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190 G. TENENBAUM
§5. ADDITIVE FUNCTIONS

As we noted in the first section, the study of uniform distribution on
divisors of additive functions is made much easier by the fact that the
Weyl sums are multiplicative. Indeed this is the only case when we are able
to achieve estimates for the discrepancy which go beyond the statistical
bound /1 (n).

We shall prove the following theorem, which provides a simple, but
nevertheless effective criterion. We write for integer v

vf(p)|? 1 —|cosvm

(102) Ly(x;f):= ) H——” Co(x; f) =), | f(p)l,
p<x p p<x p

and note that we have for all x

(103) 4L,(x; 1) < Cy(x; f) <3 m2Ly(x; f) .

THEOREM 13. Let [f be an additive function. Then [ is erd Iif,
and only if,

ol
p p

(104) (v+0).

Moreover, if this is the case then we have

. Q(n) —yCy(x;
(105) Z _A(n—’f) (g) < (logx)” {% + Z i(_ﬁ}

n<x n 1<vg T \Y%
uniformly for x =22, T>21,0<y <y, <4.

The qualitative result corresponding to this statement (i.e. the cri-
terion (104)) was first established by Katai [18].

By (104) and the lower bound of (103), the expression between curly
brackets tends to zero for suitable 7= T'(x, y). Hence (105) provides, as
described in Theorem 6, a family of effective pp/ estimates for A(n; f)
which may of course be further optimised with respect to y. This process
must lead to a non trivial result since y = 1 is admissible.

We give below two applications of Theorem 13, respectively devoted to the
functions f(d) = 6Q(d) for irrational 0, and f(d) = logd. Recovering a
result first obtained independently by Hall and Katai, the latter case
furnishes the best known pp/ upper bound for the discrepancy for any
function we are aware of, although this falls short of the current conjecture
stated in section 2. The former case provides an example of a function which
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is erd but has the same rate of growth than, and indeed is asymptotically
equal to, a function which is not, namely 0log,n — see Corollary 3.
Actually, if we define Q(n; E) as the number of those prime factors of »
which belong to some set of primes E, then Theorem 13 implies that
0Q(n; E) is erd for all 6 € R\Q if, and only if, ZpeEl/p = oo. We thus
exhibit erd additive functions with an arbitrarily slow growth.

The effective bounds for A(xn;0Q) naturally depend on the rational
approximations to 8. We set Q;(x):= |/log,x/log;x, and define
(106) q1(x;0) := inf max{g < Q;(1): [ 0¢] < 1/0:(0)} .

t=2x

Then ¢,(x;0) increases to oo for all irrational 6 and furthermore
qi1(x;0) = (log, x)2+2oM for almost all 0.

COROLLARY 10. Let 6 € R\Q. Then the function 0Q(n) is erd
and we have
(107) An;08Q) <1t(n)q;(n;0)-1+e  ppl.

COROLLARY 11 (Hall [8]; Katai [17]). Let o > (log(4/n))/log?2
~ 0-34850. We have
(108) A(n;log) < t(n)* ppl.

We now embark on the proof of Theorem 13. That the condition is
necessary is a straightforward consequence of the definition of uniform
distribution on divisors in the form (1). Indeed, suppose that (104) fails to
hold for v # 0. Writing F(z;n):= Zdln,<f(d)><z1, we have

1

go(n):= ) e(Vf(n))=§ e(vz)dF(z;n) =§ e(vz)d(F(z; n) — z1(n))

d|n 0 0

1
= 27iv g e(vz) (F(z; n) — zt(n))dz,

0

hence
(109) 2 [ v A(n; f) = | g(n) .

Now for all € €]0, 1[, we have

(m? gv(m | n(m?le(m)| y 1
n<x nt(n) g P+ (n)<xt nt(n) n>x N
(110) ik h

- 11 (1 . Leosmv/ () \) — O(e~"logx)
Cp

p<xt
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where the O-estimate follows from (94) by partial summation. The product is

y |cosnvf(p)l} >exp{ y 1-3n2|vfp)|?

pP<xE p

>exp{ } > elogx,

p<xE
by our assumption that the series (104) converges. Inserting this into (110)
and choosing € small enough but fixed, we obtain that the left-hand side is
> log x, whence by (109)

A(n; f)

> logx .
n<x I’Z’C(l’l)

This cannot hold if A(n; f) = o(t(n)) pp (or even pp/), and we obtain
the required necessity assertion.

The sufficiency part of the theorem readily follows from the upper
bound (21) which we recall for convenience: we have uniformly for x > 2,
T'>21,0<y<y<4,

. n y Q(n)
A(n; f) (2)9<><(logx> .oy Ly lgvm)?(g) |

(111) )

n<x n T 1«v<T V ngx n

The inner zn-sum on the right does not exceed

y | gy (n) | (X) Q(n) <o { y y|cosnvf(p) |> < (logx)?e Y1) |
p

P+(m<x N 2

PSX

Inserting this into (111) yields (105). Taking y = 1 implies A(n; f)
= 0(2%M) pp/, from which we deduce in turn that A(n; f) = o(t(n)) pp!/
by a familiar argument. Corollary 1 hence implies that f is erd, and this
finishes the proof of Theorem 13.

Proof of Corollary 10. We apply the upper bound (105) of Theorem 13
with y = 1. We have

Cy(x;0Q) = (1 —|cosnve |)log,x + O(1)

and need a lower bound for this. For given x, there exist integers a, g with

(a,q) =1, ¢q<Qi(x)=)log,x/logsx, and |6 —a/q|<1/qQ,(x).
Furthermore, we have

(112) q24q:(x;0),

where the right-hand side is defined by (106). We select T: = g/log g, and note
that for v< T we have |0v —a,/q,| < T/q0,(x) <1/qlogq, with
a, =av/(q,v), ¢, = q/(gq,v). This implies | 0v]| > (1/q) - 1/qlogg,
hence, for large x,

1 —|cosnvl|> (% n? 4+ 0(1))/6]2 > (log; x)/log, x .
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Inserting this into (105), we arrive at

A(n;0Q 1 log q
(log x) ! Z ——£~——2 < — +

< qi(x;0)1re,
nex h2%0M T log,x

Since g, (x;0) is a non-decreasing function of x, this implies (107) and
the proof is thereby completed.

Proof of Corollary 11. Putt(n,0):= Y ,, d®. When f = log, we have
that g,(n) = t(n, 2nv). By lemma 30.2 of [14] we infer that, uniformly for
1<16]< exp)/logx,

1

191 2
Y @0 _ ¥ | cos (38loep) | _ Zlogx + 0(1) .
p<x D pP<X p n

This is proved by partial summation from a strong form of the prime
number theorem. Thus we obtain that we have uniformly for 1 < v < logx

C,(x;log) = (1 —-2/m)log,x + O() .

Inserting this into (105) with 7 = logx and choosing optimally y = n/2,
we obtain

4\ Qm
A(n; f) < &(n) (logyn) (;) pp!

for all £(n) — oo. This implies the required result by a now standard device.

6. METRIC RESULTS

In this last section, we investigate the problem of uniform distribution on
divisors from a further statistical point of view, regarding as random not only
the integer n but also the function f. Thus, we define a measure p on the
set A of all real valued arithmetical function as the inverse image of the
Haar measure on the compact group (R/Z)N by the canonical mapping
f = <f>. In other words, m is characterised by the property that for all

finite families {£;:1 < j < k} of measurable subsets of the torus R/Z
and for all integers n,, n,, ..., ny, we have

k

pifeA:(f(n)eE A<ji<h}= [] ME),

Jj=1
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