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and

(b) = (a): Let 0 # ve #(1,). Let #, be the T,-invariant subspace of
#(1,) generated by v. Then ¢, € #° for some y € #(1,). Now, for some g € G,

(To(g)(j)y, (bs) = To,s, y(g) = Tg, y(g) # 0,

50 To(g)d, and ¢, are in #,. For each Be .#(t,) we have (to(9) s dp)
= Tp5(9) # 0 for some g€ G. Thus ¢ge ', for all Be A (1), so #'y = H(Ty).

(a) = (c):  Suppose 1,; = 0 for some vy, & € .#(t,). Then, for all g€ G,

(to(9)ds d,) = 0. Hence, the to-invariant subspace of #'(t,) generated by dg 18
orthogonal to ¢., so T, is not irreducible.

(c) = (b): Clear. O

Let © be K-multiplicity free, K being compact abelian. Define a relation < on
M) by:y < 8ifft, 5 # 0. Then y < & iff ¢, is in the t-invariant subspace of
H(1) generated by ¢;. It follows that

B<yandy<d=P<3

Define arelation ~ on (1) by:y ~ difft, 5 # 0 # 15 ,. Itfollows that ~ isan
equivalence relation on .#(t) and that, ift, ; # 0,0 ~ y,p ~ Sthent, 5 # 0.1t
follows that, for a given equivalence set, we can partition .#(t) into three parts,
the first part being the equivalence set, such that the corresponding 3 x 3 block
matrix for (t,4(g)) takes the form (3.3). In view of Theorem 3.2 this proves:

THEOREM 3.3. Let G be a lcsc. group with compact abelian subgroup K
and let t be a K-multiplicity free representation of G. Then there is a unique
orthogonal decomposition of #(t) into subspaces #(t;), where the 1s are
precisely the irreducible subquotient representations of T

3.2. THE case SU(1, 1)

ForLe C,& = 0 or 3, the representation n, , of G = SU(1, 1) on L(K) (cf.
(2.8))is K-multiplicity free with K-content given by (2.13). By inspecting (2.29) for
small but nonzero t and by using (2.24) it follows that
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(3.4) ng,x,m,n¢0©n§,x,m,n|/§?éO@CQ,L,m,n?éOs

where ¢; ; . 1s given by (2.30). Combination of (3.4) with Theorems 3.2 and 3.3
yields: '

THEOREM 3.4. Depending on & and A, the representation m., of
SU(1, 1) has the following irreducible subquotient representations: :

(@) A+ EEZ + 3

Mg 5 s irreducible itself.

(b) A =0& =1

7t1+/2,0 on Cl Span {¢1/2a ¢3/2, } )
Ti2.0 on ClSpan {., ¢ 5, &y} -

These are also subrepresentations.

0 M+ E€Z + 3, A > 0:

ng.5 on Cl Span (&4 12, Grvajo )
T 5 ON Cl Span {, ¢—x—3/2, ¢—x-1/2} )

né’,x on Span {& _; 412, O 143725 o ¢)_x—1/2} .

Among these m;, and w , are subrepresentations.

d A+EeZ +10<0:

n;x on Cl Span {¢ 5112, ® 14372 ) >
g, on Cl Span {.., &1 3.2, Dr—1)2) >

T, 3 ON Span {¢; 172> Prs3/25 o0 O 1/2} .
Among these ng,x is a subrepresentation.

Proof.
i (a) C&, A,m,n ?é 0

. 1 1
: (b) C1/2,0,mn Q0 mn< —z0rmn = 5.
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Thus ¢y, m » has block matrix

n<—A—% —A+isn<h—3  n=h4g

d) CermanFO=r+ti<m< —A=%ormn<h—3

ormmn> —A + 3 O

The finite-dimensional representation occurring in the above classification
are the representations m¢ ,(A+&€Z +3, A #0).

3.3. NOTES

3.3.1. In the case of the unitary principal series (A imaginary), Theorem 3.4
was first proved by BARGMANN [2, sections 6 and 7]. See van Duk [9, Theorem
4.17] for the statement and (infinitesimal) proof of our Theorem 3.4 in the general

case. A proof of Theorem 3.4 similar to our proof was earlier given by BARUT &
PuiLLips [3, §II (4)]. "

3.3.2. Theorem 3.4 in the case of imaginary and nonzero A is contained in a
general theorem by BRUHAT [5, Theorem 7; 2]: For & € M, A € ia, the principal
series representation m; ; of G (cf. (2.2)) is irreducible if s . & # A forall s  ein
the Weyl group for (G, K).

3.3.3. GELFAND & NAIMARK [ 18, §5.4, Theorem 1] proved the irreducibility
of the unitary principal series for SL(2, C) by a global method different from ours,
working in a noncompact realization and calculating the “matrix elements” of

the representation with respect to a (continuous) N-basis.

3.3.4. Analogues of Theorems 3.2 and 3.3 can be formulated in the case of
non-abelian K, cf. [27, Theorem 3.3]. In that case the canonical matrix elements
T,, 5 are matrix-valued functions. By using this method, NAIMARK [34, Ch. 3, §9,

No. 15] examined the irreducibility of the nonunitary principal series for
SL(2, C), see also KOSTERS [28].
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