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EXTERIOR ALGEBRAS
AND THE QUADRATIC RECIPROCITY LAW

by G. ROUSSEAU

ABSTRACT. As is known, the theory of exterior algebras can be used to
derive the properties of determinants and of the signature of permutations
(cf. Chevalley, ‘‘Fundamental Concepts of Algebra’, N.Y., 1956). We show
that the properties of the Jacobi symbol, including reciprocity, can also be
derived easily from this source.

In this note we consider the connection between a certain identity for
exterior algebras and the quadratic reciprocity law.
It is easily shown that if M is a module then, in the exterior algebra of M,

00 . .

(1) Ny Njoy aij = (= 1) jo1 NiZy @i

for all @, ;€ M. However it is also easily shown that this identity is
equivalent, in case m and n are odd and relatively prime, to the reciprocity
law for the Jacobi symbol

m-1 n—-1

) (nlmy=(-1) * * (mln).

This provides a very simple and transparent treatment of quadratic
reciprocity. Apart from the formulation in terms of exterior algebras, which
though convenient is not essential, this approach is substantially that of
Zolotarev (cf. [9], [1], [7]). It is curious that it is so little known considering
the attention given in the literature to Zolotarev’s Theorem (which appears in
[9] as a preliminary to the proof of the reciprocity law).

After definitions and preliminaries in 1, we prove (1), and the equivalence
of (1) and (2), in 2. Other formulas such as the two supplementary laws and
the second multiplicativity formula are considered briefly in 3, together with
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Zolotarev’s Theorem. Finally in 4 we show how the main propositions can be
formulated in terms of operations on ordered sets rather than in the framework
of exterior algebras.

1. The exterior algebra A (M) of a module M (see, for example, [6]) satisfies
the skew-commutative property aanb = — bara (a, beM). It follows that
for any permutation ¢ of 1,2, ..., m,

m

1=

AL, asiy = sgn (o) A

1

1 4i -
Ifaq;(i=1,...,m)and b, (j = 1, ..., n) are module elements then

3) NN

i j=1

bj = (_l)mn /\;___1 bj A /\;nzl a; .
Also it is clear that

if AL Aoy a =AY

i=1

= J:]

N bij,
while

k2 m n _ n

j=1

/\:-77:1 b,',j then /\7:1 /\;7;1 i j = /\;n:l N7

Jj=1

bi ;.

In the first case, in passing from the antecedent equation to the consequent
equation the permutation undergone by the elements on the left is equal to that
undergone by the elements on the right; in the second case it is inverse.

The Jacobi symbol may be defined independently of the notion of
quadratic residue as follows ([9], [5], [3]). If n is an integer which is relatively
prime to the odd positive integer 1, then the mapping

Tom() =nimodm (=0,1,2,....m—1)

is a permutation of the set {0, 1,2, ..., m — 1}; we define the symbol (n|m)
to be the signature of this permutation,

(4) (nlm) = Sgn (Tcnm) .
It follows from the definition that

m) .

(5) if n=n(modm) then (n|m)= '

Also, since T, m = Tpm Tn'm, WE have

(6) (nn’|m) = (n|m) (w'

m) .

Using (3) and the fact that m is odd, we see that since the permutation
[ = i + rmod m interchanges the first » of the numbers 0, 1, ..., m — 1 with the
last m — r it has signature (—1)""-7 = 1. It follows that each linear
permutation i = ni + rmod m has signature (n|m).
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2. To prove that (1) and (2) are equivalent when m and n are odd and
relatively prime, we consider permutations u; and v; defined by

w;@)=ni+jmod m ((=0,..,m- 1;/j=0,...,n—1),
vi(j)=i+mjmod n (=0,...,n—-1;i=0,....m—1).
We have
NI AN 2o a0 = N2 A a0
because both sides are equal to A}~ 01 A jmodm, kmodn - 1t follows that
An_l AN Au;iy,j = = ATy An_ol ai,v;(j) -
The left side is
NiZo (nlm) NI a = (n|m)" N1Zg NS agy
while the right side is
A (mlny NIZ3 a; = (mlm)m NS) N2y
Thus
(n|my" NiZ¢ NI ay = (mlmym AT NIZG ag

From this it is clear that (2) implies (1), and the converse implication is
obtained if the g; ; are taken to be basis elements of a free module.

Formula (1) may easily be proved by induction using (3), or even more
simply by observing that the permutation which transforms the pairs (7, j) from
lexicographic (row) order to dual-lexicographic (column) order inverts the
order in which (i, j) and (i’,/") appear just when both

@) i<i” or (i=i"and j<j'), and

(ii) J>Jj or (j=j and i>i");

since this condition is equivalent to i < i" and j > j’, the number of inversions

. (myn red
1S ) 5| as required.

3. The permutation n_,, leaves 0 fixed and transforms the numbers
1,...,m —1 to reverse order, so in view of the evident formula

(7 /\n—l a; = (_1)( ) 1

we have (on putting n = m — 1) the first supplementary law,

n Qi




306 G. ROUSSEAU

m-1
(8) (=1lm)= (-1 * .

As is well known, formulas (2), (5), (6) and (8) suffice for the calculation
of the Jacobi symbol, and the other standard properties can be deduced easily
from them (cf. [3], [2]). However they may also be proved directly by the
present methods by suitably adapting the arguments in [2] and [4]. One can
also readily establish by the present methods Schur’s generalisation of the
Zolotarev-Frobenius-Lerch Theorem, according to which, for odd m, a
k-dimensional integral linear transformation A, considered as a trans-
formation of the k-tuples of residues modulo m, has signature (det (A)|m)

(cf. [8], [4], [2D).
In 1 we defined the Jacobi symbol independently of the notion of quadratic
residue. The crucial connection is established by Zolotarev’s Theorem [9]:

9) nRp iff (nlp)=1 QApkn).

To prove this we may use the formula

Tlnp (l) = Tnp (l’)

-7

I — 1

(n|p) = Sgn(nnp) = Hi>i’

Calculating modulo p, we have

(nlp)=[l..., mi—ni"Yy/G—iY=[[,.,n

and so (9) follows by Euler’s criterion.

4. We have seen that the theory of quadratic residues may be deduced from
three propositions of exterior algebra, namely (1), (3) and (7). These essentially
combinatorial propositions may also be formulated in terms of ordered sets.
If E and F are linearly ordered sets (supposed disjoint) then as is known
there are two sums, £ + Fand F + E, defined on the union, and two products,
E . Fand F. E, defined on the Cartesian product; also one considers the dual
or opposite, E*, defined on the same base set as E. If £ and F are finite then
E+F=F+ E E.F=F.Fand E* = E, but in each case one may ask what
is the signature of the (uniquely determined) isomorphism, considered as a
permutation of the base set. The answers are contained in the following three
propositions, which correspond to (7), (3) and (1) respectively.
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PROPOSITION 1. If E isa linearly ordered set with m elements, where
m is an arbitrary positive integer, then the permutation of E which
(m)
transforms the elements to reverse order has signature (—1) 27
PROPOSITION 2. If E and F are disjoint linearly ordered sets with m
and n elements respectively, where m and n are arbitrary positive
integers, then the permutation of E U F which transforms the elements from

the order in which all elements of E precede all elements of F to the order
in which all elements of F precede all elements of E has signature

(_ 1)”1” .

PROPOSITION 3. If E and F are linearly ordered sets with m and
n elements respectively, where m and n are arbitrary positive integers,
then the permutation of E X F which transforms the elements from
lexicographic (row) order to dual-lexicographic (column) order has signature

m n
RIS
The simplest method of proof in each case is to count the number of
inversions. From the foregoing we see that Proposition 1 is substantially the
first supplementary law, Proposition 2 plays a certain auxiliary role in regard

to the definition of the Jacobi symbol, and Proposition 3 may be viewed as
comprising the combinatorial kernel of the reciprocity law.
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