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2.2. The principal series

Let G be a connected noncompact real semisimple Lie group with finite
center. Let G KAN be an Iwasawa decomposition. For g g G write g

u(g)exp(H(gj)n(g\ where u(g) g K, //(#) g a (the Lie algebra of T) and rc(g) g N.

Let p g a* be half the sum of the positive roots. Let M be the centralizer of A in K.
For £, g M, X g a£ the principal series representation of G is obtained by
inducing the (not necessarily unitary) finite-dimensional irreducible
representation man -+ eMloga)^(m) of the subgroup MAN. In the so-called

compact picture we have the following realization of n^x (cf. Wallach [45,

Here the Hilbert space L\{K, Jf(^)) consists of all J"f(E,)-valued L2-functions / on
K such that /(/cm) £>{m~ k e K, m e M. The representation n^x is a K-
unitary Hilbert representation. It is unitary if X g ia*. By Frobenius reciprocity,

x is X-finite and n^ x is K-multiplicity free if each 8 g K is M-multiplicity free.

Let us now specialize the above results to G SL(2, R). It is convenient to
work with the group G SU{ 1, 1), isomorphic to SL(2, R):

§8.3]):

(2.2) K.x(0)/)(fc)

f e L\(K, Jffö),

(2.3)

Let

(2.4) K : ; 0<e<47tL

(2.5) A :

(2.6)

Then G K ANisan Iwasawa decomposition for G1), p(log

and M {u0, u2n}- M consists of the two one-dimensional representations
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(2.7) Uq - el^e, uQ e M, ^ 0 or

Let L2(K) consist of all / e L2(K) such that f(u^ + 2n) — /(w*j,) or — /(w^)
according to whether £, 0 or respectively.

Now, by using explicit expressions for the factors in the Iwasawa

decomposition ofg~ ß u^ (cf. Takahashi [39, §1]) we can write (2.2) in the case G

N1 1, 1) as follows :

(2.8) K.xto«.p)/)K)=- |äe^"- ße-JVr2*-1 f(ur),

i|/' : 2 arg(äe^-ße-^), ga,ß e G, e K, f e L2(K),

Ç - 0 or i,UC.
On putting gatß:= uBeK we get

(2-9) (7t4i x(we)/) ("+) /(w+-fl), / e L42(/Q, «9, u+eK,

which again shows that tu^ x is X-unitary. X consists of the representations

(2.10) bn(uQ):= einQ, uQeK,

where n runs through the set |Z, i.e., 2n e Z. An orthogonal basis for L2(K) is

given by the functions

(2.11) cMu+):= e-**, i^eX,
where n runs through the set Z + £ : {m + «E, | m e Z}. Then

(2.12) ^(we)(()n 5„(w0)(j)n, Uq e K, n e Z, + E,.

Thus x is X-multiplicity free,

(2-13) {3neK\neZ +

the (j^'s form a X-basis for L2(K) and the canonical matrix elements of tt^ x are

(2.14) 7i^ x> m n(g) (tt^ x(g)§„, <|>J g e G, m, n e Z + £

Because of the Cartan decomposition G — X.4X, jr a m n
is comnletelv

determined by its restriction to A. It follows from (2.8) and (2.11) that

KaWi) K) I ch\t _ shLt e~2^ \~2x + m-i
1. 1

• (ch^t — sh\t e~^)~2n.
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Hence

(2.15)

1

4k

n%,i,m,n(at) (ch^ty

1 - th\t e'*)-» + »- 1/2(1 _ f/,if 1/2ei(m-^

t e R, m,n e Z + £,

The following symmatry is evident from (2.15):

(2-16) - m, -n(a,) ^ I m „(a,).

2.3. Calculation of the canonical matrix elements

Let us calculate the integral (2.15). In view of (2.16) we can suppose m ^ n.

The binomial expansion

CO (q\
(2.17) (1-z)-* X TT2*' lzl < 1'aGC'

k o k\
where

T(a + k)
(2.18) (q)fc a(a+l)...(a + k-l)^•can be substituted for the first two factors in the integrand of (2.15). Now
interchange the order of summation and integration and perform the integration
in each term. Then we obtain (ra^n)

(2-19) nt,x>mJa,) (-±-±%~" 1

(m — n)\

2F1(A, + m + -|, \ — n + ^;m — n+ 1 ; (t/i|t)2),

where the 2FX denotes a hypergeometric series, defined by

- (tfUhL
(2.20) 2Fi(a,b;c;z):=L z | z | < 1, a, e C,

4 0 (c)k

cf. [10, Vol. I, Ch. 2],

The expression (2.20) is clearly symmetric in a and b. As a function of z, the

2Fl has an analytic continuation to a one-valued function on C\[l, oo).

Application of the transformation formulas
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