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72 T. H. KOORNWINDER

(41°) A<bm C^^m<\>m,

where me Z + £, such that 8m e Jf{o) and K m is given by 4.9

4.3. Notes

4.3.1. Definition 4.1 of Naimark relatedness goes back to Naimark [33].
He introduced this concept in the context of representations of the Lorentz

group on a reflexive Banach space. Next he gave a much more involved
definition in his book [34, Ch. 3, §9, No. 3]. Afterwards, many different versions

of this definition appeared in literature, which all refer to [34]. We mention
Zelobenko & Naimark [51, Def. 2] ("weak equivalence" for representations on

locally convex spaces), Fell [13, §6] (Naimark relatedness for "linear system

representations") and Warner [48, p. 232 and p. 242]. Warner starts with the

definition of Naimark relatedness for Banach representations of an associative

algebra over C (this definition is similar to our Definition 4.1) and next he defines

Naimark relatedness for Banach representations of an lese, group G in terms of
Naimark relatedness for the corresponding representations of MC(G) or
(equivalently) Cc(G). Warner's definition seems to be standard now. Poulsen
[35, Def. 33] gives Naimark's original definition [33] and he calls it weak

equivalence. Fell [13] (see also Warner [48, Theorem 4.5.5.2]) proved that, for
K-finite Banach representations of a connected unimodular Lie group, two
representations are Naimark related iff they are infinitesimally equivalent.

4.3.2. Our implication (c) => (a) in Theorem 4.5 is related to Wallach [44,
Cor. 2.1]. Theorem 4.7 can be formulated for general semisimple Lie groups G. If
7i^ h is an irreducible principal series representation and if 5 g IT then n^ x

— (cf. Wallach [44, Theorem 3.1]). This yields part (a). Regarding part
(b) see Lepowsky's [29, Theorem 9.8] result that n^ x and 7i^s s.^ have equivalent
composition series.

4.3.3. Theorem 4.7 was first proved in the unitarizable cases by Bargmann
[2]. He used infinitesimal methods. Takahashi [39] proved Theorem 4.7 (again
in the unitarizable cases) by calculating the diagonal matrix elements k m n{at)

and by observing that they are even in X. Gelfand, Graev & Vilenkin [17,
Ch. VII, §4] obtained Theorem 4.7 by working in the noncompact realization of
the principal series and by explicitly constructing all possible intertwining
operators.

4.3.4. Analogues of the results in §4.1 hold for nonabelian K and (in
Lemmas 4.3, 4.4 and Corollary 4.6) for K-finite representations, cf. [27, §4].
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