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This implies that

>/-£/2(7)>
7GA

\dA\p<Yf2^^ X\dA\p
7£<9A

By Theorem 2, the first condition implies the second one.

Remark. The proof of Theorem 3 can easily be generalized to the

case where P is a convolution operator with a finitely supported probability
measure.

3. Remarks

We will now make some comments about Theorems 2 and 3. We will
state some theorems about the existence of eigenfunctions for the Markov

operator and discuss whether one can take in the generalized Fplner condition
the eigenfunctions to be in L2(X1 p).

For simplicity we will suppose that X is a connected, locally finite graph
(i.e. the degree of each vertex is finite) and we consider the simple random
walk going with equal probability from one vertex to any of its neighbors. We

associate with this random walk the simple random walk operator P defined by

pm d— Yfw for /e Uvao
W~v

where N(v) is the degree of vertex v in X (i.e. the number of edges adjacent

to v), where w ~ v means that w and v are connected by an edge and

where l2(X,N) is the space of real-valued functions / on the vertices of X
such that J2xexf2(xW(x) is finite.

3.1 Existence of eigenfunctions

THEOREM 4 ([20]). Let X be an infinite, locally finite graph and let P

be the simple random walk operator on l2(X,N). For any À > ||P|| there

exists a positive eigenfunction f of P with eigenvalue i.e.

Pf(x) — Àf(x) and f(x) > 0 for x G X

For X < ||jP|| there are no positive eigenfunctions of P with eigenvalue X.



A GENERALIZED F0LNER CONDITION 329

Proof. There are several proofs of this theorem. In [20] one can find the

proof where the analogue of Perron-Frobenius theory is developed and in [11]
the truncation method is used.

3.2 Eigenfunctions in 12

One can ask whether the positive eigenfunctions of the random walk

operator are in l2(X,N). The answer is no in the case when X is the Cayley
graph of an infinite group T (see Theorem 5). But in the general case there

are examples of eigenfunctions which are in l2(X,N) (see Proposition 2).

3.2.1 The case of groups

THEOREM 5. Let f be a positive eigenfunction of the simple random
walk operator P on the group T generated by a finite symmetric set S, i.e.

Pf Xf. If r is infinite then

X]/2(7) +oo.
7ET

Proof. Suppose the contrary, i.e. that there is a positive eigenfunction /
of the operator P for which the I2 norm is finite :

Pfo Xfo,

y^/o (7) < +00.
7er

The second condition implies that f0 is not constant and so there are 70,71 7 F
such that

/o(7o) </o(7i) •

Let us define the function f\ as a translation of by 707]-1, i.e.

/i(7) —/O(7O7i_17) •

The function fx,beingthe translation of is an eigenfunction of P, i.e.

Pfi A/i.
So the function / defined as follows :

/(7) max{/0(7),/i(7)},
satisfies

Pf> Xf-
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As fo and f\ are in /2(F), the function / is in /2(T) as well. The functions
fo and fi have the same I2 norms and

/i(7i) =/o(7o) </o(7i)i

so there exists 72 G T such that

/l(72) >/o(72).

Note that these two inequalities imply that / > /o with equality at some

points and strict inequality at some other points. Thus g =f— fo satisfies

g > 0, g ^ 0, g vanishes at some points and Pg > Xg. Let us prove that this

implies Pf ^ Xf. Indeed, if we had equality then Pg — Xg as well and thus

Png Xng. Taking n large enough makes Png non-zero at points where g
vanishes, a contradiction. We have thus shown that Pf > Xf with Pf Xf.

This means that

IT/ik(r, > All/iU(D-

Hence

M> A.

But this provides the desired contradiction because by Theorem 4 there

are no positive eigenfunctions of P with an eigenvalue smaller than the norm
of P.

3.2.2 The general case

It will be shown that there are examples of the infinite graph X and the

simple random walk operator P for which there is a positive eigènfunction in
l2(X,N). It was pointed out to us by the referee that when P is the adjacency

operator, examples of infinite graphs with positive eigenvalues in /2 can be

found for instance in [5] (page 232).

Let A be a uniform tree (i.e. a simply connected graph) of degree 3. By
a theorem of Kesten (see [9]) one knows that ||P|| |\/2 < 1. Let a and b

be two neighboring vertices in X. Now let Xn be a graph which is the same

as the graph X, except that the edge (a,b) is subdivided into n vertices. Let
In denote the set of vertices a, b and added vertices which we label 1,..., n

(see Figure 1). Let Pn be the simple random walk operator on Xn. One has

||P„|| —00 1- In fact we will prove:



A GENERALIZED F0LNER CONDITION 331

Figure 1

The graph Xn

Proposition 2. Fon>l one has

,M>cosUh)>HF
For any no > 1 such that ||P„0|| > |\/2 the eigenfunctions of Pfh

corresponding to the eigenvalue 11/%)] are in l2(Xno^N).
no II / ^ y ^ & IgCrf IJ IA>[LiL/f lo L/J JL

piQ

Wo 11 are in l2(X„0,

Proof. For n>7 let tsin(^3)/ sin(^j) so that 0 < < 1.

For x G X\In let |x| be the minimum of its distances from a and b. We

define the function fn on Xn as follows :

f for y e X\ In

fn(y)=t
J sin(^5ü)/sin(5^) for > 1,... ,n
[ 1 for y a, b.

We verify that

Pnfnify COS -f— /„(/) for / 1, rt
\n + 3/

Pnf,ix)=^(C0S_1(^^) + 2 C0S fn

On the other hand for n > 7 we have t < -4= and
v3

oo

Y fn(x)N(x)=2^2- • 3 < 00
xEX„\I„k= 1

Thus fn is in l2(Xn,N)and

Pnfn > COS f '\n + 3/
So we have proved the first part of Proposition 2.
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Let no be such that

ll-^no llp(X„0,^V)—.
Now let / be an eigenfunction of the operator Pno with the eigenvalue a, i.e.

PnJ crf.

We want to show that / G l2(Xno,N). Suppose this is not true, i.e.

^2 f2(x)N(x)+00
x(EX,1Q

By Theorem 2, there exists a sequence of subsets of Xno, Ak C XnQ such that

ni E,e^/2(*AW^ nu ExAkf2(x)N(X)
^°°U-

As Ino is a fixed finite set, the sequence Ck Ak\ Im is non-empty for k

sufficiently large. We need the following :

Lemma 3. One has

T.xdCtf2WN<X)

ExeC* f2(x)N(x)^°°
Proof. If ^2xeAkf2(x)N(x) 00 00 then the statement of the lemma is

clear. Suppose then that for all k

(4) y^/2(x)A(X) < ce < 00
xÇzAk

If Ak D /„0 0 then A* and Q coincide. So we are interested only in those

k for which Ak 01no f 0. Let us consider the ball BR of radius R centered

in a G Ino (i.e. those vertices in Xno for which at most R edges are needed

to connect them to a).
Because of (3) and (4) we have that for k sufficiently large -OAk 0BR 0

which, by the fact that H 40 f 0, implies that BR C Ak. But R can be

chosen arbitrarily large and as / is not in l2(X,N) we get

Y^f2(x)N(x) o 00
x<EAk

which contradicts (4). This completes the proof of the lemma.

On the subsets Q the graphs X and XnQ coincide. This implies :

2V2
IK II l2(X,N)^l2(X,N)— > '

which yields the desired contradiction. This ends the proof of Proposition 2.
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