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196 YU. S. SEMENOV

skew-symmetric d x d matrix M = (u;) with respect to the basis By, ..., By
(mod [h, h]). Namely, [B;, Bj] = p;jBs+1. Over Q one can choose a canonical
symplectic basis Bj,...,B; (mod [h,h]) so that the matrix M representing

w has [ blocks of type
0 1
-1 0

standing on the diagonal, the other entries being trivial. The rank of w is
equal to 2/ and 2/ =d — m. In the basis By,...,B;z+; (we omit the ‘hats’)
of §

[B1,B2] = [B3,B4] = - - - = [By—1, Byl = By,

all the other brackets being trivial. This completes the proof.

2.2 EXAMPLE OF A FREE NILPOTENT ALGEBRA

Let f.(n,R) be the free nilpotent Lie algebra of class ¢ on n generators.
Then f.(n,R) has a unique rational form f.(n,Q) up to isomorphism (cf.
Theorem 2).

Indeed, let h = (x1,...,X,,...) be a rational form of f.(n,R). We may
suppose that xi,...,x, span (modulo the derived subalgebra) h/[h,H] = Q".
Consequently, b is generated by {xi,...,x,} as a Lie algebra. There exists
an epimorphism 7: f.(n,Q) — h because f.(rn,Q) is free. It must be an
isomorphism since the dimension of f equals the dimension (not depending on
the ground field) of a free nilpotent Lie algebra of class ¢ on n generators.

2.3 MORE EXAMPLES

The purpose of this subsection is to sketch two more examples of Lie
algebras with a unique rational form up to isomorphism.

Let g;, # € R, be a family of real 6-dimensional Lie algebras with a basis
{x1,...,x6} such that

[X],XZ] = X3, [x17x3] = IXs ) [x17x5] = X6 ,

[x2, %3] = x4, [xp,xa]l =x5, [x3,%X4] = x6,

other brackets being trivial. One can show that

1. Cfg, = (Xe41,.--,%), k= 2,...,5, where C*g, are the terms of the
lower central series of g;.

2. The centralizer € of C*g;, thatis, € = {c € g, | [c, C*g;] = 0} is spanned
by X2y...,X6-
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3. Real Lie algebras gy and g; are not isomorphic but V1 A0 g, = g;.

4. If t € Q\ {0} then the rational algebra g, = g; over Q.

5. go and g; are two Lie algebras with a unique rational form up to
1somorphism. ‘

6. Let g be a split real simple Lie algebra of type G,, h be a Cartan
subalgebra of g and g =n_ @ h®n, be the triangular decomposition of
g with respect to h. Then ny is isomorphic to go.

3. MALCEV’S EXAMPLE

In this Section we develop Malcev’s example and prove Theorem 1.
Suppose that there is a Q-isomorphism between g, and g,. It must be
written in the following form (cf. [5]) since C%g; = (x4, x5,%5), C°g: = (x5, %6)
and the centralizer ¢ of C?g, which is an ideal in this case, is spanned by
X3y.0.,X6.
(V1 = ai1x1 + apxotapxstagx, + ..

Y2 = ag1x1 + axnXp+anzxz+daypxs + ..

y3 = as3x3+azaxs + . ..
\ y4 = aq4X4 + e
We do not explicit the expressions for ys, ys. Here yy, ..., y¢ are basis elements

of g, satisfying the relations (1.2).
We obtain after straightforward computations that

1,21 = ya = Axq + ..

A = ajjayp — apaz; = asq 7 0. On the other hand,

= [y1,y4] = Alai1xs + ajzx6) ,

= [y2,ya] = Alag1xs + axxg) .
Hence,
a1 x5 = (apys — anys)/A*,

X6 = (a11ys — azys)/A*.

We need to compute the remaining two brackets. First of all,
(3.2) iyl = anasslxr, 31+ anasslxs, x31 + ajyasalxs, x4] + apasafxy, x4]
ai1as3xe + a12a33(xs + 1X6) + a11a34%s5 + A12a34%6

= (a12a33 + a11a34)x5s + (a11a33 + a12a34 + tapass)xs = yg .
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