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On the Lattice Dynamics of Metallic Hydrogen and Other
Coulomb Systems

by H. Beck1)

IBM Zurich Research Laboratory, 8803 Rüschlikon, Switzerland

and D. Straus2)

Laboratory of Atomic and Solid-State Physics, Cornell University,
Ithaca, N.Y. 14853, USA

(14. VII. 75)

Abstract. Numerical results for the phonon spectra of metallic hydrogen and other Coulomb
systems in cubic lattices are presented. In second order in the electron-ion interaction the behavior
of the dielectric function of the interacting electron gas for arguments around 2/cF leads to drastic
Kohn anomalies and even to imaginary phonon frequencies. Third-order band-structure corrections

are also calculated. Furthermore the properties of self-consistent phonons and the validity
of the adiabatic approximation are discussed.

I. Introduction

Since Wigner and Huntington's original work [1], there has been a large effort
devoted to the study of metallic hydrogen. Considerable demands are put on the
experimentalist, who must produce the very high pressure (presumably a few megabars)
necessary to produce the metallic phase. There have been two recent reports of fabrication

of the metal, one by implosion techniques [2] and the other by static means [3].
Theoretical questions of interest include the prediction of the transition pressure, the
possibility of a metastable metallic form at zero pressure, and the determination of the
structure of the metal as a function of pressure. Also of interest are the transport
properties, such as its conductivity, and in particular the determination of the transition
temperature to a superconducting state.

The understanding of the structure of the metal demands very accurate evaluation
of the static and dynamic energies of a wide range of lattice structures, and of the
liquid state. There has been a fair amount of work on the comparison of static structural

energies in the solid [4-11], all of it based on perturbation theory in the electron-
proton interaction. To improve upon the accuracy of the static energies reported in these

papers would involve very extensive numerical work. That is not the purpose of this
work. Rather, we look in some detail at the dynamics of various structures, a less well-
documented area. We are concerned with the origin of various dynamical structural
instabilities, and their relation to structural differences in static energies.

») IBM Post-doctoral Fellow from the Theoretical Physics Institute of the University, Zurich,
Switzerland.

2) Work supported by US National Science Foundation (Contract DMR 74-23494) and in
part by NASA (Contract NGR-33-010-188).
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These instabilities manifest themselves in the occurrence of negative eigenvalues
of the harmonic dynamical matrix for some points of the Brillouin zone. We will
trace these instabilities to the rapid variation of the dielectric function of the interacting
electron gas at k 2kF, and hence connect them with the well-known criteria for
static stability (e.g., the Hume-Rothery rules (see Refs. [12] and [13])). Another concern

will be the effect on these instabilities of going beyond the simplest treatment of
phonons in metals. By the latter, we mean calculating the dynamical matrix in the
harmonic, adiabatic approximation, including only second order in the electron-ion
interaction. We do this by including third order in the electron-ion coupling and
corrections to adiabaticity in the harmonic dynamical matrix, and by examining work
that has been done with the self-consistent harmonic theory [14].

The behavior of the dynamical matrix for hydrogen will be compared to that for
other Coulomb systems, which we now introduce.

Metallic hydrogen is thought to account for a large part of the matter of the solar
system, virtually all of it residing in Jupiter and Saturn [15]. The presence of helium
in Jupiter, along with the extremely high pressure at its center, suggests that the helium
too may be metallic here. [By metallic helium we envisage a collection of doubly-
charged point ions (alpha particles) immersed in a responding electron gas of appropriate

density3).] Now the properties of hydrogen-helium mixtures may be crucial
for understanding Jupiter's production of energy [16, 17], so that a calculation of the
properties of hydrogen-helium mixtures ('alloys') becomes of interest.

It was in fact just such a calculation (i.e., the phase separation curve of these
alloys) which motivated the authors to embark upon the present study. If we assume
the alloys are completely disordered, it can be shown that all the terms which depend on
structure in the static energy and in the dynamics can be arrived at by replacing each ion
with one of average charge. Thus we would view a 50% hydrogen (by number) alloy
as a system ofpoint ions of charge +1.5 and mass VM^M^ immersed in a responding
electron gas. The derivation of these statements will be given in a subsequent paper.

In the following section, we present the basic theory of the dynamical matrix of
Coulomb systems in the harmonic approximation. The electron-proton coupling will
be taken into account up to third order, and we will discuss the adequacy of the adiabatic

approximation. In Section III, we discuss the numerical results for some phonon
spectra (for cubic structures) and the behavior and origin of the instabilities. We try to
assess the importance of these findings in the Conclusion.

H. Theory

The usual pseudopotential theory of simple metals, as described in Refs. [18, 19]
starts from the Hamiltonian

H> =2 4m Pn + I 2 W^ - R"') <ILlft)
n n nn'

#e=yj-p? + \y. g8
(ii.ib)Y2w 24 |r, -r,|

3) We introduce helium as a metal for the sake of clarity. But it should be stressed that our
calculations in the framework of perturbation theory are in principle valid at these densities,
whatever the conduction properties of the helium.
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fti -2 V(-r*-R»)- (ILlc)
in

Here P„ and Rn are the momenta and coordinates of the ions with mass Mn, respectively,

which interact through the pair potential W, whereas pä and rf describe the
momenta and positions of the electrons of mass m. The pseudopotential V acts between
ion and (conduction) electrons. In the case of hydrogen and helium, both potentials
are given by the Coulomb interaction, e.g.,

W(Rn - Rn.) |pZnZn'p (112)
\**-n — Kn'|

Zn giving the charge at lattice site n (1 < Zn < 2). Thus the usual uncertainty about
the pseudopotential is absent here. The aim now is to eliminate the electronic degrees
of freedom and thus to derive an effective Hamiltonian Hp for the ions alone. This is
easily done (at least formally) in the adiabatic approximation which, for this elimination

procedure, treats the ionic position variables as c numbers. The electrons follow
the much slower motions of the protons instantaneously. We can write the partition
function as

Z(ß) TrpTrele-*<H»+"° +HA Vxpe-»s", QU)

where Trp and Trel denote traces over proton and electron variables, respectively. Hp
defined by (II.3), can be written as a power series in the electron-proton interaction
(^ep):

Hp ffp + Fex + f ±-Hp(v), (114)
V

FeX is the free energy of the interacting electron gas alone (usually taken at T 0). ffp
results from the original Hp by adding a term which represents the interaction of the
protons with a uniform background of negative charge (Madelung energy). Finally
Hf is of the form

W x 2 / d3ry ¦ ¦ ¦ d3rv V(ti - Rni) • • • V(rv - R„v)<Sp(ri) • • ¦ Sp(rv)>el.

(II.5)

It is a f-body operator as far as the proton variables are concerned and involves v-
fold density correlation functions of the interacting electron gas. In Sp(r) the uniform
component <p> of the electronic density must be subtracted out.

Following the usual methods of lattice dynamics, the proton coordinates are
resolved into equilibrium positions and deviations \Jn„ :

Rna(0 Xno + Un„(0; Xn„ Xn + ba, (IL 6)

where n identifies the unit cell at position X„, and h„ points to the different protons
in each unit cell. Thus Hp in (II.4) is used in two ways: First set all \Jna to zero. The
value Hp({Rna} {Xn(7}) is the static energy of the system

^STAT -Fei + EM + EBS. (II.7)
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EM denotes the Madelung energy and EBa summarizes the 'band-structure' corrections
involved in including the electron response to second and higher order in Vep. For
investigating the dynamic properties of the metal Hp is then expanded in powers of
\Jn„. Truncating the expansion after the quadratic term (the linear term must vanish)
we obtain the harmonic dynamical matrix, which is given explicitly below. It consists
of the Coulomb part D(c\ describing oscillations of the protons in a uniform negative
background, and various band-structure corrections [e.g. D(2>]. The Coulomb part
must be calculated by means of Ewald's technique [20-22] which is designed to handle
the long-range nature of the Coulomb interaction. This technique introduces a parameter

A into the dynamical matrix in such a way that the latter must be independent of it,
even though this is not obvious from the resulting formulae. We obtain

A,,„'(q) D\tAq) + D\2A(q) + A(,%,-(q) + ¦ • -,

where

(II.8)

'KiKj
K2 ^-i

Z„: e-K2M2eiK-<b„-b„.)

irai 2 Bif(ba - k - xny«-«>*->v-x„

-s«' 2 2 ^f B^h" - b»- - XÀ};
n o- ^" i)

DW.Wò K), Z (K j. «v e \e(K + q) 7
(K + q\(K + q),

k (K + q)2

(119)

-^I^Zx-^M^-1)]- (IL10)

Here the Cartesian indices i and j run from 1 to 3, whereas a 1 ¦ ¦ s numbers the s
possible vectors b,, in each cell. The cell has volume Qc, and aL refers to the length of
the conventional cube side for FCC and BCC lattices, and to the lattice constant for
SC lattices. The sums over K run over the reciprocal lattice, and a prime over the sum
denotes omission of K 0. The common factor is a 'plasma frequency matrix'

(co%)a<!,
4rre2ZaZr,-

ac(M0Ma)112
(11.11)

This depends on the charges Za and the masses Ma of the basis ions. The function Bi}
is given by

*.A*)=^M*I) +V*(l*l)
with

A(x) 6 1-0^/2)+2AvV^^(3+(A^2(3 + flÄ)

(11.12)

(II. 13a)
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B(x) -
1 - <D(xAtt/2)

+ 2Av^
-(AJW72)2'
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(II. 13b)

O being the error function. For x 0 we define A(x) B(x) 0. Finally e(k)
arising in (II. 10) is the dielectric function of the interacting electron gas. There is some
controversy about which form of e(k) given in the literature is the best. Stoll et al. [7]
have shown that the choice of e can influence the equation of state appreciably, but
mainly at low densities. The subsequent analysis depends only on a basic property of e

common to all the various approximations currently in use [23-25]. This is the
logarithmic divergence in the derivative of e at k 2kF already inherent in the Hartree or
Lindhard form. We work with what is termed the 'Hubbard-Geldart-Vosco' form
[26]. In the reduced variable -q kj2kF, it is

<V) 1 +
(A/V2)F(r,)

with

1

\l/3

AF(V)
2r,2+g

(11.14)

^-2^(9,rj

g=[l+ 0.031 (£)
and

P(v) 1 + L^ log
1 + -n

1 - (11.15)

where rs characterizes the density of the electron gas. A sphere of volume firrf (in
atomic units h e m 1) encloses the volume per electron, kF is the Fermi wave
vector4), and the factor g is weakly density dependent. It is chosen so that the compressibility

calculated from e(k) coincides with the second derivative of the electron-gas
energy with respect to density. In this form of e the latter is obtained from the Nozieres-
Pines interpolation formula [27].

For the sake of simplicity the third-order part of the dynamical matrix is only
given for a Bravais lattice with charge Z (see also Ref. [28]) :

with

AT(q) —X2 3^ (t^)2'3 ^3 Mq) - T(0)]

(q + K\(q + K% 2(q + K, -q - K', K' - K)

(11.16)

¥•(«0= 2
KK' (q + K)2(q + K')2(K - K')2 e(q + K)e(q + K>(K - K')

(11.17)

In the double sum over K and K' terms which would yield vanishing denominators are
to be omitted. The function 2. is equal to the three-pole A(3> used in Ref. [28] and has
been calculated by Lloyd and Sholl [29]. The overall minus sign in equation (II. 16),

4) 3w2«e> where ne is the number density of electrons.
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due to three powers of the attractive electron-ion interaction, may be misleading. The
quantity in the brackets may be negative. It should also be remarked here that the
triple-density correlation function of the electron gas entering (II. 17), i.e., the function
Z divided by the three dielectric functions, is a Hartree-like approximation. This is in
contrast to the form of Z>(2) in (11.10), which is formally exact, since the dielectric
function is directly related to the density-density correlation function. The three-pole Z
becomes singular for certain values of the arguments. Hammerberg [10] has developed
a method for handling this type of singularity. It essentially involves taking into account
some features of the true band structure. This is done by incorporating effects of the
higher orders in Vep into the third-order term. We shall, however, not go into these
problems, since we only wish to estimate the effect of D<3) on the phonon spectrum in a
rough way.

Equations (II. 8) to (11.10) are valid for any lattice of metallic H or He, or completely

ordered alloys of the two. Random alloys can be considered in the 'virtual-crystal'
approximation by using the same formulae with each Z„ replaced by Z*, the average
charge.

Whereas the third-order term (11.16) involves three-body forces, it is possible to
derive the dynamical matrix at second order in Vep from an effective pair potential, as
is usually done in the framework of lattice dynamics in insulators. It is of the form

Ane2 -^ e'*'V(t) — 2 4tv ("-IS)

where Q. is the volume of the systemre u is the volume ot tne system.
In practice, due to convergence problems, the 'induced part'

A-ne2 v e'«'VUr) lrZ7- <q)
X (11.19)

is calculated separately and then added to the bare Coulomb repulsion.
Recently Caron [14] has calculated self-consistent phonon frequencies for FCC

metallic hydrogen. This method is well-known in the theory of quantum crystals [30]
and is equivalent to finding that harmonic trial Hamiltonian which minimizes the free

energy. The part of the self-consistent dynamical matrix which is of second order in
Vep can again be derived from an (effective) pair potential. The value of this pair
potential for a pair of ions separated by a vector X„ is found by a convolution of the
bare potential with the (self-consistently calculated) static pair correlation function of
the two particles

Vn(Xn) j" dh V(r)gn(r, XA (11.20)

with

gn(r, XJ <8[r - (Xn + Un) - U„]>. (H.21)

The values Kn(Xn) can be continued to a function F„(X) of the continuous variable X.
Since gn is a Gaussian in the self-consistent harmonic approximation we find

Kix) -¥ f?0 TO5 e'wn)- (IL22>
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The 'width tensor' involves the displacement correlation function of the two particles

GM <£/((n)t/»> - <t/ì(n)C//0)>. (11.23)

The adiabatic approximation can easily be avoided, at least in the harmonic
treatment, including only second order in Vep. Baym [31] has derived an expression
for a frequency-dependent dynamical matrix DiUaa,(q, z) which is formally identical to
(11.10), except that e(K + q) has to be replaced by the frequency-dependent dielectric
function e(K + q, z). [The term l/e(K) in the second part of (11.10) remains
unchanged.] Then Dyson's equation for the phonon propagator Gu(q, z) reads (for
brevity omitting the indices a, a')

2 (z2K - Ai(q, z)]G,/q, z) 8M. (11.24)
i

D is diagonalized for each value of z, yielding

G(qA, z) [z2 - D(qX, z)]"1 (11.25)

for all polarizations A. If D(qA, z O. + iS) has an imaginary part the phonons
acquire a finite spectral width. The interpretation of (11.25) will be discussed at the
end of Section III.

IU. Phonon Spectra and Dynamic Instabilities

Here we present the phonon spectra for cubic lattices. Figures 1 to 3 show
phonon spectra of FCC metallic hydrogen calculated in various approximations. They
strongly depend on rss), i.e., on density or pressure. According to Figure 1, the
harmonic frequencies (to second order in Vep) axe all real for rs < 1. At rs 1.3, the
frequencies of transverse vibrations were imaginary in some parts of the zone, signaling
a dynamic instability. BCC and SC lattices have instabilities that manifest themselves

over a much wider density range. Only for very high density are these lattices
harmonically stable (see Table I).

Similar things happen in calculations for insulating crystals. In solid He all
harmonic frequencies are imaginary [32]. There the apparent instability (solid He does

exist!) is solely due to an inadequate theoretical treatment of the pair potential. Owing
to zero-point vibrations nearest neighbors are so far apart that the second derivative
of the pair potential (evaluated at the equilibrium distance) is negative. Suitable
renormalization procedures [32] lead to an effective pair potential yielding real
phonon frequencies. (The minimum of this effective pair potential is shifted to larger
distances.) Our pair potential, (11.18), which enters the second-order phonon calculations,

is plotted in Figure 4 for various rs values. Near-neighbor distances for the FCC
lattice are also shown. It is clear that the instabilities in Figure lb are not of the same
origin as sketched for the insulating quantum crystal above. The nearest neighbors
in this case even lie on the 'core' of the Coulomb potential, and the neighbors further
out lie in valleys or on hills of V(t), seemingly at random.

5) Metallic hydrogen has extremely high electronic densities. We expect rs ~ 1.6 (see Ref. [8])
for the (possibly metastable) zero pressure phase and rs « 1.3 at the transition pressure
between molecular and metallic H, which is probably about 3-4 Mbar. He will not become
metallic unless rs ^ 0.8.
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Figure 1

Full lines: harmonic, adiabatic phonon frequencies for FCC metallic hydrogen (in units of the
plasma frequency [see footnote 6]), including second order in Vep. Fig. la: rs 1, Fig. lb: r, 1.3.

In the missing parts of the curves for the lowest transverse branch the frequencies would be
imaginary. (L and T denote longitudinal and transverse, respectively.) The spectra are shown for
three symmetry directions :

(100): q 2-n-laL-({, 0, 0) 0 « « 1

(110): q 2rrlaL-({, f, 0) 0 =S f =S 1

(111): q 2W«L-tf. i, i) 0 ^ i =S 0.5
The dashed curves indicate corrections due to the non-adiabatic treatment explained in the text.

y^^
¦O*'*^ ^^^"^ ^^^1^ /ta)0.5 — <X ^%>x ^* i//X ?\ \ i/i/

>- // ,7 Xi \ ao f/ y \ \z If
UJ // ^^~ ^C^ v \3 V ^00"^ *¦»»»»> ^ >a \o
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^S-J*- ^ \\ \ 1 ^^^

az ^^,> \
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0.5
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i//X yç. \ l//f v v- v il// // \s \ l/// l// -""" Jr-- V \ l/
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m *" XM s S

(100) (110) (111)

Figure 2
Full lines: harmonie, adiabatic frequencies for FCC hydrogen including the third-order term
(11.16), Fig. 2a: rs 0.8, Fig. 2b: rs 1. For comparison the second-order frequencies are shown
by dashed curves.
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0.5 -

(100) (110) (111)

Figure 3

Self-consistent harmonic spectrum for rs 1.3, taken from Caron's work, Ref. [14].

A closer inspection of Figure 1 shows that in those regions of q space where
there is an instability at rs 1.3, there is already a dip in the curve at rs 1.0. This is a
Kohn anomaly [33], which for large values of rs is so strong that it drives the transverse
frequency to zero. To find the origin of this instability we examine the dynamical
matrix along a symmetry direction in q space [q 2ir/aA£, 0, 0)]. Here the matrix is

diagonal and we concentrate on the (doubly degenerate) value Dyy Dzz for transverse

phonons. The Coulomb part D$ is always positive, so evidently for some values
of q, Dfjfcq) is excessively large and negative. In fact this behavior of D(2)(q) can be tied
to a set of reciprocal lattice vectors in the sum of (11.10). This set, in this case, is K
2-TTJaA-l, ± 1, ± 1). Near £ 0, |q + K| > 2kF so that (1/e - 1) is relatively small.
However, as £ increases to 0.4, |q + K| becomes just less than 2kF. Here (1/e — 1)

suddenly becomes much more negative. Thus for a relatively small change in q,
"ö^iXq) has become markedly more negative. In Figure la we see the resulting Kohn
anomaly at £ O.A. Since the function (1/e — 1) appearing in (11.10) is roughly
proportional to rs, the value of rs will determine whether the phonon frequencies
actually become negative (Fig. lb), or whether there is only a Kohn anomaly (Fig. la).

The essential features of the above example are the following: We have a K vector
lying just outside and close to the sphere of radius 2kF, so that there is a vector q for
which |K + q| is just inside the sphere. The rapid variation of (1/e — 1) at 2kF leads,
in the above situation, to a rapid increase in the (negative) contribution 7-)(2)(q) as q
increases. Thus the key feature is the behavior ofe(q) at 2kF. Ashcroft and Stroud [13]

Table I
Ranges of rs where random alloys with average charge Z per lattice site show stable (unstable)
harmonic, second-order phonons in virtual crystal approximation. Only the interval 0.6 < r. < 1.5
has been considered.

BCC FCC

z stable unstable stable unstable

1.0 — rs > 0.6 0.6 < rs < 1 1 < rs < 1,5
1.2 ¦— rs > 0.6 — rs > 0.6
1.4 — rs > 0.6 0.6 < rs < 1.1 rs > 1.1
1.6 0.6 < rs < 1.5 — — rs > 0.6
1.8 0.6 < u < 1.5 — — rs > 0.6
2.0 0.6 < rs < 1.5 — — rs > 0.6



664 H. Beck and D. Straus H. P. A.

300

200

o
>

100

-100

1.5

5 a*- O £!
_ o ^ oo i-

J I I I I.I

" r/rs
[a.u]

Figure 4
Effective pair potential V(r) according to (11.18) plotted as a function of the reduced distance r/rs
(measured in atomic units6)). Each curve is labelled by the corresponding rs value. On the bottom
line the locations of the first few nearest neighbors for an FCC lattice are marked.

have shown that this behavior is responsible for the Hume-Rothery rules [12] and in
general plays a large role in the (second-order) determination of static structural stability.

(We will return to this point.)
The opposite situation, K lying inside and close to the 2kF sphere, does not have

the same effect. As |q| increases, so that |q + K| passes through the 2kF sphere from
the inside, the contribution DfXq) becomes much smaller. So if D$ + DfJ > 0 for q
near zero, the sum will remain positive as q increases.

This argument can be used to understand the dynamic instability of disordered
alloys. For here, just as in the consideration of the Hume-Rothery rules, the relationship

6) The atomic unit of length is 5.29-10~9 cm. The plasma frequency, according to (11.11), for
FCC hydrogen is ha>p 8-10-2/rs3'2 Ry, or op 27r-2.6-1014/rs3'2 Hz.
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Table II
Smallest reciprocal lattice vectors (in units of 2ir/aL) and their magnitudes, as well as 2kT in the
same units for cubic lattices of various charges. The arrow marks where the nearest K vector (011)
for BCC goes inside the 2kT sphere.

Lattice
K vectors
(and magnitude) 2kT for various Z

(Oil), (002), (112)
1.41 2 2.45

(111), (200), (220)
1.73 2 2.82

Z=l 1.2 1.4 1.6 1.8 2

BCC

FCC

1.24 1.32

1.56 1.66

1.39 f
1.75

1.44

1.82

1.52

1.91

1.55

1.96

between the 2kF sphere and any K vector changes with Z*, the average charge of an
ion. From Table I we see that as Z increases from 1.0 to 2.0, the BCC lattice becomes
harmonically stable very dramatically when Z lies between 1.4 and 1.6. Table II shows
us the magnitude of 2kF and the near-neighbor K's (in units of 2ir/aL) for the BCC
lattice as a function of Z. Note that the value of Z at which the nearest-neighbor K
vector passes inside the 2kF sphere lies between 1.4 and 1.6. (See the arrow in Table II.)
The trends in the FCC lattice as reported in Table I can also be well understood in
terms of Table II and the above discussion, but here two sets of K vectors are involved.

Let us now consider the interpretation of this instability (at second order in Vep)

in real space. Although only a rapid variation in 1 /e — 1 near 2kF is needed to produce
the instability, the electron-gas dielectric function has an actual logarithmic singularity
in its derivative at 2kF. It is well known [34] that this leads to oscillatory behavior of
the real-space pair potential V(r), as r -> oo (see Fig. 4). The period of oscillation is

(ikF), and the oscillations get more pronounced with higher rs. Thus it is tempting to
interpret the instabilities in real space as arising from all the neighbors in a line riding
the waves of the pair potential V(r), i.e., all of the distant neighbors sitting at the tops
of the oscillations, an unfavorable position. That this interpretation is valid can be
seen from the following expression of D\f(q) in terms of Vlni(r)

^2)(q) rj 2o v«v^nd(Xn)sin2(^).

Since Klnd(r) has a period of dkF) for large r, values of q for which q K + 2kF will
lead to a coherence between the sin2[(q-Xn)/2] term and the Flnd term, so that the sum
will become anomalously large. This kind of instability is not a matter of nearest
neighbors, as in solid He, but is a question of the lattice structure as a whole. Furthermore,

it is clear that although the basic cause of the instabilities originates quite generally

in the form of F(-q) in (II. 15), the quantitative details are sensitive to which e is
used. Calculations show that using the RPA (Lindhard) dielectric function yield phonon
spectra that are slightly more stable than those calculated with our form (11.14).

It is now easy to understand, at least qualitatively, the effect of self-consistency in
the harmonic dynamical matrix [14]. The renormalized pair potential V going into
Pii,ati-(q) [given by (11.22)] is plotted for Z 1 in Figure 5 for various values of the
Gaussian width. Actually the pair potential, through the tensor Giy(«), depends on
which two neighbors with separation X„ are considered. We have plotted an 'average'



666 H. Beck and D. Straus H. P. A.

300

200

O

>

100 -

:G= 0 0.003 0.03

0.01

^^

r/r
[a.u

Figure 5

'Average' self-consistent pair potential V(r) (see text), according to (11.22), for various values of G
defined in (III.l).

self-consistent pair potential by replacing Gtj(n) in (11.23) by its first part, the displacement

auto-correlation function. This probably overestimates Gtj(n). Putting

<£/,£/,> 8,,-alG, (III.l)
G is a measure of the main square deviation of an ion in units of the lattice constant
squared. Several values of G have been chosen in plotting Figure 5. The general effect
is clear : The finite Gaussian width tends to suppress the variation of e(/c) around 2kF
in (11.22) and the oscillations of V(r) are weaker. Figure 3 does indeed show that
Caron's [14] self-consistent phonon spectrum for FCC hydrogen at rs 1.3 is stable,
while the harmonic spectrum is not stable. The Kohn anomalies are also present in
Figure 3, and according to Caron, the self-consistent spectrum also shows an instability,

but only at rs 1.5. In the light of our discussion we can safely conclude that
self-consistent harmonic calculations will in general'stabilize' a given lattice structure,
since the Kohn anomalies are weakened.

Up to this point our conclusions have been based on the second-order dynamical
matrix, (II.9) and (11.10). We have also performed third-order phonon calculations for
hydrogen at several values of rs. There is no a priori reason that third and higher-
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order band-structure corrections should be small, but according to Ref. [8] the series

(II.4) and (II. 8) can be viewed as expansions in the parameter

Z&. - 4W2 2m

where VK is the Fourier component of the electron-ion potential for the smallest nonzero

reciprocal lattice vector K, and eP represents the Fermi energy. For rs 1.6, <x

turns out to be about one-fifth for hydrogen. Our results in Figure 2 show that the
third-order contributions are indeed small,

K\ « \D\f\-

However, when D\j» itself is comparable in magnitude with the Coulomb part D\f, so
that the sum Z><2) and Dic) is small (or even negative), the third-order term (11.16) can
have a decisive influence on stability. Figure 2 shows that for rs 1.0 the harmonic
spectrum including third order is unstable. Yet it was stable if only second order were
included at this value of rs. The location of the large Kohn anomaly is virtually
unchanged by Z)<3> since the latter varies more smoothly with q than its second-order
counterpart. On the other hand, (11.16) shows that D\f grows as rf (the remaining
factors in (11.16) depend only weakly on r$) and thus becomes increasingly important
for large rs. For intermediate densities we can conclude that Dw and higher-order
terms should be of minor importance since they are again expected to be smaller than
Di3\

Returning briefly to the question of static stability, we should mention how the
behavior of (1/e — 1) near 2kF affects the comparison of static energies between different

structures. Brovman et al. [8, 9] examined various families of Bravais lattices, each

family being parameterized by at least one variable (such as cja). They find that for
low pressure a family of trigonal structures has the lowest energy7). Since the (static)
second-order band-structure energy involves a sum over reciprocal lattice vectors of a
summand proportional to (1/e — 1), it was of interest to see to what extent Brovman's
results could be understood in terms of the variation of e near 2kF. The favoring ofvery
anisotropic structures (for larger rs) can be understood simply in terms of this variation.
A shell of K vectors just inside the 2kF sphere is a very stable situation (low energy),
whereas a shell just outside the sphere yields much higher (i.e., less negative) energy.
This is really the same observation made by Ashcroft and Stroud [13], applied to
metallic hydrogen.

It is not surprising that the static and dynamic stabilities are intimately connected.
For the former is mirrored in the value of the elastic constants, which are negative for
unstable structures [8], whereas the elastic constants are in turn related to the behavior
of the phonon spectrum for small q. One has to be cautious, however, since for the

purpose of calculating elastic constants to second order in Vep from phonon frequencies

one should in principle take into account Dm for the latter [35, 36], which was
not done here.

Finally we wish to comment on the validity of the adiabatic approximation. If the
latter is questionable for any metal it would certainly be for metallic H, since the ratio

7) Their results require careful interpretation, however, for they did not correct their third-
order contributions to the energy for higher-order band-structure effects when the 3-pole
expression became anomalously large. For the very anisotropic structures they propose this
neglect may lead to some error, see Refs. [10] and [11].
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of electron mass to ion mass is the largest here. We have evaluated the frequency-
dependent 'self-energy' D(qX, Q. + /S) [see (II. 25)], for FCC hydrogen at various
values of rs. In order to obtain a frequency-dependent dielectric function the Lindhard
expression (II. 15) was replaced by its dynamic counterpart, see Ref. [37] wherever it
appeared in (11.14). This is the usual approximation for a frequency-dependent e(k, cu)

of the 'Hubbard type' (11.14) [38]. Our results showed that the imaginary part
T(qA, Q) of D is roughly proportional to Q.. We can thus look for a pole of the phonon
Green's function (11.25) by solving

Z2 R(qX) + 2iZ0y(qX) (III.2)
and identifying Z0 X0 + iY0 with a (complex) phonon frequency. Here R is the
real part R of D evaluated at X0 and

y(qA) T(qA, Q)/2D. (III.3)
A non-zero value of y will in general lower the real part of Z0 since

Z0= ±(R-y2)112 - iy (III.4)
and thus make the phonons less stable, for the stability limit is reached when R y2.

(For R — y2 < 0, there would be exponentially growing lattice vibrations possible.)
Calculation shows that y, as well as the difference between R(qX, X0) and R(qX, 0),

is generally quite small. Thus the frequency shift and damping due to a non-adiabatic
treatment are negligible, except that very low frequencies may be pulled down to zero
for a somewhat larger range of q. (See Fig. lb.)

IV. Conclusions

The purpose of this paper was two-fold : to unravel the origins of dynamic
instabilities in Coulomb systems, and to assess the influence of corrections to the adia-
batic, second-order, harmonic dynamical matrix. These corrections consist of including
third-order band-structure terms in the dynamical matrix, taking into account a whole
class of anharmonicities to obtain the 'self-consistent harmonic' dynamical matrix
and evaluating a non-adiabatic harmonic dynamical matrix. We conclude :

(1) The dynamic instabilities (imaginary phonon frequencies) originate in strong
Kohn anomalies. Therefore the relation between the 2kF sphere and the reciprocal
lattice is a good guide for studying the stability of a Coulomb metal. The instability
is not fust a question of nearest neighbors, but involves the lattice structure as a whole.
The applications of these ideas to the investigation of the dynamics of H-He alloys
will be pursued in a later work.

(2) The corrections to the adiabatic, harmonic, second-order dynamical matrix
are not so important if the phonon frequencies are well-behaved (no modes with
anomalously low or even imaginary frequencies). In this case, the corrections change
the phonon frequencies quantitatively, but not qualitatively. When the frequencies are
not well-behaved, and some lie anomalously low (as is the case even for some of the
'most stable' uniaxial lattices of Ref. [8]), the corrections have profound effects:
a) The self-consistent harmonic treatment seems to raise the frequencies and so

stabilize the lattice. It does so by weakening the Kohn anomalies.
b) Third-order band-structure corrections seem to lower the frequencies. This was

demonstrated for FCC hydrogen and is also true for magnesium [28].
c) The adiabatic approximation seems to work well.
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