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As yet it does not seem that these results would be accessible by elementary
arguments.

The study of flows on homogeneous spaces leads also to various other
number theoretic results, which we shall not go into here. We refer the reader
to the survey articles [4] and [19] for some of the ideas involved.

Appendix

Trajectories of unipotent flows and minimal sets

We prove here a 'qualitative version' of Theorem 1.1 of [7] and use it to
deduce the general case of Proposition 7. We also deduce a result used in the

proof of Proposition 9. The proof of the 'qualitative version', namely
Theorem A.l below is in the same spirit at that of Theorem 2.1 of [7] and the
earlier related results in [16], [3] and [5]. But the exposition here is simpler,
especially on account of the weaker formulation.

We begin by setting up some notation. As before we denote by Rn, n ^ 2,

the ^-dimensional vector space of n-rowed column vectors with entries in R,
by ex, • • •, en the standard basis of R" and by Zn the subgroup generated by
{^i >

* * *, en}. By a lattice in R" we mean a subgroup generated by n linearly
independent elements in Rn; a discrete subgroup A of R" is a lattice if and

only if RVÀ is compact. (Cf. [13], Ch. I, §3, Theorem 2.)

We equip R" with the usual inner product < > with ex, • • •, en as an

orthonormal basis, and the corresponding norm || • || This induces an inner

product on each (vector) subspace of R". For any subgroup A of R" we

denote by AR the subspace of R spanned by A. Let A be a discrete subgroup
of RC Then there exists a basis Xj, • • •, xr, where r dimension of ÀR, such

that A is generated by {xu • • • ,xr) (cf. [13], Ch. I, §3, Theorem 2). Let t be

a linear transformation of ÄR such that t _1Xi, • • •, % ~lxr is an orthonormal
basis of AR, with respect to the induced inner product. The number | det t | is

independent of the choice of the basis xXi • • v, xr and the linear transformation

t, so long as the above conditions are satisfied; the number is called the

determinant of A and is denoted by d(A).
As usual let SL(n, R) be the group ofnxn matrices with entries in R and

determinant 1. By a unipotent one-parameter subgroup of SL(n, R) we mean

a unipotent one-parameter group of n x n matrices (-they are clearly contained

in SL(n, R).) We now state the theorem on orbits of lattices under unipotent
one-parameter subgroups, needed in the proofs of Propositions 7 and 9.
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A.l. Theorem. Let 2 be fixed. Then for o > 0 there exists a

8 > 0 such that for any lattice A in Rn, any unipotent one-parameter

subgroup {w,},6R of SL{n, R) and any T^O either there exists s^T
such that I usx || ^ S for all xeA - {0} or there exists a nonzero

(discrete) subgroup A of A such that d(ut A) < a for all t e [0, T\.

We introduce some more notation and prove some preliminary results

before going to the proof of the theorem. For any lattice A in R" we denote

by // (A) the set of all nonzero subgroups of the form A n Ws where W is

a (vector) subspace of R"; such a subgroup is called a complete subgroup of
A. For each lattice A we equip -S^(A) with the partial order given by the

inclusion relation on subgroups and for any totally ordered subset S of S/\K)
define

if (S, A) {A e (A) - S | S u {A} is a totally ordered subset} ;

the subgroups belonging to if (SA) are said to be compatible with S.

We next observe some properties of the function d on class of discrete

subgroups of RC It is easy to see that if À is a discrete subgroup generated
by r linearly independent elements X\, • • •, xr then the determinant of the

r x r matrix (< xi9 Xj>) (with < Xj, Xj > in the i th row and j th column) is

d2{A). Under the same conditions, d2(A) also coincides with the sum of
squares of the determinants of all r x r minors of the n x r matrix with
Xi, - - • ,xr as its columns. This may be verified either directly or using
exterior products (if the reader would wish to save trouble, it may be
mentioned here that Propositions 7 and 9 involve the contents of the Appendix
and in particular these observations only for n 3). These characterisations
enable us to deduce various properties of d needed in the sequel.

A.2. Lemma, a) For any lattice A in R and any p > 0 the set
{A e ff (A) I d (A) < p} is finite.

b) Let A be a discrete subgroup of Rn. Let xeR" - AR and let A'
be the (discrete) subgroup generated by A and x. Then d(Af)
< v 1 d(A),

Proof, a) Clearly, for any nonsingular matrix g there exist constants a
and b such that for any discrete subgroup A, ad (A) ^ d(gA) < bd(A). Since

any lattice is of the form gZn for some nonsingular matrix g, this shows that
it is enough to prove a) for A Zn. If A is a subgroup of Zn generated by
r linearly independent elements xu-'9xr, then the determinants of all r x r
minors of the n x r matrix with columns -xi9 • • •, are integers. The condi-
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tion d(A) < p then implies, by one of the characterisations of d, that there

are only finitely many possibilities for the values of the determinants of the
minors. The finiteness assertion in the Lemma therefore follows from the fact
that if the corresponding r x r minors of two n x r matrices £, and r| have same
determinants then the columns of £ and rj span the same subspace of R".

ii) This is obvious, for instance, from the characterisation of d(A) in terms
of the determinants of r x r minors of the n x r matrix whose columns are

linearly independent and generate À.

A.3. Lemma. Let A be a nonzero discrete subgroup of R" and let

{ut} be a unipotent one-parameter subgroup of SL(n, R). Then d2(ut A)
is a polynomial in t of degree at most 2n(n-\). Further, d{utA) is

constant (that is, d(utA) d(A) for all te R) if and only if AR is

{ut}-invariant (that is utAR AR for all /eR).

Proof. If v is a n x n nilpotent matrix then by the Jordan canonical form
vn 0. This implies that for any unipotent one-parameter subgroup {ut} of
SL{n, R) and any xeR", the coordinates (entries) of utx are polynomials in
t of degree at most n - 1. Now let A be a discrete subgroup generated by r
linearly independent elements xx, * • •, xr. Then d2(u( A) is the determinant of
the rxr matrix (< utXi, utXj >). By the preceding remark each entry

<utXi,utXj> is a polynomial in t of degree at most 2(n-l). Hence the

determinant is a polynomial of degree at most 2n(n-l).
Next let A be a discrete subgroup such that d(utA) d(A) for all /eR.

Let xu *'• - ,xr be linearly independent elements generating A. The determinant

of each rxr minor of the n x r matrix with columns utxx, • • •, utxr is

a polynomial in t. Since sum of squares of these is d2(ut A) d2{A) for all

/eR, it follows that each of them is constant. Thus for each /eR any rxr
minor of the n x r matrix with columns utxx, • • •, utxr has the same
determinant as the corresponding minor in the n X r matrix with columns

xu - - -, xr. This implies that for any t, utx{, • •, utxr span the same subspace

as X\, - • ',xr, or equivalently utAR AR. This proves the Lemma.

For any me N we denote by the set of all nonnegative polynomials
of degree at most m; 'nonnegative' refers to the values being nonnegative —

some of the coefficients could be negative. For the proof of Theorem 8 we

need the following simple properties of nonnegative polynomials.

A.4. Lemma, a) For any me N and X > 1 there exists s > 0 such

that the following holds: if Pe^m and there exists se[0, 1] such that
P(s) ^ 1 and P{1) < 8 then there exists te [1, X] such that P(t) 8.
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b) For any me N and (i > 1 there exist constants Si, s2 > 0 such

that the following holds: if P e x/m, P(s) ^ 1 for all 5 6 [0,1] and

P( 1) 1 then there exists i, 0 ^ ^ m, such that Si ^ P(t) ^ s2 for all

te [|i2/ + 1, p2/+2].

Proof. It can be seen that given an interval / of positive length
and a c > 0 there exists a constant M such that any P e ym such that

P(t) ^ c for all tel, has all the coefficients of absolute value at most M; in

particular, any sequence of polynomials bounded by c on / has a subsequence

converging to a polynomial in ffm. Now if a) does not hold there must exist

a sequence {PA} in such that Pk(t) - 0 uniformly on [l,X] but the

supremum of each Pk on [0, 1] is at least 1; this is impossible by the above

observation. To prove b) we first observe that existence of the upper bound

c2 follows from the bound on the coefficients as above, when we take

/ [0, 1] and c 1. Thus if b) does not hold there exists a sequence {PA} in
such that for each k, Pk(s) ^ 1 for all se[0, 1],PA(1) 1 and

inf {PA.(0ke [q2/ + I, q2/>2]}0 as &00, for each i 0, - • •, m; this is

impossible since the limit of any subsequence would be a nontrivial polynomial
in with at least m + 1 zeros.

For the rest of the argument we fix some constants as follows: Let ne N
and [i > 1 be arbitrary. Let m In2 and X > I be such that
(X-1) ^ (p - l)/ji2/" + 2. Let 0<a<l be such that condition a) as in
Lemma A.4 holds for s a2 with m and X as above and let 0 < ßj < 1 < ß2

be such that condition b) of Lemma A.4 holds for 81 ft] and e2 with
m and p as above.

A.5. Proposition. Let {uf be a unipotent one-parameter subgroup of
SL(n, R), A be a lattice in R" and S be a totally ordered subset of
y (A). Let i > 0 and T ^ 0 be such that for each O e F (S, A) there
exists a te [0, 7] such that d(u,&) ^ x. Then either d(uT<&) ^ ax for
all O g {S, A) or there exist a Ae f(S, A) and a T{ e [Tt (2 - p -1 )7]
such that the following conditions are satisfied:

i) xct(31 ^ d(u{À) ^ xaß2 for all t e [7~i, T+ p(Ti — 7~)]

ii) for each O e&(S, A) there exists te[T,Tx] such that
d(ut$>) ^ ax.

Proof. Let {O e y (S, A)|</(wrO) < ax}. If is empty then we
are through. Now suppose that j^is nonempty. By Lemma A.2 a) is finite;
say - {Oj, • • - OJ, where q ^ 1. For each j, 1 ^ j ^ q, we choose
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tjE [71 XT] as follows: Observe that d(uT®j) < ai and that there exists, by

hypothesis, a /e[0, T] such that d(utQ>j) ^ x. Hence applying Lemma

A.4, a) to the polynomial t\-^ d2(utT<!>j)/%2 we conclude that there exists a

tjE [71 XT] such that d(utjQ>j) — ax; taking the smallest such number we may
also assume tj to have the further property that d(utQ>j) ^ ax for all

te[T,tj].
Next let 1 ^ k ^ q be such that tj ^ tk for all 1 ^j^q. We

choose A <!>k. Then we have d(utA) ^ ax for all îe[T, tk] and

d(utk.A) » ax. Hence by Lemma A.4 b), applied to the polynomial
t \— d1(u{tk_T)t+T A)/a2x2, it follows that there exists an / such that 0 ^ i ^ m
and

(*) xaßi ^ d(utA) ^ xaß2 for all /e[71, T2]

where 71 T + |i2/+1(4 - T) and T2 T + [i2i+2(tk - T). Then

T+\i(Tx-T) r+ji2/+2(4-r) ^ r+ |Li2w+2(4-T)

^ r+ p2w+2(X-i)r ^ p7\
since / ^ m, tk e [71 AT] and (X-\) ^ (p - l)/p2w + 2. This shows that

Txe[T, (2-p-1)71]. Also (*) shows that condition i) as in the Proposition is

satisfied for A. Condition ii) is obvious from the construction; if O $ 3^then
d(uTO) ^ ax and if O e 3~, say O « where 1 ^ j ^ q, then we have

T ^ tj < tk ^ T\ and d(ut.q>j) ax, which verifies the condition for all

A). Hence the Proposition.

A.6. Corollary. Let {ut}, A, S, x > 0 and T ^ 0 as in Proposition

A.5. Let p be the cardinality of S. Then there exist a totally ordered

subset M of (A) containing S and a Re[T,\iT] such that the

following conditions are satisfied:

1) a("-/7)ßix < d{uRQ>) ^ aß2x for all O eM - S

2) d(uRO) ^ a{n~ph for all (M, A).

Proof. We proceed by induction on (n -p). If p n then S is a maximal

totally ordered subset (so fé (S1 A) is empty) and the desired assertion holds

for M S. We now assume the result for p + 1 in the place of p and consider

A, S, x and T as in the hypothesis. If d{uTQ>) ^ ax for O e Sf (S, A) then we

can choose M S and R — T. If not, then by Proposition A.5 there exist

Ae jf(S, A) and 71 e [71 (2-\i~x)T] such that xaßi ^ d(ut A) ^ xaß2 for all

te[Tx,T + p(71 - T)\ and for each e W(S, A) there exists a tE[T}Tx]



VALUES OF QUADRATIC FORMS 167

such that d(ut<&) ^ ax. Put Ai uTA, Sx {wr0|0 A or <De£} and

Tj ax. Then A! is a lattice in R", Sx is a totally ordered subset of 5/ (Aj)
and the second part of the preceding conclusion implies that the hypothesis

of the corollary applies to A\, Si, tx and Tx — T in the place of A, S, x and

T respectively; we note that any T e S£ (Sx, Ax) is of the form

uTO, eSê(S, A). Hence by the induction hypothesis there exist a subset Mx

of y (AO containing Si and a Ri e [Tj — 7*, fx(T'1 — 71)] such that

a^-^DßiXi ^ d(uRlAx) ^ aß2Xi for all AxeMx-Sx and d(uRlO)

^ a{n~p~l)xx for all O e Sf (Mx, Ai). Put M {u-TAx | Aj eMj} and

R T + Rx. Then T ^ R ^ T + [i(Tx - T) ^ \xT, since Txe[T, (2 - jli -1 7^].

Observe that M - S {0|0 A or ut®eMx - Si}. The choice of A,

using Proposition A.5 shows that Condition 1) in the conclusion of the

Corollary holds for <t> A. If utQ>eMx — Sx then we have d(uRO)

d(uRluT®) e [a^-^-^ßjXi,aß2xi] C [a(n-^ßiX, aß2x], since Xj ax and

a < 1. Thus Condition 1) holds for all O e M - S. For O e $£ {M, A) we have

d(uR<ï>) d(uRxuTO) ^ a(n~p'lhx a("_/7)x, since utO e (M, Ax) and

Xi ax; this shows that Condition 2) is also satisfied. This proves the

Corollary.

Proof of Theorem A.l. Let n and o be as in the hypothesis of the

theorem. Let p > 1 be chosen arbitrarily and let a, ßi and ß2 be the constants
chosen ahead of Proposition A.5, depending on n and p; recall that 0 < a < 1

and 0 < ßi < 1 < ß2. Let t min{o, o-1} and let 8 a"ßiß2-1x.
Now let {ut} be any unipotent one-parameter subgroup of SL(n, R), A be

any lattice in R" and let T ^ 0 be such that there does not exist any nonzero
subgroup A of A such that d(ut A) < g for all t e [0, T]. This implies that for
all Oey (A) there exists x e [0, T] such that d(utQ>) ^ g ^ x. In other
words, the condition in the Corollary holds if we choose 5 to be the empty
subset. Hence by the Corollay there exists a totally ordered subset M of 5^ (A)
and a R e [T, p71 such that a"ßjX ^ d(uR<S>) ^ aß2x ^ ß2 for all <3> eM and
d(uR&) ^ anx for all O e (M, A). Now let x be any primitive element in A
and let A be the subgroup generated by v. Then Ae Sf (A). If jc is contained
in every element of M then we see that AeMu^ (M, A) and hence
I uRx J d(uR A) ^ a"ßix ^ 8. Now suppose that x is not contained in
some elements of M and let O be the largest element of M not containing x.
Let T be the smallest complete subgroup of A (element of M (A)) containing
O and v. Then we see that T eM u (M, A), as every element of M
containing O as a proper subgroup also contains v. Now, by Lemma A.2 b)
d(uR T) ^ J uRx 1 d(uR<&). But since OeM and T eM u (M, A) we have
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d(uRQ>) ^ ß2 and d(u^ a^u. Thus we get that || uRx || ^ a"ßiß2_1T
ô. Hence || uRx || ^ ô for all primitive x in A and hence the same holds for

all xe A - {0}, thus proving the Theorem.

A.7. Corollary. Given o> 0 there exists a neighbourhood Q of 0

in R" such that for any unipotent one-parameter subgroup {ut} in

SL(n, R) and any lattice A in R 7 one of the following holds:

1) {/ ^ 0| ut A n Q «= (0)} is an unbounded subset of R.

2) there exists a nonzero subgroup A of A such that the subspace spanned
by A is {ut}-invariant and d(utA) d(A) < o for all feR.

Proof. Let ô > 0 be such that Theorem A.l holds for the given o and

let Q — {xeRw| x || < ô}. Let {ut} and A be as in the hypothesis and

suppose that Condition 1) does not hold. Then by Theorem A.l there exists

a nonzero subgroup A of A such that d(ut A) < o for all t > 0. Since d2(ut A)
is a polynomial in t, this implies that d(ut A) is constant; i.e.

d(ut A) d(A) < o for all te R. By Lemma A.3, this implies that the

subspace AR spanned by A is {wj-invariant. This proves the corollary.
We next relate Theorem A.l and Corollary A.l to behaviour of orbits of

unipotent one-parameter groups of SL(n, R)/SL(n, Z), where SL(n, Z) is the

subgroup consisting of integral matrices. This involves the Mahler criterion
(sometimes also called Mahler's selection theorem) recalled below. The reader

may refer [2], [13] or [24] depending on the background; one could also consult
Mahlers original paper [15].

Let be the set of all lattices in R". On one defines a topology by
prescribing that for each basis xu • - - ,xn of R" and s > 0 the set

Q(xu —',xn,z)> of all lattices A such that A is generated by a basis

yu * ' ',yn of R" satisfying [ xt - yt || < s for all i, be open. This indeed

defines a first countable Hausdorff topology on Szfn. The Mahler criterion
asserts that if {A/} is a sequence in and there exist c and ô such that for
all i, d(Ai) < c and || x || ^ ô for all xe A, - {0} then {A/} has a convergent
subsequence. The criterion implies in particular that is locally compact.

Now let be the subset of consisting of all lattices of
determinant 1. Then °^n is a closed subset, as d is continuous, and in particular
it is locally compact. For each geSL(n,R) and Ae°^n,gAe0^n and the

map (g, A) I—> gA defines a continuous action of SL(n, R) on It is easy to
see that the action is transitive and that SL(n, Z) is the isotropy subgroup of
the lattice Zn, under the action. Hence SL(n, R)/SL(n, Z), equipped with the

quotient topology, is homeomorphic to <%n via the correspondence
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gSL(n, Z) i— gZ" for g eSL(n,R)(cf. [9], Ch. V, §1, Theorem 8 or [10],

(1.6.1)). The Mahler criterion therefore implies that for any 5 > 0 the set

{,gSL{n,Z)|I gpI> 6 for all Z" - {0}}

is a compact subset of SL(n, R )/SL(n,Z).Theorem A.l and Corollary A.7

therefore imply the following

A.8. Theorem. Let n^2 be fixed. Then for any o > 0 there exists

a compact subset K of SL(n,R)/SL(n,Z) such that for any

x gSL(n, Z) e SL(ns R)/SL(n, Z), where geG, and any unipotent one-

parameter subgroup {ut} of SL(n, R) the following conditions are

satisfied:

a) for any T ^ 0 either there exists a t ^ T such that utx eK or there

exists a nonzero discrete subgroup À of Zn such that d(utgA) < a

for all ^g[0, T],

b) if {t ^ 0|UfXeK} is bounded then there exists a nonzero subgroup A

of Zn such that the subspace spanned by A is {g~lutg}-invariant
and d{utgA) d(gA) < o for all te R.

We next deduce the general case of Proposition 7, which we had deferred

until proving the above theorem. We follow the notation G, T, V{, DV\ etc.,

as in the main part. The diagonal matrix diag (X, 1, X _1) where X e R* will be

denoted by a(X), rather than d(X), to avoid confusion with d(A) for discrete

subgroups A. Also as before we denote by e{,e2, e3 the standard basis of R3.

The subspaces spanned by {e{} and {e{, e2} are denoted by Wx and W2

respectively.
We first prove part b) of Proposition 7, namely the following:

A.9. Proposition. There are no closed DVx-orbits. Any nonempty closed

DV\-invariant subset contains a minimal nonempty closed DVx-invariant
subset.

Proof. Let K be a compact subset of G/T such that the contention of
Theorem A.8 holds for (n 3 and) o 1. We first show that for any
x gT e G/T, where geG, there exists > 0 such that for all
X ^ X0,{t ^ 0\ux(t)a(X)xeK} is unbounded. Let geG be given and let
x gT. Define

X0 max {1, \/d{gZ3 n Wx), l/t/(gZ3 n W2)}
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Let X ^ X0 be arbitrary. Let À be a nonzero discrete subgroup Z3 such that
ÀR is a proper subspace invariant under the action of g ~1 a(X) ~1 Vx a(X)g

g~lV\g- Then gAR is a nonzero proper Vx-invariant subspace. A simple

computation shows that Wx and W2 are the only such subspaces. Hence

gÀR Wx or W2. Both Wx and W2 are ö(X)-invariant and the determinant of
the restriction of a(X) to either subspace is X. Hence the preceding observation

implies that d(a(X)gA) Xd(gA). Since gA is contained in either gZ3 n Wx

or gZ3 n W2, by the choice of X0 we get that d(gA) ^ Xq1 Hence

d(a{X)gA) > X/X0 ^ 1 g. In view of this verification for all A as above,
Theorem A.8 b) implies that {t ^ Ol^ (t)a(X)x eK) is unbounded as claimed;
note that as g 1, the subgroup A in Theorem A.8 b) spans a proper
subspace.

We now deduce the assertions as in the proposition. If possible let xe G/T
be such that DVxx is a closed orbit in G/T. Let O - {geG|gx x). Then
O is a discrete subgroup of DVX and the map 0: DVX /<D - DVxx defined by
0(gO) gx for all geDVx is a homeomorphism (cf. [9], Ch. V, §1,
Theorem 8 or [10], (1.6.1)). By Lemma 6 O is either contained in Vx or it is

a cyclic subgroup generated by an element of the form vdu~l where deD and

veVx. Suppose the latter possibility holds. Then we see that for each

X > 0, Vxa(X)<& is closed and 11— ux(t)a(X)<& defines a homeomorphism of R
onto Lia(X)0/0. Since 0 is a homeomorphism, this implies that for each
X > 0, Vxa(X)x is closed and z1!— ux(t)a(X)x is a homeomorphism of R onto
Vxa(X)x. But, by our observation above, there exists X0 such that for
X ^ X0i {t ^ 0|vx(t)a(X)xeK) is unbounded. This is a contradiction since by
the preceding observation it implies that {vx (t)a(X)x\t > 0} n K is a closed

noncompact subset of K. Now suppose is contained in Vx. Let {X/} be a

sequence of positive numbers such that X,- oo. Then we see that as O C Vx,

for any sequence {6} in R, {a(X,/)t>i (^,-)0} has no convergent subsequence in
DVX/O. Since 0 is a homeomorphism this implies that for any sequence {6}
in R, {a(Xj)ux(ti)x} has no convergent subsequence. But this is a contradiction
since K is compact and for all large X there exists t ^ 0 such that ux (t)a(X)x

a(X) (ux (X _1 t))x eK. Hence there are no closed DVX-orbits.

Now let X be any nonempty closed DVX -invariant subset of G/T. We see

that if {Xi)ieI is a totally ordered family (with respect to inclusion) of
nonempty closed DVX -invariant subsets of X (indexed by a set 7), then n/G/X{
is nonempty as it contains nieI(Xi n K) and by the above observation each

Xj n K is a nonempty compact subset. Hence by Zorn's lemma the class of
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all nonempty closed DVX-invariant subsets of Xhas a minimal element. This

proves the Proposition.
To prove the other part of Proposition 7 we need the following Lemmas.

A. 10. Lemma. Let q 1 or 2 and for any p > 0 let

Mq> P) {&r|g<eG, gZ3 n Wq spans Wq and d{gZ3 n Wq) p}

Then A(q, p) is a closed subset of G/T.

Proof. It is straightforward to verify that any subset as in the statement

can be expressed as QqaY/Y for some diagonal matrix a, Q\ and Q2 being the

subgroups defined by

Qi {geGlgei e{} and Q2 {geG\f ge3 e3}

Now consider the natural action of G on R3. We see that Yet is a discrete

subset of R3. Hence so is Yse{ for any seR. Let b be a diagonal matrix.
Then bex sei for some seR and hence Ybex is a closed subset of R3. The

continuity of the action and the fact that Q{ is the subgroup consisting of all
elements fixing ex now implies that YbQx is a closed subset of G, for any
diagonal matrix b. Hence so is QxaY (Ya~lQx _1, for any diagonal matrix
a. This proves the case of the Lemma with q 1. The case of q 2 follows
from a similar argument with the contragradient action, defined by
(&P)h~+tg~lP for allpeR3, in the place of the natural action, and e3 in the
place of e\.

A.ll. Lemma. Let Z be a locally compact space and let {(p,}^/? be a

one-parameter group of homeomorphisms of Z acting continuously on Z.
Suppose that there exists a compact subset K of Z such that for each

zeZ, the sets {t ^ 01 g>tz e K} and {f < 01 g>tz e K} are unbounded. Then
Z is compact.

Proof. Let q> (pi. Replacing K by the larger compact set
{(psz\ -1 ^ s ^ 1, zeK) if necessary, we may assume that for each

zeZf{ke1H\^kzeK} and {k e N|cp ~kz eK) are unbounded subsets of N.
Let K{ be a_ compact neighbourhood of K and let Q Z - Kx. Let
B n J qQ^'Q. Then (p JB CBCQCZ — K for all yeN and hence the
condition on K implies that B is empty. Hence q>B is empty. Since K{ is compact

this implies that there exists me N such that n l cpz'Q is contained in Q.
Then r\J=0g*JQ, nj1=lcp^'Q E say. Then we see that g>E C E and hence
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cpjE C E for ally e N. Since E C Q C Z - K, the condition on K implies that
E is empty. Hence Z uym=1qy(Z-Q), which is compact.

Part a) of Proposition 7 now follows from the following Proposition and
the earlier observation for compact invariant sets.

A. 12. Proposition. Any nonempty closed Vx-invariant subset of G/T
contains a compact nonempty Vx-invariant subset.

Proof. Let A be a nonempty closed ^-invariant subset of G/T. For
<7=1,2 and any p > 0 let A(q, p) denote the closed subset of G/T as in
Lemma A. 10. In proving the Proposition, by replacing A by a smaller

(nonempty) subset if necessary, we may assume that for each q 1,2 and

p > 0, either X n A(q} p) 0 or X C A(q, p); note that the sets A(q, p) are

Li-invariant and that for each q the sets {A{q, p)} p > o are mutually disjoint.
Now let o ^ 1 be such that if X is contained in A(q, p) for some q 1 or 2

and p > 0 then o ^ p. Let Abe a compact subset of G/T such that the contention

of Theorem A.8 holds for this o. We shall show that for each xeX the

sets {t ^ 0\üi(t)x e K} and {t ^ 0\ux(t)x e K} are unbounded; by
Lemma A. 11 this implies that X (rather the replaced set) is compact, thus

proving the proposition. Suppose for some xeX, say x gT where g e G, one
of the sets as above is bounded. Then by Theorem A.8, applied to either

{i>i(0} or {6*1 — t)} in the place of {ut} and x as above, it follows that there
exists a nonzero subgroup A of Z" such that ÀR is g~lVxg-invariant and

<^(Ti(0&A) d(gA) < o for all /eR. Since o ^ 1 (as in the proof of
Proposition A.7) we see that gAR Wx or W2. This implies that

x gT eX n A{q, p), where q 1 or 2 and p is the determinant of the complete

subgroup of A containing gA and spanning the same subspace. By the

assumption on X we now get that X C A(q, p). By our choice of o we then
have o ^ p. But this is a contradiction since p ^ d(gA) < o. Hence the sets

as above are unbounded and thus the proof is complete.
As noted earlier Propositions A. 12 and A.9 yield parts a) and b) of Proposition

7, which thus stands proved. We next note the following variation of
Theorem A.8, first proved by Margulis [16], which was used in the proof of
Proposition 9.

A. 13. Theorem. Let n ^ 2 be fixed. Let {ut} be a unipotent one-

parameter subgroup of SL(n,JT) and let x e SL(n, R)/SL(n, Z). Then there

exists a compact subset K of SL{n, R)/SL(n, Z) such that

{t ^ 0|utxeK] is an unbounded subset of R.
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Proof. Let geG such that x gSL(n, Z) and let A - gZn. In view of

Lemma A.2 a) there exists o > 0 such that d(A) > a for all subgroups A of

A. Hence by Theorem A.l there exists 5 > 0 such that for any T ^ 0 there

exists a s ^ T for which || us%|| >6 for all E,eA - {0}. Let

K { hSL(n,Z)11 hpJ ^ ô for all peZ"- {0}}. Then by the Mahler

criterion, recalled earlier, Kisa compact subset of SL{n, R Z). From

the choices it is clear that {5 ^ 0| usxeK)isan unbounded subset. This

proves the theorem.
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