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118 L. BARTHOLDI

8.1 Il QUASI-FREE

Let S, T be finite sets, and ~ an involution on S. Consider the two
presentations

M=(S|ss=1VseSs),
N=(SUT|ss=1VseS;t=1VteT).
Let & < IT be any subgroup, and let F’ and G’ be the generating series

related to the first presentation. Clearly F’ = F, as both series count the same
objects in II (regardless of II’s presentation); while

G(r) = Gl(l—tlﬂt)

1 —|T|t
Indeed any word w = w;...w, in SUT defining an element of Z can be
uniquely decomposed as w = f#ysit; . ..Sut,, Where s; € S, t; are words in
T for all i, and s;...s5, defines an element of Z; moreover all choices of
S1...8, defining an element of = and words # in 7 give a distinct word

w. It then suffices to note that the generating series for any of the ¢ is
1/(1 —|T|r).

Putting everything together, we obtain:

PROPOSITION 8.1. Let I1 be as above, = <11 a subgroup. Then

F@) G(1+]T|t+t([Sl—1)12>
1—2  1+|T)t+ (S| — D2

8.2 II=PSLy(Z)

Let
IT = PSLy(Z) = (a,b | &*,b%) ,

and let Z < IT be any subgroup. We take S = {a,b,b™'}.

We suppose Z 1is torsion-free, i.e. contains no element of the form waw™
or whtlw™!. Let X be the Schreier graph of (I1,{a,b,b~'}) relative to
=, as defined in Subsection 3.1; it is a trivalent graph whose vertex set is
E\II. Its vertices can be grouped in triples w” = {w,wb,wb™'} connected
in triangles. Let F be the graph obtained from & by identifying each triple
to a vertex. Explicitly,
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