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Non-Commutative Quantum Dynamics in
N" Dimensions

3y W-S. Chung

Department of Physics and Research Institute of Natural Science,

lïyeongsang National University,
linju,660-701,Korea

(20.III.1996)

Abstract. In this paper the q-deformation of the N-dimensional quantum dynamics is described.

This theory is shown to be consistent only when the deformation parameters satisfy the special
elation

Since the non-commutative plane so called quantum plane [1] was introduced to the
heoretical physics world many theoretical physicists have been attempting to build up
jhysical models based on this type of non-commutative geometry. The reference [2],[3] and
4] governs one dimensional quantum dynamics only. In commutative plane we can easily
extend the results obtained in one dimension to more general cases - those in N dimensions,
iowever it is not the case in quantum plane. In this paper we extend the result given in ref
4] to the N- dimensional case.

Now we build up the non-commutative quantum dynamics in N dimensions. Manin [5]

showed that the quantum space is defined as the quotient of a non-commutative algebra

)y the two sided ideal. Arafe'va and Volovich [2] introduced the non-commuting mass to
liscuss the one dimensional quantum dynamics.

Now we formulate the non-commutative quantum dynamics in N dimensions by means
A the <j-deformation of the algebra of observables; g-deformed algebra H is assumed to be a

motient algebra of free algebra A by the two-sided ideal J;

H A(I,x.,,- ¦ ¦ ,xN,pi,- ¦ ¦ ,pN, Ai, ¦ • • ,AN,K1,- ¦ ¦ ,KN)
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mod 7(7,ii,- • • ,xN,pi,- ¦ ¦ ,pN, Ai,- • •, AN,Ki,- ¦ ¦, KN),

where the two-sided ideal J is defined by the following Bethe ansatz

XiPi q2PiXt + ihqA2 + X^,+lXjPj, (1)

x,p3=qp]xl, (i=£j) (2)

x,x,j q'^XjXi, (i < j) (3)

PiPi gP]P„ (* < J) (4)

x,A} ÇijAjXi, (5)

p,\] o.jAjp,, (6)

x,K} TijKjXi, (7)

p,Kj tijKjPu (8)

A,K3 tkKjAì, (9)

A.Aj AjA„ (10)

KiK, KjKh (11)

where A q2 — 1 and A, and Ki are assumed to be additional hermitian generators of the
extended non-commutative algebra in N dimensions.

From eq.(5) and eq.(6) with j i, we have1

x,A, ÇiAiXi, (12)

p,A, fJ.Aip,. (13)

Multiplying eq.(13) by eq.(12), side by side, and using eq.(5) and eq.(6) leads to

XiPiA] (Ìi<Ji)2A^XiPi. (14)

Similarly, Multiplying eq.(12) by eq.(13), side by side, and using eq.(5) and eq.(6) leads to

p,x,A2 (cl,o,)2A.2p,x,. (15)

Subtracting eq.(15) multiplied by q2 from eq.(14), we obtain the following two relations;

o,f, 1, (16)

0-^ 1, (j>i). (17)

Multipying eq.(6) by eq.(5), side by side and using eq.(5) and eq.(6), we obtain

x,p,A2 (oi&ffA^jXiPi, (18)

'Here we adopted the following notation; A„ A,, for A Ç, a, r, e and y.
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p,XiA] (pi£itfA.)piXi, (19)

Subtracting eq.(18) multiplied by q2 from eq.(19), we get

0,^ 1, (ijtj). (20)

Then the eq.(16), eq.(17) and eq.(20) are expressed by the following one relation;

'«-es1- (2i)

The next step is to determine r,_,, ev and r;y in terms of £y. From the two relations

x,A, iihiXi,

p,K, e,K,p„

we get the following two equations;

x.,p,A,K, anAiKiXiPi, (22)

p.XiKiA, e,rxKxAtp,x%. (23)

Subtracting eq.(23) multiplied by q2 from eq.(22) and using A,K, t}ìK,Aì, we obtain

ri, yfis, (24)

^2 Wi, (j > i). (25)

From the two relations

we have

From the two relations

x,A, ÇiAiXi,

PxKj £i3KjP„

Vi] y/^jTij, (26)

Vij y/tkjTkj (k>i). (27)

p,K, e,K,p„

we have

V, y/ëjÎTji, (j > i)- (28)

Consider the following extended Hamiltonian

H Z?=lp2K2 + V(x1,KuAL,---,xN,KN,AN). (29)

Now we demand that all A,'s and K,'s are constant of motion;

K=l-[H,At}=0, (30)
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kx=l-[H,K,\=ll. (31)

First let us restrict our concern to the free theory V 0 ).Then eq.(30) and eq.(31) give

'ij Vii, for all j. (32)

eji 1, for all i,j. (33)

Therefore we get
£ij e.-> for i < j, (34)

iii &> for i < j, (35)

TH Ti e/2, (*<i), (36)

^ n C2, (i < j), (37)

%=e71, (<<i), (38)

Vji Sr1, (t'<j), (39)

If we summarize all the results we obtain

ZiAj ÇiA^ij, (40)

PlA} rtp,, (41)

XiKj ifKjX,, (42)

p,^ K,p„ (43)

AiKj tfKjAt, (44)

A,A, A;A„ (45)

KiKj KjKi, (46)

Now let us consider the general case with the non-vanishing potential term; Then in
order to make A,'s and Kfs remain constant of motion, we demand that the potential V
should commute with A,'s and Kfs, which results in the following scale invariant properties
of the potential;

V(fix,, fiÄi, Ai, • ¦ •, fkxk,fkKk, Ak,---, ÇNxN, £,nKn, An)

V(xl,Kl,Au--- ,xk, Kk, A*, • • • ,xN, KN, AN), (47)

V((,iX,, K,, &A,, • • •, £ixk, Kk, £t-Afc, • ¦ •, ÇiXN, KN,f,AN)

V(xl,Ki,Al,---,xk,Kk,Ak,---,xN,KN,AN), for all i 1,2,- •• ,N. (48)

Finally we arrive at the Heisenberg equation of motion for non-commutative quantum
dynamics in N dimensions;

Xi j[H,xx]
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[|(£? - 94)P2X, + q(q2 + e?)ftA? - ^X(q2 + l)pxZ»=x+lxmp,n}K?

+ fiditi - q2)PÌxiKl (49)

oliere we damand2 that
6 (nf=1^)M(,-^\ (so)

n order to impose the condition that

[V>,]=0.

similarly we can obtain the equation of motion for the momenta p,'s;

-Pi [H,Pi]
i

[EtiPkK2k + V,Pii

^kÀ\pÌKl,Pi\ + ^i+1\plKl,pi) + [V,Pl\

(q2 - l)piZ£lPlK2k

+ (q-2-l)pxA:t,+iPÌKÌ + {V,p-\ (51)

[f we use the following identity

xPpi q -ptxx +ihq(fx)' lnjj(jL)2Aia;i

+ \[m]qix?~ Tlj>iXjPj, (52)

;hen the commutator between potential and momentum p, is computed as

\V,Pi]

Pi{V(qxi,- ¦¦ ,qxx_i,q2xx,qxx+i,- ¦ ¦ ,qxN)

-V(xu- ¦ ¦ ,X,-i,Xx,Xx+i,- ¦¦ ,xN)}

+ihqA2- V(fxxu ¦ ¦ ¦ ,fx.xxx.l,f2xx,qxx+l, ¦ ¦ ¦ ,qxN,)
d(f)2Xx

+ XE^^XjPj V(x, ,-¦-, Xi-i,Xi, qxi+l, ¦¦¦, qxN) (53)
0,21,

where the derivation of eq.(53) is given in Appendix B and we write V as follows;

V(x,,-- ¦ ,xn, ••• ,xN)

V(x1,Ki,A1,- ¦¦ ,xn,Kn,An,- ¦¦ ,xN,KN,AN),

2The derivation of the condition (50) is given in Appendix A
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and the deformed partial derivative is given by

-—V(xu---,xx,--- ,xN)
dkxx

V(xu---,kxx,---,xN) - V(xi,---,x„---,xN)
xW=T) ¦ (54)

In this paper we discuss the N-dimensional quantum dynamics with some non-commuting
extended variables. In order to get the unitary time evolution of observables we deformed
the algebra of observables leaving Heisenberg equations as equations of motion unchanged.
In time evolution of position, we had to demand that the deformation parameters, Çj's, fulfill
the special relation given in eq.(50). We hope that this procedure will be connected with
the N-dimensional version of Arafe'va-Volovich model in the near future.

This paper was supported in part by NON DIRECTED RESEARCH FUND. Korea
Research Foundation 1995) and the Present Studies were supported in part by Basic Science

Research Program, Ministry of Education, 1996,(BSRI-96-2413).

Appendix A

In this appendix we derive the eq.(50). Let us first start with

V(---,xk,Kk,Ak,---)x,

xxV(q-1x1,f2Kuff1A1,---,

x,,^Kx,fx~1Ax,qxx+,,f2+lKx+i,llx'lAx+u

¦ ¦¦ .qxAf.ejfK'iv.er1^)

xxV(q~1fi:1x1,flKl,f.;1Al,---,

fx~lx„ fxKx, C'A., qtr+ixi+i, £i+i-Ki+i, C'At+i-
¦ •• ,qt,NlxN,t;NKN,l;~1AN)

xxV(q-1fr^2XuflK1,Al,---,

(,iXx,fxKx, A,, q£r+i£ixi+i> £»+i-Ki+i> At+i,

•• ' ^&^xn^nKn^n)
xxV(q-lff2exXi,KuA,,---,

xx,Kx, A,, çe«-+i£iZt+ii Kx+1, Ax+1,

¦¦¦ ,q<ÏN2î2xN,KN,AN)
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Therefore in order for the potential to commute with the coordinate, it should satisfy the

following relations;
£. y/qÇj, 3 1,2, ••• ,t — 1.

£, —£,, j=i + l,---,N.

Multiplying all the above mentioned relations leads to

^ (ntiMq-^ ¦

Appendix B

In this appendix we prove the relation (53) for the monomials.3 The general form of monomials

is given by
V HksFK^AJ?

Then we have

[h^/C'aLIp.
nkx?PxK'knk(f,Ak)l>

(UrJlxin(x7')(ntx+ixTPx)UkK^(fxAk)'''

(nr=1i4't)«-p.)(nL+i(^)"t)n^r(e.A*)'t
Here, using the identity (52), we have

{nkxnk'K'kn*Al£\px A + B + C,

where

a (ni-11x^)(p<(92a;i)^)(nti+i(ç^)n*)nfciCt(eiAfc)''

P.(nr=1i(<7^)nt)(p.(<?2^)n,)(nL,+i(^)nt)n^r(e,A,)(t

p,V(qx1 ,-¦-, qxi-i, q2xx, qxx+u ¦¦-, qxN)

s (nl-\^)(i%(£?)^-M^l(é)2A?^-1)(n^+1(gxfc)n')nfc/ck(eiAfc)i*

ihA2- Vfaxu ¦¦¦, Çi-iXi-i, tfxi, qxi+i, ¦¦-, qxN),
d{s.)2Xi

e A(n;-\xr)W,,xri-1Ef=i+1x3pi(nf=i+1(gxfc)n*)nfciC*(e.AJt)'*

a
AEjLx+\xjPjx—^(^ì)"- ,x,-i,xi,qxi+i,- ¦ ¦ ,qxn),

On2Xx-'q'-i'i

which complete the deriavation of eq.(53).

3Here the general potential is composed of the monomials with an arbitrary degree, so we only have to
prove that eq.(53) holds for the general form of monomials only.
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