 3; C) connecting the two complex conjugations.

Line-sphere
transformation

TN

Real points
for sphere
geometry

pS

Real points for line
geometry

Real points of PS.
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2. HOMOGENEOUS CONTACT MANIFOLDS

We formulate the notion of contact manifold in terms of complex
analytic manifolds; the definitions apply equally to real smooth manifolds.
Especially, if the complex analytic manifold is a smooth algebraic variety
defined over R and if its various structures are defined over R, then the
elementary assertions here apply to the set of real points of the variety.

Throughout this, section we indicate proofs only when they differ
from those of Boothby [1, 2] or Wolf [7, 8].

2.1. A complex contact manifold is a complex manifold M of odd
dimension 2n 1 together with a complex contact structure which is prescribed
by a family {(U,, ®,)} consisting of an open cover {U,} of M and
holomorphic Pfaffian forms w, on U, satisfying:

(i) w, A (dw,)"~! does not vanish on U, ie., o, is of maximal
rank;

(i) if U, n Uy is not empty, then w, = f ;,0, on U, N U, with
f g holomorphic and non-vanishing; and

(i) the family { (U,, »,) } is maximal with respect to (i) and (ii).

Aiholomorphic map g: M- M ’\\ between two contact manifolds is a

contact transformation if { (g™'U,, g* ;) } is contained in {(U, o)}
11, §2].

2.2. Let M be the space of hypersurface elements in complex
Euclidean space E" whose hyperplanes meet the x,-axis, that is, points
(X1, ..., x,) -and incident hyperplanes
Xp = X5 = Py (X1 —=%1) + ... + Pt (¥nm1 —%4—1)
where primes denote running coordinates. The single set of coordinates
X1y vees Xps P15 s Pu—q ON M together with the Pfaffian form

W = dx, — pydx; — ... — p,_qdx,_,

suffices to define a contact structure on M [6, §63]. This is the classical
contact manifold to which we will relate all others.

2.3. The contact structure on a complex manifold M has been for-
mulated by S. Kobayashi in terms of a principal C*-bundle over M [l, §2
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and 7, §2]. Let { (U,, w,) } be a contact structure on M, so that Wp = [ g0,
on U, n U,. Define the holomorphic principal C*-bundle z: B - M using

. : 1 :
the transition functions f,, ™' = — on U,n U,; =1 (U,) is U, x C*

and, with coordinate z, on C*, zg = fp tzyonU,n Uy. o, on U pulls
back by n* to a Pfaffian form on =~ ! (U,), again denoted w, On
n~' (Uy) nn~ ' (Uy) we have w; = f,, w, and zg = fp. ' 2z, so that
Z,0, = Zpwg; the z,w, hence define a holomorphic Pfaffian form w on B.
Let R,, a in C*, denote the right action of C* on B. The Pfaffian form
o satisfies:

(@) (dw)" does not vanish on B;
(b)  vanishes on vectors tangent to the fibers of B; and
(¢) Rj*w = aw, ain C* [1, (2.1)].

Conversely, a holomorphic principal C*-bundle B over M together with
a holomorphic Pfaffian form w satisfying (a, b, c) defines a contact structure
on M: The w, on U, are obtained by pulling down w by sections of B
over U,. -
Complex contact structures on M correspond uniquely to principal
C*-bundles n: B — M equipped with a Pfaffian form w satisfying (a, b, ¢),
up to isomorphism [1, (2.1) ]. Contact transformations M — M’ are exactly
those homomorphisms g: B— B’, n'og = gon and R,og = go R,
satisfying g*w’ = w. Consequently, contact automorphisms of M corres-
pond to bundle automorphisms g of B which preserve w: g*w =  [1, (3.1) ].
In case M is compact, its group of all contact automorphisms is a
complex Lie group which acts holomorphically on B [1, (3.2) and 2, §1].

2.4. Let V be a complex manifold of dimension # and M the bundle
of complex co-directions of V, that is, M is obtained from the bundle B
which is the cotangent bundle of ¥ less its zero section by passing to the
projective space of each fiber. B is a principal C*-bundle over M. If
Xi, ...y X, are coordinates on an open set U of ¥, ¢ in B may be written

over U as
¢ =ug(Qdxy + ... +u,(ddx,,

where the functions u; (£) are homogeneous of degree one ; the functions
X1y eer Xy Uy, ..., U, define coordinates in B over U. The Pfaffian form

O = uydx; + ... + u,dx,
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on B satisfies (a, b, ¢) of 2.3 and hence defines a contact structure on M.
Again, this is classical [6, §63, p. 242]. We may cover M over U by open
sets where some u; is not zero, say u, # 0, and then set

Uy = —P1s eees Uyy = T Pp-1, U, = 1:
this gives a section of B over this open set and w pulls down to

dxn - pldxl T Ees T pn—ldxn—l ’
the description in 2.2.

2.5. Let V of 2.4 be complex projective space P". Points of P" are
described by homogeneous coordinates x,, ..., x,, written as a column
vector x = ' (xy, ..., x,), and hyperplanes

’ 7 V4
ux' = ugxg + ... +ux, =0

of P" by homogeneous coordinates u,, ..., #,, written as a row vector
u = (ug, ..., 4,). A cotangent vector at x is determined by the equation
of a hyperplane u incident with x, ux = 0; if x is replaced by Ax, # must
be replaced by uA~'. Thus B may be described by (x, u), ux = 0, with
(Ax, uA~") equivalent to (x, u). M is consequently described by incident
points and hyperplanes (x, ), ux = 0; now (Ax, uu™') is equivalent to
{x, u). The Pfaffian form :

o = udx = uydxy + ... + u,dx,

is well-defined on B and gives the contact structure on the space M of
co-directions, that is, on the space of .hypersilrface elements, of P"
[6, §63, p. 242].

A projectivity of P", a transformation in PSL (n + 1; C), which will
be represented by x — gx with g in SL (n + 1; C), transforms hyperplanes
by u — ug~! and cotangent vectors and co-directions by (x, u) - (gx, ug™1).
Since '

g*w = g*(udx) = ug™'d(gx) = ug~lgdx = udx = w,

projectivities are contact transformations of M. In addition, since ux = 0,
udx = —'x'du and, hence, classical projective duality (x, ) —» (u,—x)
preserves o and is a contact transformation [6, §62].

26. Let M be a complex contact manifold which is algebraic; M is
a smooth algebraic variety and the contact structure is given by a bundle
B —» M and Pfaffian form o on B which are algebraic.
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Assume further that M is connected, compact, and homogeneous under
a linear algebraic group G of contact automorphisms. Since M is connected,
we may assume G is connected. We may also assume that G acts effectively
on M : only the identity element of G acts as the identity transformation
on M. |

"Now G is semi-simple [1, §4]. For the radical of G, a normal solvable
subgroup, has a fixed point in compact M [3, (10.4)] and since, G acts
effectively on M, this radical is trivial. Thus M is exhibited as G/P, with
G connected and semi-simple, and P the isotropy subgroup of a point
Xo in M. Since G/P is compact, P is a parabolic subgroup of G [3, (11.2);
4, §68 fI.; and 8, §2]. P is its own normalizer in G, so contains the
center of G; since G acts effectively on M, this center is trivial. G is
centerless. ’

Since G is a linear algebraic group, we will throughout view the
elements of it and its Lie algebra g as matrices. Thus: For g in G and X
in g, Ad (9) X=gXg~', a product of matrices. Left-invariant Pfaffian
forms on G are given by w, (9~ *dg), where w, is a linear function ong,
and dg is the matrix of differentials of the entries of g. The action of Ad (g)
on left-invariant Pfaffian forms on G, i.e., Ad (g9)*,is then (*Ad(g)w,) (X)

= Wy (ng—l)-

2.7. From 2.3, G acts on the principal C*-bundle B over M = G/P.
Let b, in B lie over the point x, in M fixed by P. If g is in P, then gb,, lies
over Xx,, 80 gby = R,by = bya for a unique a = x (g9) in C*. y: P — C*
is a homomorphism. y is either surjective or trivial, and in the former case
G is transitive on B since it is then transitive on M and on the fibers of B
over M. In fact, y is surjective [2, §2]; the key lemma of Boothby’s argument
[2, p. 277] may be replaced by: The centralizer in g of a nonzero element of g
is never a parabolic subalgebra. Thus B is -exhibited as G/P; with P, the
kernel of y, a subgroup of P. The bundle B — M is G/P; — G/P with ﬁber
P/P, ~ C*, :

By means of the map G — G/Pl, pull the Pfaffian form w on B = G/P,
which defines the contact structure, up to a left-invariant form w, (g™ 1dg)
on G. This form is Ad (P,)-invariant:

o (9Xg™7) = o (X)), g £y, X308

Let p and p, denote the Lie algebras of P and P, respectively. Condltlons
(a, b, ¢) of 2.3 become: :
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(a) (dwo)" # 0;
(b) wo(X) =0, Xin p; and

© @o(97'Xg) = 2(g) wo (X), g in P, X in g;

where dw, (X, Y) = :— % o, ([X, Y1) [1, (5.1), (5.2), (5.3)].

Since g is semi-simple, its Killing form is non-degenerate and we

may write
COO()() =<VV7X>) Xlng:

for a unique W in g: Conditions (a, b, ¢) now become:

(a") the centralizer of W in g is py;
() <W,X> =0, Xinp; and
) [X, W] =y (X)W, X in p;

where y' is the derivative of y at the identity of P [1, (5.6) ]. |

As a consequence of (c’), p = y’ restricted to a Cartan subalgebra
contained in p is a root of g; £, = W may be taken as the corresponding
root vector. When the roots of g are ordered, p is a positive root and
P+ a, o a positive root, is not a root [1, (6.2) ]. Hence p is the maximal
root for this ordering and G is simple [1, (6.3) and 4, (25.6) 1.

2.8 Lét g be a complex semi-simple Lie algebra, let h be a Cartan
subalgebra, and choose a system of simple roots of g with respect to b.
Designate a subset of the simple roots as free and call the remaining simple
roots non-free. An arbitrary root is called free if it contains a free simple
rootas a summand, and non-free if all its summands are non-free simple
roots. A free root is necessarily positive. Besides free and non-free roots
there are only the negatives of free roots [4, (69.23) ]. If g, denotes the root
space for the root «, then

P=b+ > g+ ) g
o non-free a free
is a parabolic subalgebra of g, that is, it corresponds to a parabolic subgroup
of any connected complex Lie group G having g as its Lie algebra. Now,
any parabolic subalgebra of g is Ad (G)-conjugate to a parabolic sub-
algebra given by the above construction. Thus, once h and the system of

simple roots are fixed, the subsets of the simple roots classify parabolic
subalgebras up to conjugacy [8, §2].
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2.9 Continuing 2.7: We may choose a Cartan subalgebra b of p,
choose a system of simple roots, and find the subset of free simple roots

so that p is given by the construction of 2.8 [8, §2]. The free and non-free
roots are completely determined by the maximal root p, in that

CH,, H,» > 0 for « free,
< H, H,> = 0 for « non-free,

where H, in }) is defined by { H,, H) = « (H), H in b [1, (6.5) ]. Conse-
quently, we may describe p,p,, and w, for an algebraic homogeneous
contact manifold in terms of the maximal root p by

Op=Db+ > g,

<Hp,Hd> >0
(i) p; = elements X of p orthogonal to H, {H, X) =0, and
(ili) o (X) = (E, X Xin g,

[7, p. 1035]. Since G is connected and centerless with Lie algebra g, the
groups G, P, P; and the form w are completely determined. -

2.10. Conversely, begin with a simple complex Lie algebra g. Choose
a Cartan subalgebra § and a system of simple roots. Using the maximal
root p, define p, py, and w, as in (i, ii, iii) of 2.9. Take for G the adjoint
group of g, which is connected, centerless, and simple, and for P and P,
the subgroups corresponding to p and p,. Then, wo (g™t dg) is a left-
invariant, 4d (P,)-invariant Pfaffian form on G, and defines a form w
on G/P;. The map X - { H,, X >, X in p, gives rise to a homomorphism
x: P — C* The form w on the principal C*-bundle G/P, over G/P satisfies
(a, b, ¢) of 2.3 and hence defines a contact structure making G/P a compact
homogeneous algebraic contact manifold [1, Th. C and 7, p: 1035].

In this manner, Boothby established that there is exactly one compact

homogeneous algebraic contact manifold, up to isomorphism, for each type

Ay, ..., G, of simple complex Lie algebra [1, (7.1) ]. For these manifolds,
the group G is the identity component of the group of all contact auto-
morphisms [7, (2.5) ]. Boothby’s classification [1, 2] was obtained with the
assumptions that the complex contact manifold was compact, simply -
connected, and homogeneous under a complex Lie group of contact
transformations, and used H. C. Wang’s theory of compact homogeneous
complex manifolds rather than parabolic subgroups. We may conclude
that these contact manifolds are algebraic.
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2.11. Let G be a semi-simple complex Lie group and G, a real form
of G: G, is the set of elements of G fixed under a complex conjugation
g — g. We use a bar to denote the conjugate of an object, and the terms
real and stable refer to the conjugation. |

Let P be a parabolic subgroup of G, and g, g, p the Lie algebras of G,
Go, P. go N p contains a stable Cartan subalgebra }) of g, h=5[8, (2.6)]
If o is a root of g, so is &; « is real if & = a. Now, choose a system of simple
roots and find the subset of free simple roots so that p is given by the cons-
truction of 2.8. Set P, = G, N P; G,/P, is a subset of G/P. Wolf has shown
that the following are equivalent :

(i) real dimension of Gy/P, = complex dimension of G/P,
(ii) G,/P, is closed in G/P, |

(iii) the set of free roots is stable,

(iv) p or P is stable, and

(v) the algebraic manifold G/P is defined over R and G,/P, is its
set of real points,

[8, (3.6) . When these conditions hold, Gy/P, is the unique closed orbit
of G, on G/P [8, (3.4)]. We call G,/P, a real form of G/P.

Let M be a compact, algebraic homogeneous contact manifold. Assume
that M and its contact structure are defined over R, that is, the principal
C*-bundle B — M and the Pfaffian form w on B are defined over R. Let
P be the isotropy subgroup of a real point x, of M in the group G of
contact automorphisms. Then the complex conjugation on M defines
one on G, gx = gx, under which P is stable. Hence, we obtain a real
form G, of G so that the real points of M are G,/P,, P, = G, n P. That o
is defined over R means W = E, lines in g,, and the maximal root p is real.
This is consistent with the stability of the set of free roots, as { H,, H; > > 0
when < H,, H,» > 0. Consequently, the real forms of M correspond
to the conjugations of g for which p is real.

2.12. The method by which the contact structure on G/P will be exhi-
bited, in the next sections, in classical form 2.2 is the following.
Let |
m= ) G
<Hp,Ha> <0
m is supplementary to p in g and of dimension 2n— 1. We will determine
X near 0 inm as a function of x, ..., X,, py, ..., P SO that X — (exp X) - xq
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is one-to-one on an open neighborhood U of x, in G/P and (exp X) * x,

is identifiable as the point (x, ..., x,) and the-incident hyperplane

7

Xn — Xy = D1 (xll_xl) + .. +'pn—1(xr/t-—1 _xn—l) ’

Now, (ekp X)) xy— (exp X) - by is a section of the bundle G/P, over U
and, via this section, the form w on G/P; pulls down to

 wo ((exp X))~ d (exp‘X))

which, when expressed in terms of x, ..., X,, Py, .., Pn—1, Will be identified
with '

dxn - pldxl - - pn—ldxn—l
up to a constant multiple a # 0. For this latter calculation we will use
__,—adX .
(expX) td(expX) = ——— (dX)
ad X

= dX — % [X,dX] + é[x, [X,dX]] — ...

[4, (10.2) ], a series which is finite since m is nilpotent. In fact, our choice
of X will make the series for exp X themselves finite. The constant a 5 0
could be made unity by using instead the section (exp X) - x, — (exp X)g by,
where g in P is chosen so that y (g9) = a. This amounts to following the
original section by R;! in the bundle

3. CO-DIRECTIONS IN PROJECTIVE SPACE

The contact structure on thé (2n—1)-dimensional space of co-directions
in complex projective space P", described in 2.5, is obtained when the cons-
truction of 2.10 is carried out for the simple complex Lie algebra of type
A, n > 1. - :

3.1 Let g =sl(m+1; C), complex (n+1) by (n+1) matrices of
trace zero. For Cartan subalgebra § of g take the dlagonal matrices of g.
Let §;, i = 0,1, ..., n be the linear function on b which assigns to H = dlag
(hy, ..., h,) in B the i d1agonal element: 6, (H) = h;. The roots of g w1th
respect to b are ‘ .

0, —06; i,j= 0, 1,...,n

J
and i # j
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and the root vector E, corresponding to the root « is

Eéi = E

—(Sj ij o

the matrix with 1 in the i row and j™ column and Os elsewhere [4, (16.2) ].
A system of simple roots is

50 - 51, 51 - 52, seey 5,1._1 - 5,1,
for which the maximal root is
p = (66—0y) + (0;—=0;) + ... +(0p—1—0,) = do — I,

[4, App., Table E]. The Killing form of gis ( X, ¥y = 2 (n+1) tr (XY),
but we replace this with ( X, ¥ ) tr (X'Y) for convenience. Then the H,
in ) are given by

Hy,s; = diag(0, ...,0, 1,0, ..,0, 1,0, ..., 0)
with 1 and —1 in the " and j™ entry, respectively. Especially,

H, = diag (1,0,...,0, —1).
We have

<0j=0o0ri=mn
> 0 otherwise |,

< Hp: H&,;-éj > {

so that p in (i) of 2.9 consists of matrices of the form

. %k %k *
0
S %
; [ s s 0 *

of trace zero, where the starred entries are arbitrary.

3.2 The connected centerless simple group G = PSL (n+1;C)
= SL (n+1; C)/{center} is transitive on the space consisting of points x
and incident hyperplanes u, ux = 0, in P, as in 2.5. The isotropy subgroup
P of the incident point-and hyperplane

xO = t(]., O, ceey O), uo = (0, ceey O, 1)
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has exactly p for its Lie algebra. Hence, the homogeneous contact manifold
which the construction of 2.10 gives is

G/P = space of incident points and hyperplanes in P"

= space of co-directions in complex P".

3 3 Let m be the (2n— 1)-dimensional supplement to P in g consisting
of matrices of the form

— 0 N
* 0
P £ 0 |,

cf. 2.12. The product of any two matrices of m has a nonzero entry only
in the n™ row and 0" column: the product of any three is zero. Set

_ 0 ‘ _
X4 | 0
X = |
X1
1
xn_izpi-xi P1+ePu-1 O s

where the summation is over i = 1,2,...,n—1. X is in m and

»

] ”
| - 0
expX =1,,; +X +%X2 =
x,,g_l 0
| | X, = Py p,,_l 1 1,




[ 1
—x, 0
(expX)™' =1, — X +%X2 =
—'X;n—l 0
| —Xx, + ). pX; —Dy ‘_Pn_:\‘“ 1.

The point
x =(xpX) - x, =(1,xg,...,X,)

is incident with the hyperplane

U = Uy '(e‘XPX)_1 = (—x,+ Zpixi’ —P1s s —DPu-1>1),
and the hyperplane ux’ = 0, x’ = *(1, X{, ..., x.), is
Xp = Xy = Py (¥{ =X;) + oo + Pp—sg (an{—xn—1) .

Thus, this choice of X establishes the classically identifiable coordinates
X1y eees Xpy D1 ooes Pu—y ON G/P,

3.8 Fromp = 6,—6, we have W = E, = E,, in (iii) of 2.9 and
wo (X) = { W, X' ) is the n0-entry of X. The form w on G/P is obtained
as @ = g ((exp X)~' d(exp X)) with

1
(expX)~1d (expX) = dX —E[X’ dX]

as in 2.12. For X as in 3.3, the only nonzero entry in [X, dX] is the #n0™
and it is ) p;dx; = — ) x;dp;. Hence

__ 0 —
dx
(expX) 'd(expX) =

dxn-— 1

__ dx,— Y. pdx; dp;..dp,_; 0 _],
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and the n0-entry is
o = dx, — pdx, — - Dy 1d%,_ 1 .

This identifies the contact structure with the classical one as in 2.12.

3.5 The real contact structure on the (2n—1)-dimensional space of
co-directions in real projective space P" is described by viewing all quantities
in the foregoing discussion as being real. Especially, G, of 2.11 is the con-
nected centerless group PSL (n+1;R) consisting of real contact auto-
morphismes. \

4. HIGHER SPHERE GEOMETRY

4.1 In complex Euclidean space E”, the equation
X2 4+ o +x2=2a3%] — .. —2ax,+C =0
describes a sphere with center (ay, ..., a,) énd corhplex fadius r given by
r? =al +..+d>-C.

When r # 0, the two choices of sign for r is said to give two “orientations”
to the sphere. Thus, the n+2 coordinates ay, ..., a,, ¥, C, which are related
by |
aj + ...+at—r*—-C=0,

describe the space of oriented spheres in E" [6, §25].
Introduce homogeneous coordinates by

b

o A U
a, =—, r=—,C =-
v v v

i= 1,2, ...,n Then the oriented spheres of E" correspond to certain
points of the quadric ¥***! in P"*? described by

af + ... +02 -1 —uv =0.
The sphere corresponding to the point (a4, ..., &, 4, 4, v) of "1 is
V(XA XD = 20%; — e — 20, + 0 =0.

Ordinary spheres have finite nonzero radius r, so v # 0. For v =0, we
obtain oriented hyperplanes. For 1 = 0, we obtain point spheres or
hyperplanes with isotropic hyperplane coordinate vector; these carry no
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orientation. If we include these special cases as spheres of E", then ¥"*!
is the space of all oriented spheres in E". ]

Two 'spheres in E" with centers (aj, ..., a,), (a1, ..., a,) and radii r, r’
respectively are tangent, orientations taken into account, if '

(ay—a)? + ... +(a,—ay)? = (r—r’)?;

Use @ + ... + a2 = r? + C for both spheres to obtain the condition
for tangency as ' :

2a.a] + ... + 2a,a, —2rr' = C —C' =0
or, in homogeneous coordinates,
20,00 + ... + 20,0, — 244 —w' —vu' = 0.

Hence, two épheres of E" are tangent when their corresponding points
in ¥"*1 are conjugate, that is, the line joining these points lies entirely
in Y"*1 [6, §25].

4.2. A pencil of mutually tangent spheres in E" corresponds to a line
in ¥"*1, This pencil of spheres determines an “oriented complex co-direction”
in E™ since it contains a point sphere and an incident oriented hyperplane.
Corresponding to the hyperplane

Xp — Xy = Py (X1 —X1) + ... + Dot (Xye{ —Xy—1)

at the point (x,, ..., X,) is the line

%yq X1 — D1
Ap—1 Xn—-1 —pln—l
OCn = x,, + t 1
A 0 —\/pp+1
H XX 2‘(xn_px)
v 1 ] __ 0 N

of ¥"*1 where




g oon n—1 i n—1 L
— ' 2 _ _ 2.
Xx = ) X, pX= Y pX;,, pp= Y DI;
' i=1 i=1 | i=1

this is the pencil of sphereé

n—1 g1
T Gioxerd? 4 (x,—0? = o2 (a1

passing through (x,, ..., x,) and having their centers on the line normal
to the hyperplane at this point. . ,

For later calculations it will be convenient to replace —p, ..., —p,_1, 1
by homogeneous uy, ..., #,_;, #,. The line in P"*! corresponding to the
hyperplane | .

ug(xg—x) + ... +u,(x,—x,) =0

at the point (xy, ..., x,) is then

—— ——i — —_— —— e

oy X1 Uy
an—l xn—l un—l
o, = X, + ¢ u,

U xx 2ux
v ] 1 - 0 ,
where )
n n n
' 2
XX = ) X, ux =y ux;, uu= 3y ui.
i=1 i=1 i=1

Any convenient condition may be imposed on wuu.

4.3. The contact structure on the (2n— 1)-dimensional space of lines §
in P**1, that is, the space of oriented co-directions in complex Euclidean |
space E”, is obtained.when the construction of 2.10. is carried out for
- the simple complex Lie algebra of type B, or D;, / > 2 and / > 3 respect-
ively. However, it will be simpler to identify quantities geometrically if
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we proceed by using the description of 2.7, since now the groups are deter-
mined first. | ‘

Let — 2-1, 0 ]
Y= I
-2 0 0
0 0 0 -1

0 —1 0 _

be the matrix of the quadratic form defining ¥"** in P"*'. SO (4; O),
the special orthogonal group of this form, consists of matrices g in

SL (n+3; C) for which ‘gdg = A. The connected centerless simple group
G = PSO (4; C) = SO (4; C)/{center} is transitive on the lines of ¥"+1
by Witt’s theorem. Let /, be the line
oy — . 0 T — 0 T
o, —1 0 0
o, = 0 + ¢ 1
A 0 -1
U 0 0
v 1 0
of ¥"*1, joining

“0,...,0,0{0,0,1) and %0,...,0,1{ —1,0,0);

this corresponds to the pencil of spheres
n—1

Yoox? 4 (x,—t)? = ¢?
i=1 ;

tangent to the hyperplane x, = 0 at the origin of E", suitably oriented,
as in 4.2. Let P denote the isotropy subgroup of /,. Then
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G/P = space of lines in ¥"+1!
= space of pencils of mutually tangent oriented spheres in E"
= space of oriented co-directions in complex E”".

The L1e algebra g of G consists of (n+3) by (n+3) matrlces X for which
‘XA + AX = 0. The matrices of g are of the form

e . by ¢ 'Vd1 ]

n by n skew-
symmetric

2d1 ) 2dn—1 2dn —2d e ) O

2¢p o 2¢y29 2¢, 1 —2¢ 0 —e _|.

P consists of those elements of G which send the subspace of C"*3 spanned

by “0,...,0,0/0,0,1) and %0,...,0,1] —1,0,0)

into itself; the Lie algebra p of P consists of those elements of g which do

the same. Hence, the matrices of p are of the form

— by | by ¢ 0

(mn—=1D)by(n-1 :
skew-symmetric

_—bl —bn—l 0 bn Cn _d
b, by by, 0 ¢ d
0 0 —2d! —2d e 0

2¢; ...2C,-4 2c, -2 0 —e _|.




97
: : 1 1
Note that g and p have dimensions 5 (n+3) (n+2) and 3 (n—1) (n—2)

1
+2n+ 3 = 5 (n+3) (n+2) — 2n + 1, respectively, in agreement with

G/P having dimension 2n— 1.

44. Fornm >2,setn+ 3 =2+ 1 or 2] according as n is even or
odd. g is of type B, or D,, [ >>2 and [ > 3 respectively.
For Cartan subalgebra T of g take matrices of the form

— — 0 h_,0 0
H =diag| O s eee s ,
—hy O —h_, O 0 0 h O
- . - - 0 0 0 —hn

the first row and column occur only in case B, it is suppressed for case D;.
The Killing form of g is ( X, Y) = (n+1) tr (X Y), but we replace this

1
with ( X, Y > = 3 tr (XY ) for convenience.

Let Win p be
— 0 0 0 —
0 0 0
1
0 0——0
2
W =
1
0; 0 ﬁ
' 0O 000
| —1 —1 0 0 |

L’Enseignement mathém., t. XXV, fasc. 1-2.

S
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For H in b we have [H, W] = — (h_y+h) W, so p (H) = — (h_,+h)
is a root of g with respect to ) and W = E, is the corresponding root
vector. ,
For X in g as described in 4.3, direct calculation shows [X, W] = 0
implies X is in p and b, + e = 0; thus the centralizer of W in g consists
of those elements. of p with b, + e = 0. For X in p now, the same calcula-
tion gives [X, W] = — (b,+e) W, so [X, W] = p (X) W with p extended
to p by p(X) = — (b,te). Finally, W is orthogonal to p with respect
to the Killing form. Hence, (a’, ¢’, b") of 2.7 are satisfied, and W is the element
of g giving the contact structure on .G/P.

The origin of the element W is not immediately evident. It was obtained
by determining the maximal root and corresponding root vector for Lie
algebras of type B, and D, when the quadratic form is

E6 + 281 &g F oo + 288
and then passing to the form
o 4+ ... +0> — A% —

by conjugating by the element of PSL (n+3; C) which corresponds to the
“line-sphere transformation”. This will be described further in the next
section. '

4.5. Letm be the (2n—1)-dimensional supplement to p in g consisting
,of matrices of the form ‘

B ;bl bl 0 d; |
0
—bi,,_1 b Od__1
by .. by O 0 0 d,
by ... b_y O 0 0 d,
2d, ...2d,_, 2d, —2d, 0 0
0 0 0 0 0 0 _|,




cf. 2.12. For X inm we have

— 0 .0' b

| —bb | bb 0 bd
2 _ E o T
£ = . —bb | bb O bd

0 —2bd | 2bd 0 2dd

L 0 0O 0 O
where '
n—1 ' n—1 n—1
bb = z b_izA, bd - Z bidi s dd = Z ‘ diz .

i=1 i=1 . i=1 .

The product of any three matrices of mm is zero. Especially, |
‘ 1
CXpX =‘1n+3'+X+7X2.

In order to estabhsh classwally 1dent1ﬁable coordmates on G/P as
in 2.12, we must determine X in m so that (exp X) -/, is the line of P**1
described in 4.2. Wlth X in m as above, (exp X) - [, is the line joining the
points

— 0 7 4 T
0 d,_,
| 0 |=| d,+—bd
(exp X)- 2
0 d, + — bd
0 dd
1 1

and
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O —2b1
0 _zbn—l
(exp X) - 1 = 1 —bb
~1 —1—bb
0 4d, — 2bd
0 0
On this line we can identify the point sphere when A = 0, giving
- 4 7 -, o
d,-y ~ b, Xom 1
1 “
_ N d, + ? bd
d, + — bd _ .
T+ | TP =] W
d + — bd —1—bb oo
dd 4d, — 2bd xx
L 1 _ - 0 1 1,

~and the incident oriented hyperplané when v = 0, giving




_22)"1 Up—1
1—=bb — u,
—1 —bb | =/ uu
, 4,dn,—2bd i ‘ 2ux ,
I S A

These equations will be satisfied if be we impose the condition /uu = 1 +bb
on uu, or |

u; = —2b;, u, =1-">bb,
i=1,2..,n—1, an@d then set

1t 1
i = -
. »4;Z1ux+2

Thus, this choice of X establishes the classically identifiable coordinates
X5 eves Xpy Uy ooy Uy ON GP as in 2.12 and 4.2.

4 6. From 2 12, the form on G/P is obtained as

=< w, (CXP X) 1d(ﬁXP X)>

with  (exp X) 1d(epr) = dX — —[X dX]

Take X as in 4.5 and let the entmes of d X be denoted as those of X W1th
primes affixed. Then , :




N b/ | b 0O  dy —
0 :
by | Bl O dyy
1
| by ...b,_; 0 0 0 d,,'——zc
I (exp X)"'d(expX) = S '
T Ty |
b, b’y O 0 0d,——c¢
2
2d,"...2d",_1 2d',—c {-2d,’ +c 0 0
0 0 0 o 0o 0 _,

where

n—1
c = Z (b;d;" —d;b;"),
i=1

and consequently, from the definition of W in 4.4, ® = c¢—2d,. Using the
expressions in 4.5 for by, ..., b,_4, dy, ..., d, in terms of x, ..., x,, Uy, ..., U,

we obtain
n—1 . 1 n—-1
=1 , - 4=
1 n—1
or,since 1 — — ) u? =u,
i=1
o = — (U dx;+ ... +u,dx,).

This identifies the contaCt structure with the classical one as in 2.12 and 4.2.

'4.7. The real contact structure on the (2n— 1)-dimensional space of
oriented co-direction in real Euclidean space E” is described by viewing |
all quantities in the foregoing discussion as being real. .Especially, G,
of 2.11 is the two-component centerless group PSO (A4; R) consisting of
real contact automorphisms.
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"5 THE LINE-SPHERE TRANSFORMATION =~

The homogeneous contact manifold of co-directions in complex
projective 'spacei‘P.?, obtained from the simple complex Lie algebra of type
A5, must coinside with that of oriented co-directions in.complex Euclidean
space E?3, obtained from the algebra of type D, in view of the isomorphisms
A; ~ D;. To exhibit this explicitly, we introduce a third homogeneous
contact manifold in, terms of which both of these can be conveniently
described, namely, the space of lines in the quadric * in P° of Section 1.

5.1. We carry out the construction of 2.10 for the simple complex
Lie algebras of type B, and. D, making the restriction to type D, later.

Letg = o (4; C), complex square matrices X for which’X4 + 4 X = 0,
where : : ) |

—10 0 —
A = 1 0 0 1, in case B,
0 1, 0 _|
or , |
B I A Pl | ,
4 A:,‘ LT, —1 incase D, -,
| 1, 0 _|

that is, the ‘qﬁa__dratic‘ form defining g is /
& + 2€1~fz+1 t ...+ 251521
or '
251fz+1 + + 261521

respectlvely [4, (16 3) and (16. 4)]. | |
We exhibit the details of the ‘construction for the case of D, For B,
one need only carry along an additional initial row and column in the -
matrices, as well as the correspondmg roots; the conclusions are the same.
Thus g consists of 21 by 21 matr1ces of the form ‘

__ ,X3 —tX1 I3 PRC-S
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where X; is [ by / and arbitrary and X, and X 3 are [ by / and skew-"
symmetric. For Cartan subalgebra §) of g take diagonal matrices H of the

form
H = diag(hy,...,h | —hy, ..., —h).

Let 51, i=1,2,..,1 be the linear function on § which assigns #; to
H:6,(H) = h, The roots of g with respect to § are

iéi i'5] i,j=1,2,...,l. »
and i #j
and the root vector E, corresponding to the root « is

- Ey |

E&i._aj = . ’ i :'éjﬂ
- 0 _Eji |

E6i+5j = ’ l <j:
0 0 _

E—éi—éj = ' , 1<]j,

where E; is the / by / matrix with 1 in the i row and j™ column and Os
elsewhere [4, (16.3) ]. A system of simple roots is

51_52,52"53, 011 — 0y, and — 0; — 05,

(this is not the same choice as in [4, (16.3)]), for Wthh the maximal root

18
p == 011 — 0y,

[4, App., Table E]. The Killing form of g is { X, ¥y = (2/~2) tr (X V),

but we replace this With (X, Y > = %—tr(X Y) for convenience. Then B

the H, in I)v are given by X | |
 Hugus, = diag (0, 0, £1,0,..,0, £1,0,..,0] ——),

where the +1s occur in the i™ and j* entries and the second / entries are
the negatives of the first / entries. Especially, |

H, = diag (0, ...,0, =1, =1} 0,...,0,1, 1)
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It is now straightforward to determine for which roots o we have
(H,,H,» >0 and find that p in (i) of 2.9 consists of matrices of the

form

‘ arbitrary 0 0
negative (I—2) by (/I—2)
transpose skew-
of lower symmetric 0 0
right O J— 0 0O

0 e 0 00
* * 0 0
arbitrary
/by
skew- 0 0
symmetric , * K
% % £ %

where the starred entries are arbitrary.

5.2. The connected centerless simple group G = PSO (4; C) is transi-
tive on the lines of the quadric Q*'~?

SRS S o ¢y =0

in P?'"1 by Witt’s theorem. The Lie algebra of the isotropy subgroup
of the line /, joining

is p. Hence

%0, ...,0,1,0) and %O0,...,0,0,1)"

G/P = space of lines in Q%' 2

The element W = E, of p giving the contact structure on G/P, as in 2.7, is

0
0
0 -1
1 O

oo
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In general, the construction of 2.10 gives .the (2n— 1)-dimensional
homogeneous contact manifold of lines in the quadric Q"*! in prt2,
where Q"*1 is ~ | |
Eof + 281 &g + o + 268y =0

in case B, when n is even, n+3 = 2/+1, and @"*! is Q2'~2 above in
case D; when nis odd, n + 3 = 2/; n > 2.

The real contact structure on the (22— 1) dimensional space of lines of
Q"™ in real projective space P"*2 is described by viewing all quantities
in the foregoing discussion as being real. Especially, G, of 2.11 is the
one- or two- component centerless group PSO (4; R) consisting of real
contact automorphisms.

5.3. The line joining x = *(x,, X4, X,, x3) and y = "o Y15 Y2 V3)
in complex projective space P> has Pliicker coordinates Dij = XY — Xy
These coordinates are the coefficients of the bivector X A y with respect
to the basis ‘ :

€1 N€y, €3 A€y, €3 Neg, eg Ne3, ey Aey, ey A ey,
where ey = (1, 0,0,0),...,e; = *(0,0,0, 1), and satisfy

' DPo1P23 + Po2P31 + PosPiz = 0,
[6, §69]. If we set

$1 = D12, 52=P31= '537=P23;
54=P03a $s = Doz » 55=Po1,

we have that the lines of P> correspond to the points of the quadric Q*

5164 + 6285 + &8 =0

in P°. Two lines of P3 intersect exactly when their corresponding points
on Q* are conjugate, that is, the line joining these points lies entirely in Q%,

To a point x in P* we associate all lines of P? incident with x and hence
a plane lying in Q% To a plane u in P? we associated all lines of P3 lying
in u and hence a plane lying in Q4. These two families of planes doubly
rule Q*. To a surface element or co-direction in P3, that is, a point x and
incident plane u, is then associated all lines of P3lying in u and incident
with x. In Q* this corresponds to the intersection of the planes corresponding
to x and u and is a line. Hence, the 5-dimensional spaces of co-directions
in P* and lines in Q* correspond. naturally.
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Note that the co-direction in P?3 consisting of the point x, = *(1, 0,0, 0)
and the incident plane u,: x5 = 0 in 3.2 corresponds to the line /, of
Q* joining the points * (0,0, 0,0, 1, 0) and *(0,0,0,0,0,1) in 5.2. For,
to the co-direction (x,, 1) is associated all lines of P> joining x, and a
point ¥ = * (¥o» 1, Y2, 0) of ug; such a line has Pliicker coordinates

61 = 09 62 =09 63 =,09
&, =0, &=y, & =V1>

and corresponds to a point of Q* lying on /.

The projectivity g in PSL (4; C) permutes the lines of P> by
X A Y- gx A gy, a projectivity of P? which preserves Q*. In this way
one obtains the isomorphism A; =~ Dj:

0 1,
PSL(4;C) ~ PSO(4;C), A = ( | 1
— 13 0 S

[4, (25.8.4") ]. The spaces of co-directions in P* and lines in Q* are homo-
geneous under PSL (4; C) and PSO (A; C) respectively; hence the corres-
pondence between these spaces is as homogeneous spaces. In fact, since
(xo, o) and I, correspond, their isotropy subgroups, as described in 3.2
and 5.2, correspond under the isomorphism.

From the isomorphism of the groups, we obtain the isomorphism of
the Lie algebras s1(4; C) ~ o (4; C), where X in sl (4; C) is sent to the
linear transformation x A y = (Xx) A y + x A (Xy) in p (4; C). With
X = (a;), i,j = 0,1, 2,3, the matrix of this transformation with respect
to the basis e; A e; is

a1 +az;  —ass —dy3 0 Aio —azp |
—as; Ay +asy  —ag;p | —dyg 0  as
—dszy —dsz dzz +ass3 @20 —dasp 0
0 —doy Qo2 Qoo Td33 EY3 asy
dy - 0 —do3 Az Qoo +0az; Ay
. —dp; Qo3 0 a3 A1z Qoo +ayy ;
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this describes the isomorphism explicitly. Under this isomorphism, the
Lie algebras of the isotropy subgroups of (X9, 4o) and /,, as in 3.1 and
5.1, correspond. Moreover, the element '

—0 0 0 17
0O 0 0 O
of sl (4;C)
0O 0 0 O
| | 0 0 0 0
i1s sent into the element
0 0
of n(4; C).
0O O 0
0
0O 0 -1
0 1 0 _

Since these are the root vectors for the maximal roots which determine
the contact structures, as in 3.4 and 5.2, we conclude:

The 5-dimensional manifolds of co-directions in P3 and lines in Q%
are isomorphic as algebraic homogeneous contact manifolds.

This isomorphism holds for the real contact manifolds also; cf. 3.5
and 5.2. The real connected centerless groups PSL (4; R) and PSO (4; R)
are isomorphic; each consists of the elements fixed under complex
conjugation of matrix entries. o .

5.4. The algebraic homogeneous contact manifolds of lines in the §
quadrics $""* and Q"*', 4.3 and 5.2, are isomorphic since they are both |

obtained from the simple complex Lie algebra of type B, or D, by the
construction of 2.10. This isomorphism can be exhibited explicitly by -
means of a contact transformation which reduces to the line-sphere trans-
formation, as described in Section 1, when. n = 3, 7
Throughout, unprimed quantities refer to @1 and primed quantities
to Y"*1. Set n + 3 = 2/ + 1 or 2/ according as 7 is even or odd; n > 2.
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Thus, |
— 1 0 0 ] _
0 1,
G = PSO(4; C), A = 0 0 1, or
‘. 1, 0
0 1, 0 _| — —
and |
— 2.1, 0 ]
G =PSO(A;C), A’ =
-2 0 0
0 0o 0 -1
» 0 —1 0 _

These are groups of projectivities preserving Q"1 and ¥"*1, respectively,
in P"*2,

In case 7 is odd, the transformation which we consider is
§1=°‘1+\/—10‘2 5z+1=°‘1—\/—1°‘2

624=‘O‘3‘*"\/ji°‘4 fz+2=0‘3f\/—:1a4

Cloa = Oy_p + v — Lo,y €212 = Oy — \/‘;1“n—1
&—q = o, + 4 Caim1 = o, — A
& = o = —V.

This is a projectivity of P"*2 which sends the quadric ¥"*?

0+ .o =22 —ur =0

into the quadric Q"*!
28801 + . +28E,, = 0.

In case » is even, the first equation of the transformation is &, = \/ Eal
and the remaining ones are like the above.

As before, we exhibit the details of the calculations for the case of
n odd. For n even one need only carry along an additional initial row
and column in the matrices; the conclusions are unchanged.

The matrix T of the transformation is




— B 0 —
1 1.0 0
0
0 01 0
T e
B 0
1 -1 0 0
0

L 0 0O 0 —-1_J°,
where B is the (/—2) by (2/—4) matrix

-1 Jo _

» 1 /-1 _]
and B is its complex conjugate; 7 has inverse
— ‘B 0 ‘B 0 ]
T-1 i 1 0 1 0
2 O 1 0 0 -1 0
0 2 0 0"
| 0O O 0 -2 _]

By direct calculation we ascertain the following:

(DA =*'TAT and hence G' = T~! GT. G and G’ are conjugate,
but do not coincide, in PSL (n+3; C). As a consequence, g’ = T ~14T.

(2) I; = T™!1,; the line lo in Q"1 joining
| ‘0,...,0,1,0) and %0,...,0,0, 1)

is sent to the line /," of ¥"*! joining
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0, ...,0,0 | 0,0,1) and ¥0,..,0,1| ~1,0,0).

Hence their isotropy subgroups, as in 5.2 and 4.3 are conjugate:
P’ =T 1PT. As a consequence, p' = T ' pT.
(3) The Cartan subalgebras of g and g’ in 5.1 and 4.4 are conjugate:
p =T 'HT. In fact, for
H = diag(hy, ... by | —hyy e, —h)

in h, we have

1 | ‘— 0 J/—1n ] | [ 0 =1k, :]
T 'HT = diag L ¥ TE g L ;
| -/ —1h 0 — =1h_, O

™ 0 B, 0 0 T
By 0 0 0
0 0 h O
0 0 0 —h | _

in §’.
4) The elements W and W’ of the Lie algebras which give the contact

structures on G/P and G'/P’, as in 5.2 and 4.4, are conjugate:
W' =T-1' WT. We conclude:

‘The (2n— 1)-dimensional manifolds of lines in Q"*! and lines in P"*?
are isomorphic as algebraic homogeneous contact manifolds. The isomor-
ohism is a consequence of the projectivity T carrying ¥"*! into Q"*1.
T sends lines of ¥"*! into lines of "*! and is a contact transformation.

5.5. Gy = PSO (4; R) is a real form of G; it consists of the elements
of G fixed under the conjugation g — g of G, complex conjugation of
the matrix -entries of g. The Cartan subalgebra §) of g, as in 5.1, is stable
and the maximal root p = —§;,_y — §, is real. With P, = G, n P, we
obtain from 2.11 the real contact manifold |

Go/Po = space of lines in "' in real P"*2,
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a real form of G/P; cf. 5.2. The same remarks apply to the réal form
Gy = PSO (A’; R) of G’ for the conjugation g — §'. With Py = Gy NP,
we obtain the real contact manifold

Gy/P, = space of lines in ¥"*! in real P"*?

= gpace of pencils of mutually tangent oriented spheres in
real E" -

= space of oriented co-directions in real E”,
a real form of G/P cf. 4.7.

Since G’ = T~ G T, we can exhibit Go/Py, as well as Go/P,, as a real
form of the complex contact manifold G/P. T Gy P! is the real form of

G = TG T ' consisting of the elements fixed under the conjugation @

obtained by transporting the conjugation g’ — g’ of G’ to G, namely
g->T (T YgT)T ! =8"15GS

where S = TT!. In the case of n odd,

| —0 0 |1, 0 T

in the case of n even, S has an additional initial row and column with a
1 in their common first entry and 0s elsewhere. tSAS = Aand S* = 1,,;, §
so the complex conjugation ¢ — S~ 1E preserves the quadric Qi A
point or line of "1 is fixed under this conjugation exactly if it is the image
under T of a real point or line of ¥"*'. The latter constitute the orbit M
on Q"*! of T Gy T ~1. The isotropy subgroup in TGy T~* of the line /, §
of @"*1is TGy T 'nP=T P, T~1. Furthermore, the Cartan subalgebra &
h of g in 5.1 is stable under the conjugatmn X—> S 'XSofg;in fact for

= dlag (hyy ... Iy —hyy.., —hy)
in h, we have JRP

ST'HS = dia\g (—Aﬁiv‘a SN RPN T 7 Ry, Bmgy =Ry, =R,
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in case of n odd; the maximal root p = —§,_, —&, is real, p (S™* H S)
= p (H). Hence, the contact structure on T G, T /TP, T~! is that
obtained from G/P by 2.11. We conclude: :

Go/Py, and TGy T /TPy T, the latter isomorphic to Goy/P,, are
two reals forms of the complex contact manifold G/P.

5.6. We observed in 5.3 that the space of co-directions in complex
projective space P>, by means of Pliicker’s line geometry, is isomorphic
to the space of lines in the quadric Q% in complex P>, and that this iso-
morphism makes real line geometry correspond to a real form of Q4.
We found in 5.4 and 5.5 that the space of oriented co-directions in complex
Euclidean space E* of Lie’s higher sphere geometry, which is the space
of lines in the quadric ¥* in complex P>, is isomorphic to the space of
lines in the quadric Q* also, and that this isomorphism makes real sphere
geometry correspond to a second real form of Q*. That is, real line geometry
and real sphere geometry are two distinct real forms of complex line
geometry. The line-sphere transformation establishes the isomorphism
of the spaces of lines in ¥* and lines in Q*. The former places real sphere
geometry in the foreground, the latter, real line geometry.

5.7. The isomorphism of 5.3 may be used to describe sphere geometry
in terms of co-directions in complex P>. Real sphere geometry then leads
:0 the real form PSU (2,2) of PSL (4; C).
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