
§2. Cohomology, restrictions and special
classes

Objekttyp: Chapter

Zeitschrift: L'Enseignement Mathématique

Band (Jahr): 31 (1985)

Heft 1-2: L'ENSEIGNEMENT MATHÉMATIQUE

PDF erstellt am: 26.05.2024

Nutzungsbedingungen
Die ETH-Bibliothek ist Anbieterin der digitalisierten Zeitschriften. Sie besitzt keine Urheberrechte an
den Inhalten der Zeitschriften. Die Rechte liegen in der Regel bei den Herausgebern.
Die auf der Plattform e-periodica veröffentlichten Dokumente stehen für nicht-kommerzielle Zwecke in
Lehre und Forschung sowie für die private Nutzung frei zur Verfügung. Einzelne Dateien oder
Ausdrucke aus diesem Angebot können zusammen mit diesen Nutzungsbedingungen und den
korrekten Herkunftsbezeichnungen weitergegeben werden.
Das Veröffentlichen von Bildern in Print- und Online-Publikationen ist nur mit vorheriger Genehmigung
der Rechteinhaber erlaubt. Die systematische Speicherung von Teilen des elektronischen Angebots
auf anderen Servern bedarf ebenfalls des schriftlichen Einverständnisses der Rechteinhaber.

Haftungsausschluss
Alle Angaben erfolgen ohne Gewähr für Vollständigkeit oder Richtigkeit. Es wird keine Haftung
übernommen für Schäden durch die Verwendung von Informationen aus diesem Online-Angebot oder
durch das Fehlen von Informationen. Dies gilt auch für Inhalte Dritter, die über dieses Angebot
zugänglich sind.

Ein Dienst der ETH-Bibliothek
ETH Zürich, Rämistrasse 101, 8092 Zürich, Schweiz, www.library.ethz.ch

http://www.e-periodica.ch



FLAT MANIFOLDS 287

The splintering of these genera into isomorphism classes has been

analyzed by Reiner [13]. One can, of course, replace Rl7 R2 by ideal
classes in these rings and A1 by E(a) (cf. section 1) where a is an ideal

class in Rx. There is an additional invariant lying in a quotient of the

group of units of a certain finite ring and, if p 1 (mod 4) a certain

quadratic residue character mod p can also appear as an invariant. The

precise result is Theorem 7.3 of [13]. We will require only the observation
[13, p. 494] that if p 2, 3 there are no further invariants, i.e. each genus
of an indecomposable is a single isomorphism class. In the case p 5

already, although the class number of Q(e2m/m) is one for m 5, 25, the
21 genera of indécomposables split up into 40 isomorphism classes. Hence
already the further isomorphism invariants mentioned above exert an
influence.

§ 2. COHOMOLOGY, RESTRICTIONS AND SPECIAL CLASSES

If H is a finite group, M an //-lattice then: //'(//, M) ®p Hl(H, Mp),
where p ranges over the primes dividing the order of H [3, p. 84].
Hence if M and M' are locally isomorphic, H\H, M) H\H, M') ; so the
cohomology of an //-lattice depends only on its genus.

We recall the cohomology of a cyclic group Z/n <a> [3, p. 58].
We write N 1 + a + a"-1 and D 1 - a. If M is a Z/n-module, then

H°(Z/n, M) Ma

H2i'1(Z/n, M) nM/D • M
H2i(Z/n, M) M°/N • M

for all i ^ 1, where MCT denotes a-invariants and NM {x s M : Nx 0}.
From these remarks it is easy to compute the cohomology of the
indecomposable Z/p-lattices described in section 1.

(2.1) Proposition. The following table describes the cohomology of the
indecomposable Zip-lattices :

M rank H° H1 H2

1 1 Z 0 z/p
a P- 1 0 Z/p 0

ß P z 0 0
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Similarly one can easily compute the cohomology and restriction of the

first four Z/p2-lattices of (1.3).

(2.2) Proposition. If \_M~\p denotes the restriction of the Z/p2-lattice
M to the subgroup of order p, we have the following table.

M rank H° H1 H2 [M]p

Mx 1 1 Z 0 Z/p2 1

M2 R, p - 1 0 Z/p 0 (p-l)l
m3 r2 P2 - P 0 Z/p 0 pa

M4 Ai P z 0 Z/p Pi

Furthermore, A2 Z[Z/p2], the regular representation of Z/p2, satisfies

H° Z, H1 0 H2 and [A2]ß pß.

Proof It suffices to observe that M2 p*(a) and M4 p*(ß), where

p : Z/p2 - Z/p is the natural projection, and M3 fits into a short exact

sequence :

0 - M4 - A2 M3 0.

The last remark follows from the freeness of A2.
To complete the table for the modules Mi9i > 5, we have the following

lemma :

(2.3) Lemma. If L is a Z/p-lattice, a e L, then the extension

M (L, a) defined by (1.2) satisfies :

H\C \ M) coker(x* : H2(C ; cp2A2) H2{C ; L))

w/iprp C is pit/ipr Z/p2 or Z/p.

Proo/ The diagram (1.2) induces

H\C,R2)^ H2(C, cp2A2) 0

4 4 x*

-> H\C,R2)-f H2(C, L) - H2(C, M) -* 0

where the zeros follow from (2.2). An easy diagram-chase completes the proof.
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(2.4) Proposition. The following table describes the cohomology of the

indecomposable Z/p2-lattices Mi9 i > 5:

M rank H° H1 H2

Ms P2 - P + 1 Z 0 Z/p

M6(0) P2 Z 0 0

M6(/C) P2 z Z/p Z/p

M#) p2 + 1 z © z 0 z/p © Z/p

M8(0) P2- 1 0 z/p2 0

M8(/C) P2 - 1 0 Z/p © Tip 0

M9(/c) P2 z Z/p Z/p

Proof Since

H°(Z/p2 ; R2) 0, H°(Z/p2 ; (L, x)) H°(Z/p2 ; L)

and these can be read off from (2.2). The groups H2 are computed by

(2.3). We work out one example in detail. Consider M6(/c), 0 < k ^ p — 1,

so that L A1. If we identify (p2A2 with A1 then the generator:

1 -f x -f + xp 1
g H2(Z/p2, cp2A2)

is sent by \k^, 1 < k ^ p — 1, to

(l-x)k(l + x + + xp_1) (l-x)'"1 -0 0

in H2(Z/p2; A J. If k 0, then the map is an isomorphism. Hence

H2{Z/p2 ; M6(0)) 0 and H2(Z/p2, M6{kj) Z/p, k > 1.

The groups H1(Mi) can be read off the long exact cohomology sequence
of the bottom row of (1.2).

Remark. It follows from (2.2) that M6(0) is the genus of the regular
representation.

We now record the restrictions of the modules Mf to the subgroup of
order p.
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(2.5) Proposition. The Z/p-cohomology and the

Mi, i ^ 5, are given by:
restrictions of

M H2(Z/p;[M]p) Mp

M5 0 (p-l)oc + ß

M6(k) k{Z/p) kl + ka + (p-lc)ß
M7(fc) (k +1) (Z/p) (k +1)1 + koc + (p - fc)ß

M8(/c) k(Z/p) /cl + (/c+l)a + (p — k— l)ß
Mg(k) (k + 1) (Z/p) (/c T1)1 + (/c+l)oc + (p — k — l)ß

0 ^ k ^ p — 1

1 ^ k ^ p — 2

0 ^ k ^ p — 2

0 ^ k ^ p — 2

Proo/ One begins by computing H2(Z/p, [M]p), from (2.3). We work

out an example again with M M6(k). We will need these details later.

The map

P(Z/p) H2(Z/p, A,) "4 H2(Z/p; A,) p(Z/p)

sends the generator x7, 0 ^ j ^ p — 1, from the left-hand side to xJ(l — x)k.

The resulting matrix Cpk in GLp(Z/p) can be described in the following

way. If p > k, let Cp k j denote a column p-vector whose entries are the

coefficients of (1 — x)k introduced "cyclically" starting in row j. For example:

^5, 2, 4

1

0

0

1

-2

We define Cp,k to be the p x p

matrix whose /h column is Cp> K j. So, for example,

1 0 0 1 -2
-2 1 0 0 1

£5,2 — 1 -2 1 0 0

0 1 -2 1 0

0 0 1 -2 1

It is a consequence of the identity (1 -x)fe + 1
(1 -x)(l-

Cp,k+ 1 Cp.i Cp,k

so we get :
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CkPtl -1 1

-1

It is easy to see that Cpl(p(Z/p)) {x e p(Z/p): Yj^o %i ^}* Hence

rank (CPtk) p - k and dimz/pH2(Z/p; M6{kj) p — (p — k) k, as

claimed. The other cases are similar.

Now from (2.1) we see that the Z/p-dimension of H2 is the multiplicity
of 1 in [M~\p. The multiplicities of a and ß are then determined by the

bottom row of (1.2) restricted to the subgroup of order p.

Recall from Charlap [4] that a cohomology class a e H2(H, M) is called

special if i * (a) # 0 for the inclusion i: C - H of any cyclic subgroup.
The basic result is (see [4, p. 22]).

(2.6) Proposition. The extension T in (0, 1) corresponding to

a e H2(H, M) is torsion-free (i.e. the fundamental group of a flat manifold)

if and only if a is special.

It remains to determine which indécomposables in (1.3) admit special
classes. The result is :

(2.7) Proposition. There are 2p — 1 genera of indecomposable Z/p2-
lattices that admit special classes. They are M1, M4, M7(lc), 1 ^ k ^ p — 2,

and Mg(k), 0 ^ k ^ p — 2.

Proof. From (2.2), (2.4) and (2.5) one sees that the given lattices along
with M6(k), 1 ^ k < p — 2, are the only possibilities. We must determine
the restriction map

i*(M) : H2(Z/p2; M) -+ H2(Z/p ; M)

in these cases. Clearly for M M1, i*(M) is the natural projection and for
M M4, i*(M) is the diagonal embedding.

Now suppose M M6(k). We have a commutative diagram of exact
sequences from (1.2) and (2.3)
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tf2(Z/p;<p2A2)

H2(Z/p2; A,)

| A i*(A 1^

'4 H^Z/piAJ

H2(Z/p2;M) - 0

| i*(M)

H2(Z/p; M) - 0

where A is the diagonal map Zp -> p(Z/p). Hence to eliminate M6(/c),

it suffices to show Im(A) c Im^*). Let e denote a column p-vector
consisting of all l's, according to the proof of (2.5) we must find an

xk, 1 ^ k ^ p — 1 so that Cp k-xk CkPtl • xk e. We do this inductively

1

2

on k. For example, xt -, as can easily be checked. Inductively we

define

**(0

i 1

Xk(/-1) + z > 1

Clearly Cp t
• xk xk_i, for all coordinates except possibly the first; we

must show xk(p) 0 (mod p). But a comparison of the xks with Pascal's

triangle convinces one that

xk{p)
p— 1 + k

p-l
k-l\ 1

p-lj \0
0 (mod p),

since k — 1 < p — 1.

We leave it for the reader to check that the restriction maps for

M7(k) and M9(k) are non-trivial.

§ 3. Z/4-MANIFOLDS

In this section, we consider the case p 2. For convenience, we change

the notation slightly and write M7 for M6( 1) and Mf for Mf(0), i 6, 8, 9.

According to (2.7), the indecomposable Z/4-lattices that carry special classes

are Mx, M4 and M9. It is easy to see Mt is faithful if and only if
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