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Abstract. The exact solution and the invariant Cartan operator of the linear nonautonomous

system with hw(4) dynamical algebra, which describes the interaction of a quantized radiation field
with a time-dependent classical current, are obtained by using the method of algebraic dynamics.
Two kinds of solutions are obtained in terms of both harmonic oscillator states and coherent states.
The rule or condition for direct quantum-classical correspondence of the solutions has been

established. It has also been shown that algebraic dynamics can be generalized from the linear
dynamical system with a semi-simple Lie algebra to that with a general Lie algebra.

In Ref.[l], the linear nonautonomous system with a semi-simple dynamical group has
been successfully studied by means of algebraic dynamics. The exact solutions and the
profound quantum-classical correspondences of the dynamical systems with SU(1,1)'2', SU(2)'3'
and SP(4)'4' algebras were obtained. The advantages of algebraic dynamics are: (1) The
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method allows one to study the nontrivial time-dependent dynamical symmetries of linear
nonautonomous quantum systems conveniently and to make full use of these symmetries;
(2) By means of gauge transformation, one might readily get the analytical solution of a

quantum system in various possible representations; (3) By virtue of algebraic dynamics,
the number of parameters needed for solving the quantum equations of the system can be

reduced to the minimum (which is equal to the rank of the algebra minus the number of its
Cartan operators), and the equation of motion can be linearized; (4) Within the framework
of algebraic dynamics, the quantum-classical correspondence of the solutions is exhibited
clearly. The present letter serves as an attempt to generalize the algebraic dynamic from the
linear dynamical system with a semi-simple Lie algebra to that with a general Lie algebra.
The linear dynamical system with Heisenberg-Weyl(hw(4)) algebra is one of the simplest
general Lie algebraic systems.

The study of the linear nonautonomous quantum system possessing hw(4) algebraic
structure is an interesting and important subject in quantum physics'5'. On one hand, the

algebraic structure of the system is simple. On the other hand, the system describes the
interaction of a quantized radiation field with a time-dependent classical current'6' or
multiphoton processes'7'. With the aid of algebraic dynamics'1', in this paper we present the

analytical solutions of the hw(4) linear dynamical system under two different representations
respectively, and find out the quantum-classical correspondence of the solutions.

Consider an hw(4) linear dynamical system described by the Hamiltonian

H(t) w(t)âtâ + n*(t)ât + n(t)â
to(t)N A n*(t)& A n(t)â

[ '

where to(t) and Q(t) are non-singular, real and complex functions of time respectively. The

particle number operator N ô^â, the particle creation and annihilation operators âf and

a, as well as 1 form an hw(4) algebra, which satisfy the following commutation rules

[â, 0+1 1, [N, âf] a* [N, â] -â (2)

The Lie algebra hw(4) can be decomposed into a semi-direct sum of U(l) {TV} and

/i(3) {âfâ, 1}, namely
hw(4) U(l) © h(3) (3)

Because h(3) is an ideal of hw(4) and solvable, it is also the radical R of hw(4). The

decomposition of the Lie algebra hw(4) is thus written as

hw(4) U(l) © R (4)

Therefore, hw(4) is a general Lie algebra. A special case of (1) reads

H=l-io(t)(p2 + q2) + eE(t)q, (5)

which describes the interaction of a harmonic oscillator having time-dependent frequency
with an external electric field.
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The time evolution of the system is determined by the Schrödinger equation

f||*(t)> H(t)\*(t)) (6)

here we have taken the natural unit, i.e., fi 1. Eq.(6) can be solved by using the evolution
operator method and Magnus expansion'8-I0l. However, the drawbacks of this method are:
(1) It does not give the dynamical invariant operator of the system: (2) The solution in
coherent representation has not been obtained except the solution in harmonic oscillator
representation; (3) The number of parameters for determining the time-evolution operator
is usually more than the minimum needed for solving the quantum equations of the system;
(4) The equations of motion for the parameters of the evolution operator are nonlinear, so

it can not reveal the quantum-classical correspondence.

Introducing a gauge transformation for solving the Schrödinger equation (6)

Ûg(t) exp[vi(t)ô] exp[u2(t)ât] exp[v3(t)N] exp[v4(t)] (7)

where v,(t) (i 1,2,3,4) are complex functions of time. Under the gauge transformation
(7), eq.(6) becomes

ijtm))=Ti(t)\nt)), (8)

where the gauged Hamiltonian H(t) and the gauged wave function \^(t)) are defined,
respectively, as

TÎ(t) Û^H(t)Ûg-iÛg-^, (9)

mt))=û;im)). (io)

Substituting (1) into (9), after some calculation, one obtains the gauged Hamiltonian H

H(t) (to - iv3)N + (fl' +tov2 - iv2)e~V3âi

+ (0, — <ov\ — iv\)ev:là + (Çlv2 — Sì'vx — V\V2io — iv\V2 — ivf)

As has been pointed out in Ref.[l], one of the merits of algebraic dynamics is that it enables

one to choose a proper gauge so as to meet his own requirement and thus the problem of a

nonautonomous quantum system can be solved under different gauges. In what follows, we
will solve the Schrödinger equation (6) under two different gauges which correspond to two
different representations (harmonic oscillator and coherent representations) respectively. At
first, let us consider the first gauge, i.e., the choice of gauge transformation is such that

v3(t) 0 (12a)

v2(t) + ito(t)v2(t) + itt*(t) 0 (12b)

i>i(t) - iu>(t)vi(t) + iÙ(t) 0 (12c)
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v4(t) + vi(t)v2(t) + Ai(t)v2(t) - iü*(t)vi(t) - uo(t)vx(t)v2(t) 0 (12d)

Within the framework of algebraic dynamics, the gauge transformation parameters vx(t)
may be given any initial values. For convenience, we assume Ug(t 0) 1, i.e.,

Vl(t 0)=0, v2(t 0) 0, v4(t 0)=0. (13)

From eqs.(12a-d), one has

Vi(t) — iexpi / w(T)dr / Q(ti) exp — i I to(T2)dT2\dT\ (14a)

v2(t) -iexp[ - i / u;(r)dr] / Çi*(ri)exp\i w(T2)dT2Jdr1 (14Ò)

vA(t) =i i n*(r)v,(r)dT (14c)
Jo

It is obvious that
v,(t) -v'2(t) v(t) (15)

(14a-c) are the integral expressions of vx(t) under the chosen gauge. If the coefficients io(t)
and Cì(t) are given, the gauge transformation parameters Vi(t) can readily be calculated from
eqs.(14a-c). Let

y(t) n(t) exp[ - i f w(r)dr] (16a)

X(t) -i /\'(T)dT (166)
io

(14a-c) may be converted into the following compact form

*(t)=t,(.) -2Äß). (17a)

v.(t) -V(i) ff (176)

v,(t) -if1'(r)xt(r)dT. (17c)
Jo

With the aid of (15) and the following algebraic relation

exp[—v^t)^] eacp[vi(t)à] exp[v2(t)â^} exp[v,(t)a\ exp[v\(t)v2(t)) (18)

the gauge transformation Ug(t) may be written as

Ûg(t) exp{-v'(t)â*}exp[v(t)â}exp[ - -|x(t)|2] exp[- i Re^ 7Mx(r)dr]

exp[—v*(t)iï + v(t)â] exp — i Re / 7(r)x(T)dr (19)



582 Zuo and Wang

It is evident from (19) that the first gauge transformation is unitary. Under the chosen

gauge, the gauged Hamiltonian H(t) becomes

t(t) w(t)7(0) (20)

where

7(0) N (21)

(21) shows that under the above special gauge, the Cartan operator I does not dependent on
time explicitly, and is just the particle number operator. Therefore, this gauge corresponds
to harmonic oscillator representation.

The dynamical Cartan operator reads

î(t) ÛgI(Q)Û;1 =N + a(t)â + a*(i)âf + 6(t) (22)

where the coefficients a and 6 are

a(t) v,(t) v(t) a*(t) -v2(t)=v*(t), 6(t) \X(t)\2 (23)

It is easy to check that I(t) is an invariant operator of the system. The dynamical equation
for a(t) is

à(t) uo(t)a(t) - iü(t) (24a)

à*(t) -ito(t)a*(t) + itt*(t) (24b)

with the initial value a(t 0) 0. (24a, b) can also be obtained from the equation of motion

for I(t), i.e., — r-i[H(t), I(t)} 0. Now we have a discussion about the quantum-classical

correspondence. The classical algebraic dynamics is

ft {a, H(a, a', t)}, ^ {a*, H(a, a', t)} (25)

where {•••,•••} denotes Poisson brackets. The Poisson brackets corresponding to (2) are

{a, a'} -i, {N, a} ia, {N. a*} -ia* (26)

The classical Hamiltonian is

H(t)=to(t)N+ n*(t)a*+ n(t)a N a"a. (27)

From the above equations, one gets the classical equations of motion for the system, i.e.,

à(t) {a(t), H(t)} -uo(t)a(t) - iiT(t) (28a)

a'(t) {a*(t), H(t)} uo(t)a'(t) + iü(t) (286)

Comparing eqs.(28a,b) with eqs.(24a,b), we obtain the following remarkable relation
(quantum-classical correspondence)

a Vi -a*, a* — v2 —a (29a)
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î(t) N -a*â-aà1 + 6 (296)

For a general Lie algebra dynamical system, a direct quantum-classical correspondence can
seldom be obtained'1'. However, for the hw(4) algebra, we have arrived at such a correspondence.

This is because, mathematically, the structure constant matrices appearing in the
dynamical equation of the invariant Cartan operator are Hermitian, according to Ref.fl],
there should be a direct quantum-classical correspondence. Physically, the algebraic dynamic
freedoms related to the invariant Cartan operator I are corresponding to a+ and â, and their
classical equations are just the equations of motion for p and q in phase space. In other
word, as invariant operator I is concerned, the freedom N of the algebra hw(4) is frozen, and

hw(4) is reduced to h(3). This gives rise to the above direct and excellent quantum-classical
one-to-one correspondence

In what follows, we proceed to solve the Schrödinger equation (6) of the system by
using algebraic dynamics. First consider the eigen problem of the invariant operator I(t)
Ûg7(0)Ûg\ Let \n) be the eigenstate of 7(0) N, i.e.,

7(0)|n) =n\n) (30)

The eigen equation for the dynamical Cartan operator I(t) is

î(t)Ûg\n)=nÛg\n)=n\ên(t)) (31)

where \ej>n(t)) Ug\n) is the eigenstate of 1(f) with eigenvalue n. By virtue of expression
(19) of Ug, one has

\4>n(t)) £ exp[ - i(m - n) fw{t)At] M[x(t)]{m^Lrn(\x(t)\2)
A^o L Jo J

V ml

xexp[-i|x(t)r]exp[-iRe^7(r)x(r)dr]H (32)

where L^_n(|x(*)|2) are the generalized Laguerre polynomials.

Under the special gauge (12a-d), the gauged Schrödinger equation is

t£|*(t)>=w(i)7(0)|*(t)>, (33)

which has the following solution

|TB(t))=exp[»eB(*)]|n), (34)

where

BJt) -n f to(r)dT (35)
io

From (10), the orthonormal diabatic basis, which is an exact solution of the original equation
(6), can be obtained

|*„(t)) exp[ien(t)]\cpn(t)) YI exp[- im / w(r)dr exp[- -|X(t)|:
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xexp[-z Re [\(T)x(T)dr}J-[X(t)}^-^L'rn(\x(t)\2)\m) (36)
L io J V ml

The diabatic energy levels are

En(t) (%l\H(t)\*n)_
{VnlÙ-iHÛM (37)

nw(*) + lx(t)IM*)+2Re[x(*)7(*)] •

An arbitrary solution of the Schrödinger equation (6) can be written as

*(«) £ C„*„(*) £ Cn exp[ien(t)]f>n(t) (38)
n n

where C„ is independent of time and only determined by the initial state of the system,
while the whole dynamical information is contained in the phase Q„(t) and the eigen states
cpn(t) of the invariant operator I(t). It is easy to check that the expectation value of I(t) is

a constant of motion.
(*(0|/(0l*(0> E"|C„|2. (39)

n

Up to now, we have obtained the analytical expression of an arbitrary solution of the

system studied. In the following, we discuss some special cases:

(1) The initial state is an eigenstate of the particle number operator N, i.e., |$(t
0)) \n). For this initial condition, the solution of the Schrödinger equation is

00 i-t 1

|*(t)> £ exp [ - im / to(T)dr] exp [ - -|x(t)|2]
m=0 ^0 l

x exp [ - i Re/o(7(r)x(T)dr]^[x(t)]("1-")Lr"(|x(^)r)|m) (40)

which recovers the result in Ref. [8].

(2) \ty(t 0)) \n), and to const., CI* fi const.. For this case, the wave function
of the system is

|*(t)) E expf-in^t] exp[ - ;W)|2] exp[i£ /' |/?(r)|2dr]

-[)9(t)](«»-»)LrB(|/9(t)|a)|m> (41)

where

V2
/?(t) -i[çi^pl] exP[-üot/2} (42)



Zuo and Wang 585

(3) \^/(t 0)) |0), and to const., fi* fi const.. In this case, the time evolution
of the system is determined by

!*(*)> £ ^Sf eXPK f \^t)\2At\ exP[ - \\W)\2] H ¦ (43)
.n—n y/ml z Jo z

As has been pointed out that by virtue of algebraic dynamic, one may readily choose a

proper gauge at his disposal to study a linear quantum system. To illustrate this statement,
now we consider the second gauge. The second choice of the gauge transformation is such

that

v,(t)=0, (44a)

v2(t) + ito(t)v2(t) + iii'(t) 0 (44b)

v3(t) + ito(t) 0 (44c)

v4(t) + ifl(t)v2(t) 0 (44d)

Assume Ug(t 0) 1, one has

v2(t 0) 0 v3(t 0) 0 Vi(t 0) 0 (45)

From (44a-d), we get

i,JA 1

fi(<)

v3(t) -i f to(r)dr (466)
io

v4(t) -i f 7(r)x(r)dT (46c)
io

where 7 and x are defined by (16a, b). (46a-c) are the integral expressions of v,(t) under the
second chosen gauge. Once the coefficients to(t) and fi(t) are specified, the transformation

parameters Vi(t) can be readily calculated from (46a-c). Under the second gauge, the gauge
transformation Ug(t) becomes

Ûg(t) exPp^^â^}exp[- ij^ co(T)dTN]exp[- ij\(T)x(T)dT] (47)

Under this gauge, the gauged Hamiltonian H(t) is

77(1.) /(t)7(0) (48)

where

V2(t) ^# (46a)

f(t)=fl(t)exp[-ijtuj(T)dT] =j(t) (49a)
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/(0) â (496)

It is evident that under the second gauge choice, the Cartan operator / does not dependent
on time explicitly, and is just the particle annihilation operator â. Therefore, this gauge
corresponds to coherent state representation.

It should be noted that the gauge transformation Ug(t) corresponding to the second gauge,

(47), is not unitarity. As a result, the gauged Hamiltonian H(t), (48), is not Hermitian.
However, the gauge transformation only serves as a method to study the system conveniently.
The physical solution of the Schrödinger equation (6) is naturally irrelevant to the choice of

gauge transformation.

The invariant Cartan operator is

î(t) 0,1(0)0;' --^[a(t)â + b(t)\ (50)

where the coefficients a and ó are defined by

«(*) -7'^**(t) 6(t) \x(t)\2- (51)

(50) shows that the varying of I(t) is constrained in the subalgebra h(3) and the subalgebra
N of hw(4) is frozen. This again leads to a direct quantum-classical correspondence. It is

proved that 1(f) is an invariant of the system. a(t) satisfies the following dynamical equation

a(t) uo(t)a(t) - iü(t) (52)

he equation of motion for the invariant operator I(t), i.e.,

+ i[H(t), I(t)] 0. Comparing (52) with (28b), one gets the quantum-classical corre-

(52) can also be obtained from the equation of motion for the invariant operator I(t), i.e.,

dî(t)
dt

spondence which is similar to (29a

(53)

Now, we proceed to give the exact solution of the system studied in coherent state

representation. Let |A) be the eigen state of 1(0) â, i.e.

7(0)|A) A|A) (54a)

where A is an eigenvlaue. The eigen state |A) of 1(0) is a coherent state which can be

expressed as

oo \7i oo \n
|A> exp [A&f - A'a |0) Nx £ ^=|n) Nx £ —(&t)-|0> (546)

n=o yrv. n=0 n.

where N\ exp[—|A|2/2], The eigen problem of the dynamical Cartan operator I(t) is

î(t)\i>x{t)) X\<t>x(t)) - (55)
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where \é\(t)) is the eigen state of I(t).

r A i °° °°
r A

\tpx(t)) Ug\x) Nxexp[-i x(T)y(T)dT\ £ £ exp I- m/ w(r)di
i° ,T,^n„-ji iO

r7(t)x(t)im 1 An (n + m)\.

A is the corresponding eigen value. The eigen state \cfix(t)) can also be written as a more
compact form

|^(t)>=exp{i[|^(t)|2-|A|2]}exp{-z^7(r)x(r)dr}|^(t)) (57)

In (57), |/l(t)) is the eigen state of â with eigen value A(t), i.e.,

|A(t)) exp [A(t)â< - A'(t)â] |0) exp [ - -\A(t)\2} £ MÉf l«>
L J L 2 „=o vn!

(58)

where

yl(t) t*(t) + Aexph(<)] M[* + X(t)} ¦ (59)

Under the second gauge choice (44a-d), the gauged Schrödinger equation is

i£|*(t)> =/(t)7(0)|T(t)> (60)

which has the following solution

|*A(t)) exp[ieA(t)]|A), (61)

where

i&x(t) -i\ f 7(r)dr -XX*(t) (62)
io

Under the second gauge, the diabatic basis is

|*A(t)> Ö,|**(«)> exp[iQx(t)}\Mt)) ¦ (63)

Let the system is initially at its coherent state |A). At time t, the state of the system becomes

|*(t)) |*A(«)> exp[»eA(«)]|^(t)> exp[i^(t)]|/l(t)) (64)

where |/l(t)) and A(t) are defined respectively by (58) and (59). 6x(t) is a real function of
time, which is defined as

8x(t) -{lm[Ax*(0] + Re^7(r)x(r)dr} (65)

It is easy to check that |^(t)) is the solution of the Schrödinger equation with the initial
condition |$(t 0)) |A). (64) shows that for the system studied, if the initial state is



588 Zuo and Wang

a coherent state, the time evolution of the system conserves its coherence within a phase
factor. Before concluding the paper, we give some expectation value of quantum quantities.

(1) The wave function |^(t)) is normalized, i.e.,

(*(t)|*(*)> 1
• (66)

(2) The expectation value of â

(â) A(t) (a2) A2(t) (67)

(3) The expectation value of a*

(fit) A'(t) («*2> A*2(t) (68)

(3) The energy of the system is

E(t) (H(t)) io(t)\A(t)\2 + n*(t)A*(t) + fl(t)A(t)

to(t)\X + x(t)\2 + 2Re{7(t)[A + X(t)}} ¦ (69)

(4) Define coordinate and momentum operators as follows

^=72("t+â)' P=^2{àì~à)' (70)

then one has

(Ô) y/2Re[A{t)], (p) V21m[X(t)\, (71a)

'2 \, (p2)=2{lm[A(t)}}2+1-

The uncertainty relation is

(q2) 2{Re[^(t)]}2 + Ì (p2) 2{lm[A(t)}}2 + \ (716)

Ap(t)Aq(t) Ap(0)Aq(0) ~ (72)

Because |^(t)) is a coherent state, it conserves the minimum uncertainty of the system.

Up to now, we have obtained the exact solution of the linear nonautonomous system
with hw(4) dynamical algebra under two different gauges (or two different representations).
The new results in the present paper are: 1) It has generalized the method of algebra
dynamics from the linear dynamical system with a semi-simple Lie algebra to that with a

general Lie algebra. 2) It has established the rule or condition for a direct quantum-classical
correspondence in general Lie algebraic dynamical systems: the equation of quantum motion
is only related to the structure constant matrices which are Hermitian; 3) Using the gauge
transformation approach, the exact solution in coherent state representation is also obtained
besides that in harmonic oscillator representation; 4) The invariant Cantan operator and the



Zuo and Wang 589

quantum-classical correspondence in both representations are obtained.
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