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66 T. H. KOORNWINDER

3.3.5. Further applications of the irreducibility critérium in Theorem 3.2

can be found in Miller [32, Lemmas 3.2 and 4.5] for the Euclidean motion

group of R2 and for the harmonic oscillator group, Takahashi [39, §3,4] for the
discrete series of SL(2, R) and [41, p. 560, Cor. 2] for the spherical principal series

of F4(_ 20) •

3.3.6. The method of this section does not show in an a priori way that a K-
multiplicity free principal series representation has only finitely many irreducible
subquotient representations. Actually, this property holds quite generally, cf.

Wallach [45, Theorem 8.13.3].

4. Equivalences between irreducible subquotient representations
OF THE PRINCIPAL SERIES

4.1. Naimark equivalence

In this subsection we derive a critérium (Theorem 4.5) for Naimark
equivalence of K-multiplicity free representations. Lemmas 4.3 and 4.4 are

preparations for its proof.
Let G be an lese, group.

Definition 4.1. Let a and x be Hilbert representations of G. The

representation a is called Naimark related to x if there is a closed (possibly)

unbounded) injective linear operator A from J^(o) to (x) with domain B(A)
dense in J-f(a) and range 0t{A) dense in (x) such that Ji(T) is a-invariant and

Au(g)v p= x{G)Av for all v e B(A\ g g G. Then we use the notation a ~ x or
A

a ~ T.

Naimark relatedness is not necessarily a transitive relation (cf. Warner [48,

p. 242]). However, we will see that it becomes an equivalence relation (called

Naimark equivalence) when restricted to the class of unitary representations or of

K-multiplicity free representations, K abelian.

Two unitary representations a and x of G are called unitarily equivalent if
there is an isometry A from onto J4?(x) such that Ao(g)v x(g)Av for all
v g ^(cj), g e G. Clearly unitary equivalence is an equivalence relation.
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Proposition 4.2. Two unitary representations of an lese, group G are

Naimark related if and only if they are unitarily equivalent.

See Warner [48, Prop. 4.3.1.4] for the proof.

Let X be a compact abelian subgroup of G. Let a and x be X-multiplicity free

representations of G. Let {(j)8} and {v|/5} be X-bases for 0F(à) and Jf(x),

respectively.

Lemma 4.3. If a ~ x then J((à) Jt(x), cj)8 g 9(A) and i[/8 g 01(A)

(6g. //(a)), and there are nonzero complex numbers c8(8g</#(ct)) such that

(4.1)

In particular

(4.2)

Proof. Let 8 g

property of A,

(Av, v|/8) cs(v, (j)8), v g 9(A).

c5i|/8 •

Let v g 9(A). We have, by the intertwining

b(k l)<j(k)vdk (v, 4>8)4>8,

8(/c 1)Aa(k)vdk 3(k l)o(k)Avdk

'(Av, \|/5)\|/5 if 8 g

0 if 8 $ Jf(x).

Since A is closed, we conclude that (v, c()5)ct>5 g 9(A) and

4(L ^>5)<t>s)
'(Av, \|/8)\l/8 if 8 g

0 if 8 ^ Ji(x).

Since A is injective with dense domain, the left hand side is nonzero for certain
v g 9(A). Hence 8 g Jt(x\ cj>8 g 9(A) and (4.2) and (4.1) hold for certain nonzero
c8. Finally, since A is closed with dense range, M(rx) Ji(x).

Lemma 4.4. Let A be a possibly unbounded, not necessarily closed, injective
linear operator from 0f(<j) to 0P(x) which satisfies all other properties of
Definition 4.1. Suppose that (j)ô g 9(A) for all 8 g Jt(rx\ Jifs) Ji(x) and,
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for each ô e Ji(a\ there is a complex number cb such that (Av, \|/8) c5(v, (j)5)

for all v e @(A). Then the closure Ä of A is one-valued and injective, Ä
satisfies all properties of Definition 4.1 and

(4.3) @{Ä) {v e #>(a) \ £ I ^ <t>6) I
2 < oo}

Se.// (a)

Proof Let {vn} be a sequence in @(A) such that v„ -> vin Jf(o) and Avn - w

in Jf(x). Then, for each ô e Ji(p\

(w, \|/8) - lim (Avn, v|/8) c6 lim (vn, <|)8) c8(u, 4>s).
n -> oo n -> cxj

Hence d 0 iff w 0, so Ä is one-valued and injective.
To prove the domain invariance and intertwining property of Ä, let

v e @(Ä), so vn - v, Avn -> Äv

for some sequence {vn} in @(A). If g e G then

a(g)vn- a(g)v and Aa(g)v„ x(g)Avn -> x

so <j(g)v e Q)(A) and Äa(g)v x(g)Äv.

Finally, to prove (4.3), first suppose that v e Jf(a) and

^öe.// (a)
I c&(vi ^S) I

2 < 00 •

Then

v Z(u, <t)6)<|)5, w : - Zc8(ü, ct>5)\|/5 e (t) and Ä<|>8

c8\|/8, so, w and v e ^(T).

Conversely, let v e Q)(A). Then Äv I*(Äv, vl/8)v|/5 Zc5(v, c|)8)\l/8 (note (Äv, \|/8)

cs(v,<j)6) by (4,1)). Hence Z, | cs(v,4>6) |
2 < oo. O

Next we will prove a critérium for Naimark relatedness of K-multiplicity free

representations a and x in terms of the canonical matrix elements.

Theorem 4.5. Let G be an lese, group with compact abelian subgroup K.
Let a and x be K-multiplicity free representations of G. Let {<|)8} and

{i|/5} be K-bases of Jf(a) and Jf(x), respectively. For each

ô e J?(a) n Jt(t) let 0 ^ cs e C. Then the following two statements are

equivalent :
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(a) a ~ x and A<\>b c6i|/6, ô e

(b) M(à) — Ji(x) and, for ail y, 5 e

(4.4) xYtS Cy 3<jy 5

with Cy g Cy/c6.

If moreover, a and x are irreducible then (a) and (b) are also equivalent to :

(c) For some y, 8 e Jf(o) n ^(x) (4.4) holdsfor some nonzero complex CY? 5.

Proof

(a) => (b): Apply Lemma 4.3. By using (4.1) we have

Cy(ct(0)4>8, ^y) ^y) ("C(0M4>S. ^y)

c5(x(öf)v|/s, \|/Y).

(b) => (a): Define Aon the domain {v e Jf(a) | £ | <t>8) |
2 < 00} by

Av := Zc5(p, 4>5)v|/ô. Then T is injective with dense domain and range and A

satisfies (4.1). We will prove that @(A) is G-invariant and that A is an intertwining
operator. Let v e Q>{A\ g eG. Then, by (4.4) and the definition of Av :

Cy(v(d)v,<t\)CyZs(V, 4>sK, Sig)

25cs(ü, c|>8)ty, &(g)(t \|/Y).

Hence

Sy I cY(a(g)t>, 4>y) 12 || t ||
2 < co

So <j(g)v e 3){A) and A<j(g)v x(g)Av. Now apply Lemma 4.4.

(c) => (b) : (a, x irreducible) : We will first show that M(d) — Ji(x) and, for
each ß g Jî{p\ xy ß CY> ßaYj ß and xß> § Cß; §aß5 5 for some nonzero complex
Cy ß

and Cß 5. It follows from (4.4) evaluated for g glkg2 that

I ßWTy,ß(0l)Tß,s(02)
ße ,(t (t)

— CSty ^ ß(k)<5y, ß(gi)<Jß, s(g2), gl9 g2 e G, k e K
ß 6 ,tt (CT)

Both sides are absolutely and uniformly convergent Fourier series in k e K.
Because of Theorem 3.2 and the irreducibility of a and x, for each ß e Ji(x)
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respectively ß g Ji{a) the Fourier coefficient at the left respectively right hand
side does not vanish identically in gu g2. Hence Jf(a) Mif) and

Ty,ß(0i)TMfe2) Cy>5aY>ß(öf1)aß55(öf2).

This implies

xy, p — CY> ß^y, p and iß, 8 Cßi 5aß s with Cy ßCß5 5 CY>5.

By repeating this argument we prove that xa ß Ca ßaa ß for all a, ß e Jt(o)
and that Ca ßCß 5 Ca i.e. Ca> ß — Ca §/Cß §.

Corollary 4.6. Let G he an lese, group with compact abelian subgroup
K. Then Naimark relatedness is an eguivalence relation in the class of K-
multiplicity free representations of G.

4.2. The case SU( 1, 1)

Consider irreducible subquotient representations of n^x as classified in
Theorem 3.4. By comparing K-contents it follows that the only possible
nontrivial Naimark equivalences are :

^ rc^ + E,, ß + ^Z + i
and

nt^ — Kt Kt i — nt n-*•
(X + &Z+i A,#0).

Suppose that a and i are irreducible subquotient representations of k and

respectively, and that (j)m e Jf(a) n Jt(i) for some m e Z 4- It follows
from Theorem 4.5 that a ~ t iff x^ M m m. This last identity already
holds if it is valid for the restrictions to A. In view of (2.29) and (2.30) we have : a

- x iff

(4.5) ())(2Vm)W - <\>{2%2m\t), te R

Formula (4.5) holds if X ± p (cf. (2.26)). Conversely, assume (4.5) and expand
both sides of (4.5) as a power series in —(sh t)2 by using (2.23) and (2.20). The

coefficients of — (sh t)2 yield the equality

(m + 1 + X) (m + 1 — X) (m + 1 + p) (m + 1 — p)

Hence X ±p. We have proved:
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