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This bijection is an anti-homomorphism: 16, = &, ;. This bijection induces
. k
an operation on 76 |

THEOREM 2.9. The operation on 7 induced by reversing the orientation
of each component of a string link is to change each p(rst) to —u(rst) followed
by the translation operation

,LL(FSI) S ,LL(I"SZ‘) - lrs lrt + lrs lst - lrt lst .

Proof. Consider the normal form (2) of o € H(k)/H(k); in the r,s,t-th
components. The normal form for & is obtained as follows :

B

— -5 __Y o
o = [Trta Tst) Tst Tre Trg

_ o B v —d—afB+ay—pPBy
- 7-rs Trt Tst [Trta Tst] L .

Thus the operation on Z() induced by o — & is given by

/’L(FSZ) - _)u(rSt) - lrs lrt + lrs lst - lrt lst . [

3. CONSTRUCTION OF THE INVARIANT

By Theorems 2.2 and 2.7, we shall look for polynomials in li; and p(rst)

invariant under the translation operations on {u(rst)} € Z(©) induced by
partial conjugations. There are k(k — 1) partial conjugations altogether and
their induced translations subject to 2k linear equations given in Theorem 2.8.
If these equations are linearly independent for generic values of {l;}, the

sublattice of Z(3) generated by the translation vectors of the partial conjugations
will be of dimension no larger than k(k — 1) — 2k = k? — 3k.

LEMMA 3.1. For k > 3, the 2k equations in Theorem 2.8 are linearly
independent for generic values of {l;}.

Proof.  We write the two sets of equations in Theorem 2.8 as follows :
li_|_2i+..._|_ji_|_...+ki:0, JAi;
i + D+ L 4 i =0, A

for each i =1,2,... k.

For generic values of {l;}, using the first k — 1 equations from the first
set of k equations, we can solve for k' k2, ... k¢!, Similarly, we can solve
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for 1% 2% ... (k — 1)* from the first k — 1 equations of the second set of
k equations. The remaining vectors ¥/, i,j # k, have to satisfy another two
equations obtained from the last equations in those two sets of k equations,
respectively, by substituting k' and i with their solutions in terms of i/
for i,j # k. It it then easy to check that these two equations are linearly
independent when k> 3. []

LEMMA 3.2. For k=45, we have (’;) = k> — 3k. For k> 6, we have
(5) > k> - 3k.

Proof. We have

@ )= L@ -+ 20) = (k- HE-5). O

THEOREM 3.3. For k > 6, there exists a polynomial in li; and p(rst) which
is a link-homotopy invariant of ordered, oriented links with k components.
This link-homotopy invariant is of finite type.

Proof. In Z(lac), let P be the sublattice generated by the translation vectors
of partial conjugations. Then we have

dim(P) < k* — 3k < (’3‘) .

Let Q € ZG) be a non-zero vector perpendicular to P. We can choose
such an €2 so that its coordinates are polynomials in {/;} and the inner
product ¥/ - Q is identically zero. This can be achieved by considering generic
values of {l;} first and solving a system of homogeneous equations (with
more equations than unknowns) whose coefficients are polynomials in li ).
Then since ¥/ - Q = 0 for generic values of {I;}, it has to be zero identically.
Let pu = {u(rsH)} € Z(®) . The inner product g - € is invariant under the
translations by vectors in P. This is a desired link-homotopy invariant of
ordered, oriented links since

(L+i) Q=p-Q

for all i,j=1,2,...,k.
The fact that the invariant 1 -€ is of finite type is a direct consequence of
the fact that the linking numbers and the triple linking numbers are all finite

3) This will be made explicit in the example following this proof.
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type invariants of string links ([7], [2]). If we have a singular link, we may
put it into the form of the closure of a single string link. Since polynomials of
finite type invariants are still of finite type, u - €2 vanishes on singular string
links with a sufficiently large number of double points. This implies that it is
a finite type link invariant.  []

We now consider in some detail the case k = 6. Let us order pu(rst),
1 <r<s<t<6 in lexicographic order. So

po= (u(123), 1(124), 1(125), (126), 11(134), 14(135), 14(136), 14(145), p(146), 11(156),
(234, 1(235), (236), (1(245), 11(246), 1(256), 1(345), 11(346), 1(356), p(456)) -

Then the vectors of the translation operations 12, 13, 14, 1°, 1°, 2!, 23, 2%,
25 26 31 32 34 35 36 41 42 43 45 46 51 52 53 54 56 61 62
6, 6*, 6° are the row vectors of the following 30 x 20 matrix, from top to
bottom respectively:

s L4 Ls Ly O O O O O O O O O O O 0 0 0 0 0
—l, 0 0 0 Ly Ls Le O O O O O O O O O O O O O
0 —l 0 0 —j3 0 O Ls Lt O O O O O O O O O 0 0
0 0 —l 0 0 —L43 0O —lj4 0 g 0 O O O O O O O 0 0
0 0 0 —lp 0 0 —~Ij3 O —Lsu—Ls O O O O O O O O 0 0
—Iy —ly —lbs —lhg O 0O O 0O O O O O O 0 0 0 0 0 0 0
b 0 0 0 0 0 0 0 0 0 ly bLs by 0 0 0 0 0 0 0
0 Iipb 0 0 0 0 0 0 0 0 —lLs 0 0 Ils b 0 0 0 0 0
0 0 fp 0 0 0 0 0 0 0 0 —hy 0 —by 0 bhg 0 0 0 0
0 0 0 &5 0 0 0 0 0 0 0 0 —by 0 —by—hs 0 0 0 0
by 0 0 0 —ly—ls—l O O O O O O O O O 0 0 0 0
3 0 0 0 0 0 0 0 0 0 —Iy—lys—h 0 O 0 0 0 0 0
0 0 0 0 43 0 0 0 0 0 Lz 0O 0 0 0 0 ks Lg 0 0
0O 0 0 0 0 43 0 0 0 0 0 s 0 0 0 0 —l 0 g O
00 0 0 0 0 43 0 0 0 0 0 sy 0 0 0 0 —ly—hs 0
0 by O 0 Iy 0 O —lys—l O O 0O O O 0O O O 0 0 0
0 —hy 0 0 0 0 0 0 0 0 by O 0 —ls—le O 0 0 0 0
0 0 0 0 —fi4 0 0 0 0 0 —ky O 0 0 0 0 —lgs—lgg O 0
0 0 0 0 0 0 0 Iy 0 0 0 0 0 by 0 0 Iy 0 0 I
0 0 0 0 0 0 0 0 Iy 0 0 0 0 0 Ly 0 0 Iy 0 —s
0 0 Lhs 0O 0 Bs O ILis 0O —lsg 0O 0 O O O O 0O 0 0 0
0 0 —45 0 0 0 0 0 0 0 0 s O Is O —lsg 0 0 0 0
0 0 0 0 0 =45 0 0 0 0 0 —hs 0 0 0 0 Is 0 —Ig 0
0 0 0 0 0 0 0 —h5s 0 0 0 0 0 —hs O 0 —hs 0 0 —Is
0 0 0 0 0 0 0 0 0 Ls 0 0 0 0 0 by 0 0 by Is
0 0 0 hg 0 0 Lg O L g 0 0O 0O 0O O O 0O O 0 0
0 0 0 =l 0 0 0 0 0 0 0 0 Ig 0 Ig kg O 0O 0 0
0 0 0 0 0 0 —hig 0 0 0 0 0 —hg 0 0 0 0 lg Is O
0 0 0 0 0 0 0 0 =g 0 0 0 0 0 —hy 0 0 —l 0 Is
0 0 0 0 0 0 0 0 0 —h 0 0 0 0 0 by 0 0 -l —lg
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We shall pick out the 18 rows of this matrix corresponding to the translation
operations of 12, 13, 14, 15, 21, 23, 24 25 3! 32 3, 3,4, 42, 43,
4, 5!, 52 respectively. Calculation using Mathematica® shows that these 18
vectors are linearly independent generically.

Consider now the operation of reversing the orientation. The vector
R = {R(rst)} € Z* of the translation operation in Theorem 2.9 is given
by

R(rst) = —lI, L + Ly g — Ly Ly

One can verify that the vector R and the previous 18 vectors are linearly
independent. Let M be the 19 x 20 matrix formed by these 19 vectors. Let
M® be the 19 x 19 matrix obtained from M by deleting the i™ column
from M, i=1,2,...,20. Let

Q; = (—1)~! det (MD)
and Q = (Ql,Qz,.. .,QQ()).

THEOREM 3.4. - Q is a finite type link-homotopy invariant of ordered,
oriented links with 6 components. When the orientation of every component
is reversed, this invariant is changed only by a sign.

Proof. Using the fact that the rows of the cofactor matrix A* of a
given matrix A are perpendicular to different rows of A, we see that Q is
perpendicular to all the vectors of translation operation induced by partial
conjugations as well as the vector R. Certainly, Q # 0. So 1 -Q is a non-
trivial link-homotopy invariant of ordered, oriented links with 6 components. It
is of finite type since it is a polynomial in lij and p(rst). Under the reversion
of orientation, 1 changes to —u + R. Since R-Q = 0, the invariant W€ s
only changed by a sign under the reversion of orientation.  []

To finish, let us furnish some data obtained using Mathematica. Let
deg(l;) = 1, then €; is a homogeneous polynomial of degree 20 in ;.
Let L; be the number of monomials in €;, the sequence L1, Lo, ..., Ly} is
given as follows:

{5531,5555,5555, 5531, 5424, 5769, 5802, 5734, 5753, 5432,
5432, 5753, 5802, 5734, 5769, 5424, 5928, 5922, 5922, 5928} .

Thus - Q is linear and homogeneous in u(rst) and has 113,700 monomials.
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