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On the Calculation of Nuclear Levels

by Ciulio Racah
The Hebrew University, Jerusalem, Israel.

Wo shall not discuss in tIiis paper if the nuclear forces are charge-
symmetrical, nor if the nuclear-shell model is correct: but, assuming
that the forces are charge-symmetrical and that the nuclear-shell
model has some significance, we consider the problem of calenlating
the nuclear levels in this approximation.

This problem does not involve fundamental difficulties, but only
technical difficulties connected with the great number of terms
which appear in a. nuclear configuration. lt suffices to remember
that the configuration p6 has 12 supermultiplots with 40 terms, d5
has 77 supermultiplets with 244 terms, d10 has 472 supermultiplets
with 2420 terms.

The calculation of the term energies and the tabulation of the
results may be simplified very much by using the group-theoretical
methods developed by the author for the calculation of the spectra
of the atomio configurations /" J).

The enii Ii j| ii rat in Iis p".

For spin-independent forces (Wigner and Majorana inter-
actions) the term-values of pn were calculated by Hund2); he re-
presented Iiis results with two empirical formulas, which were later
demonstrated by the author3):

Vw- n{n21] F0+ [6M-|-L(L + 1)-»(»-4)]F8, (1)

Vv M(F0+ P\) + l [n(« + 1) -L (L + 1 )]F„; (2)

here F0 and h\ are the well known parameters of Slater4), and M
is the eigenvalue of the Majorana Operator, which depends only on
the partition E characterizing the supermultiplet to which the term
belongs.

For spin-dependent forces (Bartlett and Heisenberg inter-
actions) some term values were calculated by Feenberg and
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Phillips5): using their equations (6). (7) and (8) we may obtain
the general formula

Vn-VH [R (R + 1) + S (S f 1) + "('V4: !:/••„ •-) F2), (8)

and we may give to T 7).+l Jr the more convenient form

T-B + VH \S (S + 1) - R (R + 1)] (F0+ 1 F2) + 6XFS, (4)

where A is a inatrix which is diagonal with respeet to R, S and L,
but not with respeet to A.

The whole problem is uow reduced to the calculation of the ma-
trix X, and the main result of the group-theoretical methods is that
its elements are the product of tvvo independent functions:

A {Z\X{R,S,L)\£') (A|0(R.iS')|A')(A[¥/(yJ)iA'). (5)

The functions 0 and 0 may be calculated separately. and their
uon-vanishing elements are given in Tables I—III.

Table I.
rP(R, S) and 'V (L) for p2 and /A

Conf. Z- Z' <P (R. S)

(11) (31) (13) (33) (.11) (15)
0 (L)

S R 1) F

P* 200—20(1 1 -1 -5/2 1 2

211 310

220 220

220—310

220—400
310 -310

|/ 3 / 3 2

0 0 1-1
1

1

1-1 0

Z 5/2

- 5 2 1 2

2(/l0 - 1 7

3 -5 2 1/2

Table II.
(p (R, S) and (L) for p3 and p\

Conf. Z—Z'
<P (R. S)

(22) (42) (24) 44)
<R(L)

S P ü F

p3 210—210

210—300

0 1/2 -1/2
1

-5/2 3'2

v 10

p5

221—320

221—410
311—311

311 -320
320—320

320—410

0 1 - 1

1

0 3/2 -3/2 0

4 Z5 /5
0 1 /2 -1/2
1

5|/3 4

Z~\ 5

5/2 -1/2
3/2/ 5

-3 5/2-1/2
-3 - /14/5 2
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Table III.
0 (R, S) and 0 (L) for p«.

y y' 0 (ß, S) XV (L)

(ii) (31) (13) (33) (33)' (51) (15) S P D D' F G

222—420 1 1 5| 3/2
321—321 3/5 -3/5 -2/3 2/3 1 -1 5/2 - 3/2

321—4 1 4)/ 5/3

321 B 1 4) 5/3

321- 420 1 1 4/21/5
4—4 1 - 1 3 -2 3

B—B -1 1/3 -2 3

420—420 1 -1 -3 9/10 -3/2 3/2 -1/2

V(A) [V (411) +v (330)]/)/2, v(B) [v(411)-v(330)]/)/ 2.

The eonfi(|iirafions dn.

The first problem wliich arises for the eonfigurations dn is a eon-
venient Classification of the different states with the same L which
belong to the same partition. As the partition numbers classify the
terms according to the representations of the five-dimensional linear
group, and the quantnm number L according to the representations
of the three-dimensional rotation group, a couple of quantum numbers

W (w1w.i) inav he introduced, which classifies the terms
according to the representations of the five-dimensional rotation
group. The quantum numbers IT do not solve completely our
problem, but are sufficient for our purpose: no more than three terms
with the same L niay belong to the same representation TT, when
also 18 mav belong to the same partition.

The terrn values for n < 4 were obtained bv Jaiin6) by very long
calculations based on a previous method of the author7). With the
new group-theoretical methods we obtained for dn the following
formulas, which correspond to Eqs. (1) to (4):

Vyy=
11

/•„ |-VT/ l y(TT)] (FS+9F4)

-f [ 2Xl" — w(L, TT)] (b\ — 5 /''_,) (6)

I
M MF(t f I 1-M+ 5,^+3)- -®

y(TT) | (F2+9F4)

+ [ 2 w(L,TT)-X(1,J (/<', — .11<\) (<)
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Vb-VB= [R(R + 1) + S(S + 1) + ^--4-)] [Fo- ; (F2 + 9F4)]

+ X'2) (F2 —5F4) (8)

VH [S (S + 1) — R(R +1)] [f0 +1 (F2 + 9 Ft) j

+ X<3> (F2- 5F4) + X14» (F2 + 9 F4) (9)

witli

and
y (II — w1 (iüj + 3) + ic2 (wi2

o>(L,W)=± L(L+l)~ly(W);

and the problem is reduced to the calculation of the four matrices
X(r). The elements of these matrices have now the general expression

{ZW |XW (R,S, L) \ Z'W)

Za kr. (ZW\AVß\rW') (Z\&<? (R,S)\Z') (W\Vf (L)\W') (10)
i i

with a, b < 3; and it may als» be shown that

0[l] ö (Z, Z'), <P«> 0 0, 0f 0{*\

¥*4) &(W,W'), S*4) 0, 0f=XFT WT (1])

Tables of these functions for the configurations dn with n < 5

were calculated, and will be published elsewhere.
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