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REAL NUMBERS WITH BOUNDED PARTIAL QUOTIENTS:
A SURVEY

by Jeffrey SHALLIT

ABSTRACT. Real numbers with bounded partial quotients in their continued
fraction expansion appear in many different fields of mathematics and
computer science: Diophantine approximation, fractal geometry, transcen-
dental number theory, ergodic theory, numerical analysis, pseudo-random
number generation, dynamical systems, and formal language theory. In this
paper we survey some of these applications.

1. INTRODUCTION AND DEFINITIONS

If x is a real number, we can expand x as a simple continued fraction

1

X =ay+

a, +

which we abbreviate in this paper as
x=lay,a,a,a,...].

In this paper, we only discuss the case of regular continued fractions, where
ao 1s an integer and a;, is a positive integer for i > 1; the expansion may or
may not terminate. (For an introduction to continued fractions, see Hardy and
Wright [135, Chap. 10]; for a more definitive work, see Perron [236]. For a
history of continued fractions, see Brezinski [441.)
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