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Some Elementary

Researches in the Mathematics

of Life Insurance

/îy Osama Sumitsiy'i, Osufcra fJapan,)

Summary

[11 this paper approximation formulae are derived for the present value of
annuity, the net premium and the mathematical reserve. They may he helpful to
estimate the monetary functions in absence of complete commutation columns as
well us the effect of variations in the underlying mortality or the interest.. They
are also of interest for actuarial studies in the domain of substandard risks.

I. Approximation Formulas

1. The equated time of Payments.

Let the various sums be .S'„, ,V„_j due at the end of
w®, »,, years respectively, and m the equated time. Then

«—1 tt—I

F'V,SV=, N>"r,s„
0 0

hence 1

«= (InV.S',, In V &>'")
d

" hl«, L SS, A vs, :

*—' * —' ^ —' ' * ' higher power of o,

where (5 In (1 + t) and i is the ordinary interest.

Hence, as a first approximation
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In this formula, if we put >S\

''h 1, '«2 2) • ' ^H-l — 1,

clearly we have V« y « — t
*E"s, ^ 2

'

V ?t; ,S', / V «,>>', Y »" 1

'

I V. S. /
"

•Vi 1 and Wo 0,

V, S 12

therefore we obtain «— 1 «2—1
- (5+ <52(...)-

"„I «('
n—1 «2—1

— ci

(7„-| ~ rrr "

Example: » 3%, <%j 20,1885 true value,

ö„-| ~ 20,1935 by formula (2).

Similarly and are expressed as follows:
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Ci)

«—L

v ^ h /

with 2?

h

2(2<+l)*,H / ^
I

(i:

0
hi

h J,

When w is large, approximations (4) and (6) are not so good, but
in case oE estimation of or Eg.«] at new interest rate t', when the
value of or ö,,.„j at interest t is known, they are useful. The proce-
dure is as fellows: Prom

/| 7)
.r : u I

''

we obtain the exact value of w. Then we write

«— I\
0

V Z

_j v in V(2f + l)Z,„ /'VI,.c-h i

-m,

and we have

with 2?

/I' ~;r:n| ^

21—1

h

d'

n-l\p2i+i)i.,, /yi,
I, I,

d"~
a.

This result is excellent in usual.

Examples: ('.S.O. Table, 2 '2,5%, j' 8%.

a) -laoraoi 0,5170,
29

y/.'30-hi

27,250,

29

v (2z+1) Z;,u /vz.'30 h i

y 138,182,

« - 0,0644,

hence .4' ~ a *».-(?)•«8)0:301'^" 2 \ / 0,4556,

true value of vl./„.^-| 0,4556.
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b) ^3o 0,4138,

V

(•lu

304- *

88,242,

V(2H-1)Z^ /S^ohA"
" I " ] 192,036,

30 ^ 30

« 0,1374,

hence ^ ~ i>'=»•*«»- 2
««,036-(*)'o.137.1 _ „,3532,

true value of 0,3532.

Now we introduce now notations g^.-j, and which denote as

n-t
v z

V _ /' «-1
^

*4c:n|

n—1

V zz
-H ''' ' ' to(m —1) / 2« - I _

1 =-. ('- 3

n— 1

v /- z

"4 ' «(« -1) (2m -1) / 3M (to — 1)

Z, 6 2(2« l j
''' '

Ordinarily < r/^.. --. But when a: and to are not large,
we may assume ~ ~ „y In such a case we may write
approximately

n— 1 n—I n—I

2X- < 1 / N(Z-Z,,( 2 -iz-jxm %__]/ n-f-1 \ ^ ^ / i \ w—J-
n-t ' '

O m O. 9x:»|)' n-1 I
ri— 1 ^ 10

v z
^ V Z \ V z /

I h+l _J <>+( \ / ,ry,
0 0 0 U J

2(2Z /E4
0 0

:1 2 '?• ~ (8)
4 / 12

(«-^x:») (8^:S"|—TO)

3
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The value of is easily obtained from the mortality table V ^
column. Here we show some of them: C.S.O. Table, « 10 and 80,

'honor " ».»020, <7to:oo|= 0,0025,

<7,0:101 0,0041, <730:301 0,0063,

<750:101= 0,0146, <750:301= »,0215.

2. The approximations to -
» and

^

_

«*:ÏT|

Here we denote

-1, ^ ",:„1 - - - „
r

^ ^
i " I « "b 11,;

': ~ ~
r7d

' ~ /),

Now we begin with where
<V|

(fa)„_i! » + 2^+8®»+ + («-

<g) Differentiate (2) with respect to d, and we have

("7 /«—I m^—l \- ä !="*(.. >)«.>

hence we may write ordinarily

_»-</, « I 1 A

"« 2 \ 6 /

dj Carring "the equated time of Payments" method directly to
and d„| we have ordinarily

«(« —1) 2„-l _(»-!) («-2)
3 3G

n—1 «2—1

I g
^ ''

nc 2 24"«+^
therefore

(7a)„ : m 1 «H (»+i)" « —1 / «1-1 A'

~ « «
>-

72 "H 1 - 'I
2 2 V 0 /
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In the same way, differentiating (8) and (5) with respect to d

and using (7) and (8) respectively we have, when :r and « are not large

») <"»

(^Oa::n| ^ /'-j ^ ^/ rt — 1 \
» 1 - g =» I

~~
i o '/ od (4 -3 « </,, „,) ~

(10)
•" ''h:,) '0 •

e.,..;n :

When ;r and n are not large, another approximation to
^ '

is obtained as follows:

(^)x:n-l| Ae+L
T7 \ J

"e2 /I 1/ \
— n (J-~lW:n|) I- (A—2^:»|) «'

A; A:

Here we may assume

« I
'

'2

and assume though roughly

i - I - M !'•

(^«)x:»^Lj 2

^
where

rf* ra(n — 1) (2ri — 1) /' 3 \
,1= Tj '—< t - m,,„ » '1

V /.i.n-i ^ y y y '-»iy

(using the "equated time of Payments" method).

Hence we have

(M,"m -,
' ,T \~ I •

I >

",:n « 0

therefore ,t n

('4r:»-L| ^
- \y -'

r» a;:»n b
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Examples: C.S.O. Table, i 2%%.

(^®)_30:39|
12,048,

":î0::IO|

by formula (9) — 12,166,

by formula (12) — 11,919,

_ 26,111,
^ 30 : 30 I

by formula (10) 26,055.

3. Interest rate and Net Level Premium.

Hero P^.-i and P).„| represents Net Level Premium at interest

rate i respectively f, and

a) Clearly we have

d d a*;nj _
^A;:n / (df*)x:»i---l

| \
d<5 *="' d<S dj..„i V /

Carrying (4), (6), (7), (8), (9) and (10) to the right hand side of this

relation, we have ordinarily

d « + 1

(it«,»,
WViovp'

W, A::,, 4 + nI
«•> 24*'' '">+(. '

« A
Therefore when T -t is small, we may write

I /' '"1\ / / i + i' i" -• )(i + f( a-)). (13)

y _j_ \
and when f f j is small, simplifying

m 6

J / n+1 nl-li
.1/' ~ I H " '' " )• (14)

x:»l „
12
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Examples : C.S.O. Table, i 2,5%, f 3%

true value liy formula 13) by formula (14)

to 10 /l/\o:,o. 0,00239 0,00240

-/IAo:ïo) 0,00237 0,00238 0,00231

-^60:101 0,00232 0,00231

to 20 -^26:201 0,00201 0,00202

Pro: 20 1
0,00196 0,00195 0,00192

-^50:20, 0,00181 0,00183

to 30 0,00178 0,00178

-^30:301 0,00172 0,00172 0,00165

-^50:301 0,00158 0,00157

For the •»» payment to year endowment, in the same way as (14),

we may write

zl p -,m x :w |

2 / 2n—m -f1 2n—m -f- 1

t/ - — ?; 2

m
'

Another approximation formula to/IP^..-, is obtained as follows

i I
1

7 p
).c :n-W^:n| -»+ \ 2

Hence, when zli F — f is small, we have

(15)

On the other hand, clearly (see Appendix)

Zj (i^:»| + Px:»| + /I j)

•I/'.,, "

where ,F%,-- ,F%,, with interest,rate f, and

/If, (16)

d

W.-N.
(17)

ar-fn
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From (Hi) and (17) wo see the error committed in using (15) is

AW*:« ^ I

° zH.
Y,-1V.x-(-n

To evaluate this error, from (17) we may write

2 (<^:n~l+-Pc:n|) At H

7) ** " \ d<5

Differentiate this relation with respect to (5, and write

n-l
v

^
,7 /;(2) - A A - «(D_
h:n| 'h:n|>

for the sake of brevity, we have roughly

F % AD
Add ' dfl *="'/ *+'

A,
I 'if.F, /4?n|V I 44] /» 1

2-v,rU
(from (9) and (11), assuming that :c and n are not large).

Hence we obtain

A4A <">

For ordinary life, on passant, we may write

i ^where Z^,..
h o



— 172 -
Examples: O.S.0. Table, i-—2,5%, i=3%.

• 1U. 0,00172,

® jmii 0,00179,

v« (Zl7)2 0,00007,

(®30:30 j)"

'30 r
,12

* 2

hence by formula (18) 0,00172,

l/(,„ 0,00131,

Wli 0,00138,
(«so)® /

+
* V(zHP 0,00009,

12 2/ ^ '

hence by formula (19) 0,00129.

cj From the mean value theorem, we have following approxiina-
tions:

d

dd »»
zl/(;:,7i ~ zlZ(,| where P-|==

d "„I
db »

d

/I/'~ 11 » 2 where P,.„i « •
'

V« / » + 1 »t.» db (ä^,f
2w (see Appendix).

Now we notice the following relations:

/' d \ 1 / d® d \
=,).* +

and

?̂(dP^ +
db 1 / da d

P _ P _-*• r- nl ~ « I /
.V, ,Y,.„ 2 d'F *="! db * "
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4. Interest rate and Premium Reserve.

Differentiate the following well-known relation with respect to <5

f-l /—I

F P ° "
/ 'a;:n' * a: : n I / \ t\ '

'Vm s-H /

and we have

F =1 "-P i " + "

rZd ' '
,/,) -»1/ /p.,

rZ
__ / fZ

Hence

'Z V- / """ V" •

<Z<5
' ' '

do )"*=' /' \
(f^c:n"| + 1%,.,

0

Therefore when « and » are not largo we may write roughly

cZ /
rZ \ D,. / / \

(WVZcS /p.,' J' ^
Hence, when ZH and < are small, we have

.HI-;,, I I '

'
(21)

ov more simplifying

(22)

Hxample: ('.S.O. T'able, 1 2,5%, i' 8%.

— H 10^30:3U| 0,01336,

by formula (21) 0,01349.

A better approximation is obtained as follows. The following rela-
tion is well-known:

" C<5
2

(<Z<S*
fZd ^=»)*W + ••••
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The coefficient of u- (zli)- of the right hand side is estimated approxi-
mately as follows:

^
T/ /(^)x:n-i| WiM j \ ^

a
/ ' x:nI ^ ' ~ ~ ('«-0

(from (i))),

,72 ,V /,y(2) _____ ,;(!) ,y(l) y(l) 2 -(2).^
]7 —

as-hI:I / ^ I ®:»| J_ 2 f |
^"1

%:»] \®i+(:«yj 'h:nj ®x:nj

i(m —<) f <(2m — f) / 2m — f '

~
'

— n-2< +
^ - ill—

6m 2 \ 12

Therefore we have (from (9) and (11)).

1 /(m—i) oi o
—<) .^ 2m—<

2 6m

t zn-n / zw-i ,\
m — 2f -(- 3 +

^ Hi— j-q—Vr^ ^ ^
Example: C.S.O. Table, i 2,5%, f 3%.

^10^30:30] ~ 0,01336,

d

d<5

by formula (23) 0,01336.

10^)0:301 " ^ — 0,01360,

c) Approximation, derived from the mean value theorem. Clearly
we have

-A F -
^F_-,~zl,F,j ^- F-

5. Mortality rate and Net Level Premium.

Changes in mortality assume many different forms, but here we
deal only two forms — (1 + /?) g, and (/), ^ + c, where /I and c are

positive constants.

/ : n-f I / (-^0®
: n—1 | (^)x+(:n-7-l|

®x:?7| V "x:nj / : n— j

"« (| / C®)n-lj

®nj V ®n"| <'%•!_ /
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First of all, we derive an approximation formula which is used in
our study. If we define g%-,-j in the same way as clearly we have,
when g;= (1

n —1 \- 2 '/" » l + (l-(l + Ä^) + (l-(l+ /S)l,)(l-(l+Ä5,+i)+ •••

J - /h:'/',, i + |8{g,+ (4»+<Z«-n)+ •—2239+ •} +

+ {2 99-8 2 999 + • • •}-/5"{2 999-...}+ •

Hence, when g and /9 are small, omitting V ggg and higher pro-
ducts of g, we may have

On the other hand, from the definition of g^.. —|,

w (w — 1)
(»-1)4« + (» - 2) g^ i + g, ; g]9,:„l + 299

n—1

2

Assuming that n ^1 —
^ g^y

now we assume though roughly

1 —(1 —9)

and

91:, ' +
g

(» 2)

Then we may have, wlien /I is small

92,i~ (l+/î)9«:»|jl- p'
"

3

~
9x:nl(l+

3
(» '~ 2) 9* :»)} (2d)

Example: C.S.O. Table, /? 100%.

930:30| — 0,0000,

930:001 0,01174,

by formula (24) 0,01177.
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When eg',,,, at 200% mortality rate is known, of course, "Inter-
polation" method is useful to estimate the value of %„| at mortality
rate % (1-1/1) 7c- Therefore, it is desirable to append the living
number column of 200% mortality rate, to the ordinary mortality table.

W & (!+$&
When % r/, + <drjr,, we have clearly (see Appendix)

n-1

a: ^'s+n

where P).„ is the Net Level Premium and the Premium
Reserve at mortality rate %. Therefore when zlr/^. /?r/^, :

2^M(l~mH^:«|)
" r-j, • <*»>

(assuming that /? is small).

From (26) some approximation formulas to z!Z%,, may be derived.

a) When C%( (/ runs over from 0 to « —1) is about constant we

may write -, i / /

ZIP — /IP' ~ /i * *+"
*:»! 2 2

(applying the "equated time of payments" method to P%,|)-

6J When m is not large, we may assume

f -I-1

hence we have

/IP -, ~ .1
'

I .1/ _ ».

Wv,-A'„ *

% Here we derive another formula. Clearly

/ip _
1 ^s:nj ®s:nj

^'^ar.nj V./
_ _

»

®i:nj W

where is calculated on the basis of the mortality % (1-1 /?)(/,.
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If wo assume /*?,.„ ("„ ^

then we have

^ /*(?,:*-P,^ )•"®:n| P^:n,V"n| "a;:«]/

Prom the definition of applying the "equated time of pay-
ments" method to «„j, «„.„j and (/).„, we have, when /I is small,

I / {Zaun] -, \ ' ®x:«| ®x:n|

hence

K» j o

•/'„> ; "V-- ' (27)
3.r:n

I)''',, "«,.j
{/a: : n I /

~ /'„)• (28)

Formula ('28) is a well-known interpolation formula, but it should
he noticed that when /? is small

<Zz:n[

{/a* : n I

l) ~ /f k:»|~( k" — ' K| —<W|))'
/ I \ : « I / J

Pov, if not so, we can not obtain (28). This notice is useful in case
of Premium Reserve. <

5z ?z+<?- (u)
Prom (25) we have

/IP — "
^ " I

~

/V — Af
a:+n

Putting c,

2^M(i-<+VM
/1P,.,T, ~CU °

"®:»l "" W —- /V

(assuming that c is small).

a) Putting mF -, -
'

*

in this approximation, we have, when
n

® and w are not large

I P /, 'hj, Äj-f-n ^PI;c|-)l\
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Another approximation is obtained as follows. Clearly

I
® As — 2 Ac+ i (f»:nl + f 2 A I f (1

| - l2:ti j) '
0 0 0

Therefore n-i n-i
^ I At f (1 + l^x:n|) 2 As-h <

(< + l^x:n| " f + 1 As:n|)

z!P^.-| C»
" + C'Ü

"

/ 2 A+f + lA:n|) ^ I Ac-M (i^x:»1 + : » |) \
~ C\U + ° °

^ #x—AsH» JV,-^X+» '
Using (17). (25) »,„1 (26) wo have """ « " °">'

/ v7 P' p \ n-l
^A:»j « ^ —J + S Ai H G nA»|- <

<M® + ,7 A:»" ' (An ' A))- (30)
<Z

where the mortality rate of P^ is (p (1 + /?) ^ and we assume that c

is small (see Appendix).

Example: J Table, f 4%, c 0,0078.

'I A:,, 0,00504,

by formula (29) 0,00485,

by formula (30) 0,00499.

(i. Mortality rate amd Premium Reserve.

When 7x + ^7x we have easily (see Appendix)

zip _ ®

iV — A A' — A'**x x -f- » x ^'xpn

/IF — °
x : nl —

2 AA:n|) Af J '-2 (1 ~ f +1 'A:,i|) ^7* « A-h I »

A H

2 (^Aai) A+< — 2 (^iu^:»t)^im'4r» are calculated on

Am

where D', A' and

are calculated on ' ®

basis of ^ (p. +
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therefore we may write

P P —"I ~
iV - <v

a?+n

^nd hence when 7,'. (1 l /7)'h and /»' is small (see Appendix).

^.:ï, f ^ ^

(S A-H 0 : 1^,-| M^:ij>)

^ (31)

^ &=(! + $?*
In this case, we have

,/ N(/' SX-P'
'Am I ') o J

'

-fs "x., /*2A-M(1 ,.,F;.„)|
"ill I 0 0

hence easily

'^i:np--/Kc;„j {(Pj,.„| --Pj..,,j) —/I (P,-:„j —P,,])} dj.. (j
®

—

- ,/ fe' Ar M (i |^,-r,/;:i
therefore '

^:„l~/?GF_;-,F,,j) !- (32)

2 C.HG ,/„r, .IF),,,) V V (7,,, ,i; o.,FG„)
'

—iL o o+d

m Ac-M '"
From (132) we see that the simple approximation d (l^:»i~/?G^::»ij~iF„|
's not always good. Really, in case of,~ ,TG| it may result in failure.

^ <k 5* + c.
In this case, we have

V--- 1 f4=î _ G
:n|

/)' A-M I o

(Li "d-fx:n| Ac M ® 2J (1 ^ I+ l^x:nj) Ac-H''I —loo J

+ E^.HG + ^:nir-omn'dP •• At 0 0

"'""-«1/3 - /) /)AM 'AM 'AM
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Now, carrying the following relations a) and b) to the right hand side

of this equation,

»3-D,
H « 2 Ax H GAo„ + 2 A-H A~

\ 0 0 0

^ /' '/
p \ Ax A„ 3-.

d,) ' -=>
\d<5 """ /* /* """AK

(where and P(..„j represent 1'reniium Reserve and Premium re-

spoctively at mortality rate r/( (1 + /I) r/.,.),

V

/' '
(where r/( r/^ + c, but calculated at mortality rate (1 +/3) r/F

W /) f F _ ,F'
,7 /)' 7) I UlllH i:«| (-1-1' ï.

A ^An,| C ('« + A:» + o + C®

see formula (130)), we obtain, when c is small,

'* (A:,, Ax:»
^ A : n I

' ' r L^rC/ (»)^ *:», „->0 ^

We see easily when i < n in (1313)

F' — F
F m ' <- 0

f rr • « I P o_i.a ~ ^

from foilwowing four relations

7
2(^:na-P::JP,., „ 2(A:»i A:u)A '

tf 0 ^ 0
_

y ,7 sV-.+JWAM Mr i:n| / x:n' 0 a: 0

A As+f + 1 A:nj y),, (<A:»| + A:») ~ A (1 ~( mA:»i"|) A HOU 0

a"d (Ay < i A:,, •

Approximation formulas in this paragraph are also of use in ease

of two independent mortality tables, particularly if the value of (/(, of



one table (denote r/( table) is near to the value of of another table
(denote ^ table). Hero we show some of them.

") l)(«,,|-'W
V/x:n] /

» —Cx:»]

•/'„) kliere

®x:»i|~~_®x:n'| ^ ^ : "1 ~ :n|

<— ;^(»+»V'-h
(when g«:in :(7x=si — !)•

Hero a. ft „,, and are calculated on the basis of
X f» | ' X 71 I ' X #( I x « |

'ho mortality table ^ and ë,4^and P^.„| are calculated on
Hie basis of the mortality table i/).

II. Inequalites

7. Some well-known inequalities.

^ C^Oxrnj ^
(^Os:n—11

"«:»] : n |

(when «x:„j> < 1,2, -1).

From the definition of (P4),..„| we have

/>, H.,,„.-I, '

„
I inj /) ,|

>

/) /| '"•••> 7> '••) ='h
I

x :c : n "x x:n|

On the other hand 'h„.i •

(Mx„,-li "ill "x|l:n-l '>x
I 2 '*ae 2:w 3|

— I" •• r "x;n| >

"x:„i P,. I
Px "x:»|

(when ''x;„| > äj. |.( |).
ineretore we have

(/•'),„. "«),•:» I

_

ij '''x:n'|

(when e,,„| > ",r f ; „-a I
> ' 1,2,..., tt —1).
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From this inequality we obtain, when

^
p _

^x:n| / (^''Ox:n (f®)r:n-l
j ^ q

"i:B| \ -^x:n| ^x:n|

^ (-f®)x:n-lj ^ • r. >i i I

«*:»] «X-, l:n -( |

'
(< L 2, • • « — 1)-

Clearly

<W| 1 + Px® + PxPx M** + • • + PxPx l-L • • • 7b M-I®'

(^)x:n-l| »x:»-H + Px««xH:n-2l+ + PxPx + 1 ••• Px|-H«'(Hn:»-Hi'

hence
(^®)i:n-l; (^)x+i:n-(~l 1

'C->.I "x-M:»-l| ®i:nj®x H :n~l ]

' {®*
: n-11 "x l- < : + Px '* H : n-2 /'x 1

^ (^®)x+i :n-/-l P.i " C^Ox 11
*

Therefore, when > ö, yh for 0 y s < <

and l^v^w — < — 1 we have

(f®)x:»-li (f®)xl-/:n-i-f|

®x:n| <VM:n-/|

Hence we obtain under the same conditions

^
TX _ ''xK:ii-(l / (-fo)x:n-i'| ^®)x

I i : n i-f| \
j o / x : n I — I )<.U.^ x:nI \ ^x:n| ^x-f-f :n-f j

8. Steffensen's inequality.

Let /(v) be a constantly decreasing function and let qp(j») and y(v)
satisfy the following conditions

V 99 (r) y »/j (v)

^ > ; > (W)

y ?> w y^w
a a

for all y, where a <1 y <i /? and all of them are integers. Then with
the exception when (84) always hold equality, we have

y <p (")/(") y V (")/(")

->? - (35)

yPW i>w
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This inequality is useful in our study.

(i)

in (34) if wo put a 0, /i » — 1, </?(r) 1, y(j>) v, then for
* < w—1 we have „

_ ,+i

0

?v(") + 1 „ + 1

<" W M — 1 M

2jVW
0

Therefore from (35), putting /(v) we have
£

<W| CMxm-ll

- >v
in consequence m —1 (f M

In the same way we have m —1 (Ta)

2
"

d..

„ > '

• (36)
2 ÖL ^ '

(jj) (Ta),1-11 T")x
: n~l j

I :n I

When w<n easily we have <ïfi«/ n| ^ m|

"j-:,i| "x:m|

Therefore, in (35) putting/(r) — v we obtain

M

«„[''x:n
"i consequence (T") ,,_i >

(Ta)j..,, i

«„1 a,:„

(iii) ®n|

<Vl
>

®x : ii"|
__
"x:n|

(*' > 0 •
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The following inequality is clear,

">fj "mj

"*:»i ®*:m] (W > m)

Therefore we have when -i' > i

(putting /(i>) ("Vin
«ni W:„| V

Now clearly when i' >i for any positive number f, (7<n— 1)

>1. (37)
<V| "1:

and —y
' " > 1,

«x:»ï (W^2).
Hence we may choose 7c', 7c such as

and
7c'.

'h: H| _ ®n-fc' |

/

'hen] i

"x:«i

n—ft |

« — é'x:n| / i +
3

'

6

«n-M —
L — » '

I

When 7c is given at interest rate f, we have the approximation
formula to at new interest f as

where 7c' 7c + -- - (»'-*)•
' w—7c 18

We notice from u„-,

®n| ®x:nj

putting f f, f 0, we have

^:c:n|
"x:/T|>" ^

- a»I-

(-L4)z:n|^ «
•''=» > 4:» >

4 > Î)



Easily we may choose s, (0 < s), such as

'h : n] " ®n-s ] •

When i' > i using relations

'
«X |. : „-i I Sa I » (< 0, 1, n — J

we have 4»j <%=?]> (*'>*).
m consequence

^
and ,4'

hence clearly we see & < s and

<»-a.
^x:n|

(-?^4)x:n I

Therefore wo have u '> (è^.,-| > n — s).

The value of s is obtained from

A„7|

(v) (1 -|-f •!((/_,,/) (1 +t)P»;i,)(<,,<) > (1 +i )Pi:fT|(»',8) (1 d'f)Px:,7](i,,)

where i' > i and ^ (1 + /?) ^
Under the conditions that rp.(1 —, decrease constantly

-,(,)< for »'>£, we have the above inequality using
Steffensen's inequality. Here we show it:

«—1

ß zb A: !/(»',î') ® 3®+i (*• ~ i nK:nj(i',7'))
P _ _ p _

®

*!»|(<',«0 -1 i:«|(i',î) /)x:n|(A #') x(i',ç')
n—1

ß \A M (»'.?') 3i+< ~ < hl A:fT|(i, 7))

^(iW>A^<)
(see Appen

Now clearly a,,^ «*: < |(m')
^ ^ >i, < o', 1, ....«

//, i //, -i,. /\
/'•' (*'>*, < U, 1, •«

where (i,g) represents the calculation

13
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Hence using (85), wo have

fl—I

ß 2j ^xl- f (*',<?') ^ (7x M ' + l^x:n|(«',?))

n >
n—I

® ß At+ ((>.<!') ^(?x-H (1 " |-l^x:n|(i,ï))

'/)
~ "" ~ C'-c:« Ü-'i'l ^c:nl(i,?))'

^a:n|(t, g') «(*»?')

Therefore we have our inequality. Moreover, we may write usually
roughly speaking for about n < '))

P p - p _ pa::«|(i\ç') x:n|(i,</) x:w |(*',g) .*

9. -Jensen's inequality for the convex function.

d*
Let <p(f) be a continuous function such as œ(<) exists and >0.

Then « »

< \ (38)

^ Pi / ^ Pi
t i where 2q, pa, p„>0.

Applying (88) we have easily following well-known inequalities:

a) As is convex in respect to when f > i' and f —j J' — J,

".c:n|(/') "x:n'(/) > Tc:n](»') ~ "X:«j(i) '

".r : n (/)
' " f : « (/') < "x : b j (»')

' Ac : n (£')

v.s' v,s »
b) ~~V S'

> therefore w< ' '

where w. is the equated time of payments.

c) As /ij. is convex in respect to i, clearly /!,,.> v**, and hence easily
rt„ < fh we obtain.

•C «X

d) P,:„i is convex in respect to J when

dj+ * : /|. -f I > t'x + 1 | > (' • 0, 1, 2, .,TO 2) •
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We noticed in paragraph iî

' d dV 7 +
" p \p

VVda '
da Id p

1 d®Ai,= 2 d<S 2 ^ '

Therefore, when
^

/F,.„. <0, (Z 1, 2, w —1),
cZ<5

easily we have P,,„ > 0.
di®

Hence we obtain ^ - - P,.^,, < P,--P,^,,,
when f > i' and f— 7 - r' — f

is convex in respect to i, when 0<Z<T
/ M —1 / M \\
(ordinarily T is larger than

^ (1 +
g H j >

and after then in [T<Z<w] becomes concave in respect to i
The reason is as follows:

Now the following relation is clear.

fZ (Z
77 p " 4-

da'""'~da p,m />,

Using this relation and its differential, we have

1
/

d® d
F — F

2 V da®
'

,/o
' *="

(-1 .7

V 7) V /
1 / d®

2 V da® dd ^"7 /FM
'

Hence
^ 1

V /)
1 d® 1

7 d® d d \ VF — P /' p "
2 dd® '

2 Ua® da da ""7 p,
I f 71 / d d 1 \1

(da ' ""'"da "" '
2



— 188 —

On the other hand clearly
\Ti / d d V

V--r —'p -W-
2 Vda® d<5 *7 Af,-JV,x-f-n

n—I

V c I ' _i_ p a n
,7 /•'" I u x:«| ^ x:r»|/ x-f-

Moreover the positive value

~ d(5~
^

dä
^ ~

I
""• •' ' ^ r I c I' ; 7>

\ < + 1 «:«) 2 U x:w| ' i:m|/
\ dr)

is about ° at f 0, and then constantly increases till the maximum
m — 1 / w A

at <

\
1 ~l—8"^/' decreases constantly till about *•

/ d \
at < w —1, I assuming that

^ ,k,^< 01.

Therefore from the theory of the mean value when f < T

is larger than
^

^1 +
^

we have

d*
(K-nl > "

da®
'

and when T < < < « in consequence

d® d \
„"iK-»l<0, we assume jO„i<<R-

da®
'

^ d<5
' '

Really, it is easy to verify d^

The estimation of the value T is difficult, and experiences tell us

in case of ordinary interest rate T 0,8 to 0,9.

(i) >( "'=» (a ;'2).
«x-rT| \ «
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/ V
In (38), putting <y(f) 1 —

\ I? /
we obtain directly this inequality

Therefore from (36) when T > i

(-f'0i:Ä=T|

or "y» < _ (39)

n— 1

V <(-") ' (»^2). (40)
<W| V« /

In the same way, when f > i we have

(A4)x:fl

< -
« \ .I,,,

yf '
—I \ w' / \ «^ ^ a::ri J

^

(**) ^x:M(-mi ^sc:»fw I | ^x:n~| > ^* ^) >

where P^.-, represents Net Level Premium at interest rate i', and m is

a positive integer.
As L > '£ we may write the obove inequality in the following way:

77 /'' <- p _ />' _^ï:n(-wt| x:n-bm| ^ x:«|"

In case m 1 using (40) easily we have

77 _ 77' 77 - _ p'x:n-bl| x:n-Hl | ^ x:n| *;c:n|*

Therefore generally we may have the inequality (ii).

I — F' 1 - ,F' 1 — F'
(hi) ' *="' > ' > ' * (•£'>/) (41)

I F -, I -, F I [/ ' ' '

where F(..„, represents Premium Reserve at interest rate f, and to is a

positive integer.
1

Using rtö ^x+l:n—1,
" 1)

p*®

^x:n|
/

'L 1 t:n 1

<w, x h 1 : w—11

> I "'il-mr
-, /

^x:n+l| ^r+l:«l
m consequence 1 - iF^j 1 - .F):»,,,

1
I Fj:„ 1 1^1;,, 1.11
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Therefore 1-,F^ >

and generally we have when f >i the inequality (iii).

From (41) we obtain the following inequalities when F >1:

> 'xtm-H-hl | ^a;4- <:m 1

Fx M:tn 1-

>
"x:a/ |1|

"x:2( I-1

>
Fx:3(l

^-r-STl1

(42)

Fr:f + 1:. Fr:mb(l-1

®x:'f l-i
/

"x: f : 1 Fc+(:/ + l

Fr:(Tl| "iK:r
Ft: (|-1 I

(jj
^ i''x:»;(</') 1 (^i:n + OT|(7')

^
/^gb

1 — F - 1 — F 1 — F-*• ^x:n| r i:nl-m| "• <'a;

This inequalities is held, under the conditions

j < Pa; Px+l ^ Pa:-M Ps-M M

Pa; Pa;+1 P®-M P:r-H4-1

For the proof of (41), the inequality

® ' > ''f' 'J;""'' (%'>»; H -2),
Fr:nj "xlU»j

plays a leading part, and now the inequality

Ps+lPx + aPx+3 • ' Px4-n-l Fx i-l:n
/ / / / *"

Pa;4-1 Px4-2 Px (-3 * * * Px4-n-l ^a;:n (7') (</')

is the basis of the proof.

It is troublesome to prove (43) directly, but the following two
inequalities are proved easily, under the given conditions.

Pa;4-1 Pa;-1-3 Pa;4-5 * * * Pa;4-2m—1 ^
^ar:n|

(44)
Pa; 4-1 Par-f-3 Pa;-|-5 * * * Pa;4-2m—1 a;:n (?')

where when w is even +2m-i ZVi-n-i>

when n is odd p,+^,,



191 —

Px+2 Px+4 Px+6 • • ' Px+2m ^ "x+t:»i
- > — ' (45)

Px+2 Px+4 2^x1-6 * * * Px+2m ^x+l:n| (g')

whore when » is even
when?» is odd ?h+2m Px+»-t-

Therefore we have (41) under the given conditions, and the
inequality (43) is proved in the same way as (41).

Here we notice that, when i'>i ordinarily

il/'-
® > 1 is held, but

1-»^,

— >i is assured not at all under
the given conditions.

From (43) we have under the same conditions

®s:Ü+Tj ^x:m + /+l|

®x:f + l"K?'> Ôt:
I - O m I -1 j (</') 'h:m + M-l,(7')

Tr:(i-1 <Vm:M-1 ^ +:2i+l!

®x:f + lj(î') "xH:( + l|(?') "x:2f-l-l|(?')

"x:f+l| n'x+(:(| ^ Fr:2(

«x: + !(?') "xM:l|(ï'> <*x:21|(j')

On the other hand clearly

Px + 1

>
«x:3

Px + 1 "x:3](ï')

'Px | 2

Px 12

>
''x 1-1:3,

"x 1 1:3; fa')

• 3

>
"x 1-2:3

Px + 3 ''x + 2:3l(j')
so on.

Therefore, if we assume (43), reversely we have the two inequalities
(44) and (45) above mentioned.

(V) 7) 77 x p P
*-x:n+m|(?') ' x:nhm I ^ z:« I (?') x:ii

I
Px - Px+1 Px H

" Px Px+1
~~

Px + f
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Clearly, under the given conditions

'h:2i ®x+l:rT ^ ®x:»TTV|

^x:2](g') ^x+l:nj (7') ^x:n+l|(g')

hence we have « «rx rx-f-1 * * * rx+n-1 ^x:n| **«:«+1
/ / / *

PxPx+1 * ' * Px+w-1 ^x:n (9') ^x:n+l;(g')

From this inequality easily we obtain

P _ P >> P _ P _-* x:n+l 1(7') -*• x:n-flI ^ x:n|(7') *x:n|>

and generally, under the given conditions

P P \ p _ p _-* x:n-|-m|(7') -* x:n+m| ^ x:n|(7') ^ x:n| *

(vi) Lastly we notice that the conditions

j < Pi < Px+/ ^ Px+/ ^
Px Px+1 Î^X+J

is reduced, in case of r/( (l + )3)(jfa, or r/(. g^+c to the following
well-used condition

3*^3*+i^ •••

Appendix

When we assume two calculation bases (LgJ and (Wf-zH,'h; M'h-),
following relations are clear (< 0,1, 2, w —1):

tö:»|+<F*:»|)(l + *)—3x+l / + l^:Sl(l —3«+»)- M
»

(P*
: nj "1' ^ ?x

: n | + i^x : nj + ^ i ^x :
Si) (1 + ^ + <d^) 3x+ ~ ^3x+ f

(rMPx:nl + ^xnPx:nl)(l-3x+(-^3x+/)- (®)

Hence (B) - (A)

,^„-| + -dP^..-) (1 + i) — d, +i
(I -I, dg,., -(,7^ • fP^„ •/l/:,;„)-L.

Hence clearly

-Px.U ,d, fAx+, ^x:n (C)

(1-, + lF*:»;-^ + l^x:»i)^3x+i Px+^-(/Px:m + d - + P„ -, + dP, -, D„ ^ 0 4» •
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Therefore, carrying zl,,F„.„ 0 and zl„F^.,n 0 to (C) we easily
obtain

1 f«-l
AT AT 2 (1—M M " ~
^\c~ ^x + n 1 0

- ' » |(«^..,T: + Mx:tT| + 'x:nI +^ f,|) #«+ i «}

« «: ,/ flC:„V/h, V(| î |'.'r:„ • 1(
I 0 0

^?x 1-i T\ C —zli V, (,F^..„- + ^1 (F^.„-| + T^j-MP^..,-) A; H
4-

and

d.F —f a: : n —

Therefore in case of the change of interest rate, putting zlj 0
we have

^ [n-1 ï

*:n AT_at —
' '/A» ' Ah 'd A H A • i > (D)

x x+n 1 0 J

»1, K«|»o<+'^|<-n»+4.n»p+j'«s,+4P„rfj>„i
(D')

'^d in case of the change of mortality, putting zli 0 we have

dF 1 f"~' 1

AT AT |A|(^ / f-lA:/»" ^ i I -l'An I-/ A|( ®|, (E)
I n j

// Ux:ni2A-M V(1 AiA-AA-iA-PP (EO
x H U ü I

Prom D) and (E) we have
71— I

^ A Tlx I i (iPx:71 + Axj)

A~A
71—1

p' p _ A (1 < l-lAnj) A+i r>

« : n I -*a: : 7i 0 / /

T->0 AT AT ' Wx 5x + C)
^ -'•Ar Ar-f-n

** vr a- Fip' p _ FI x Tf V-*- / + l'x:nj/
a;:77 -* a*:n[ 0 / / /i m \

fl-»o ^ - .v; ..\0.,| »(&-( +0)s*)-
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Hence we obtain

P' P P' - —P J^ x:n -*• x:«| -*• x:n ^r:n p /Tji\
CH.0

g -^o ^ ~~ "
d(5 * ^

When & (14-/3) g,, clearly
2̂j li + rn! *-f-Px:n|

^:n A» - l^,:„—?*)+0 "

_-*• x
therefore „_t

aap*.7'' — P «-*- t • n -*- -r • « i — — •
x-M "x-M + l:n-PH

/P0 o V"- x : n * n |/ _ n-1
x:n| x:r»i /p PJ\ " ®

o \ x : ri -*»|/ A
P "a;:«! V P

' x-H "nH-l
0

n —2
(''*:» A) M

"'
"/_,) (G)

1 ^
Al>

I

V _
«—2 \ G<::n

t->> xi ^ar-K ^x4-f-4-l :m—<-1*1 ' ^x :n 13x : n I * ' o "?«:«!/" ••

Uj 0 V O «a: : « I

From (D) and (F) we have

7 7 \ ZjA+( zL A-H ((An; +jPt:„|)

,A„ - A„ i A -+ "

da'""' Ada **="7 Ah
'

AH
PI PI

T/' T7 73' _ p _ \ yI fir-h1 < + l^«:n|)
r x:n| r x:n| / -* x : n | Ac : n | \ 0 0

<' « ' AH ~ AH
A ='/x+'')•

r rx /P'-_P \SA-H AAH(1-<HPX:„;)
P x : n I / x : n I / x : n | -*x : n | \ 0 0

->0 « -\/H0 a I
H>0 /? / AH AH

Hence we obtain A (1 i /AA

fnA,,, (Af ; n I / n : n ; / ^x :n| / ^x : n |
^

c
~ 'ß "

7/(5

Now we show some formulas derived from the so-called mean
value theorem.



Whon /(&•)

such us

In (H) it'

we have
we put « i, 6 — t

where

/(6)—/(a) /'(I)
#)-</(«) </'(£)

^
where a< f < 6 and we assume </(x) jf(») =£ 0.

a#

i -I- /II, /(I) and r/(I) ù'„ ^

1_.(^«)«:Ä=T|W
(£_;)

(l'0;c: n=nn(i)
I^);c

: «1 ]{i)

(Mn-iiw j _
(-l'a)^ri(i)

'

d

"dd"""
d

— «ni
d<S

'

(^®)x:n-l|
d

~d<i 'h : H I

M — 1 /

2

M + 1

- (t ~h J «x:n| '6

d* («-i)V, » + i,. A..
4

4

M -I-1 A
— M "51

d' I»-Ar »-I

Hence we may write when zll is small

(M,:„-.'(i) /' »"-1 \
„ /

where b f
same way we haveIn the same way

d

/ » h dd """'
zl Ml) 2

m(» -l)
o

i=4

w +1
~ 12

I
~

(« —1) (f
,/ "-A C'Ox:» ^

„ — «,.-r i—
2 ^

2
" "

2

-A»»") *v
n(w —1) "g \ ^

2 where fe

(* + 3

re fe f-
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Example : C. S.O. Table, i 2,5 %, i + zl i 3 %.

(-fc»)so:S51 238,5745, (/«).., 271,7488,

— 1,2651, — 1,4282.

Hence by formula (I) :

238,5745 / 0,005 899 \- 7%, 3oi ~ 162651 1 + 0,0063'
271,7488 V 2 18 /271,7488

— ^«30:43, — 1,1204(1-0,00817) 1,1112,

— 1,1107 1,00079 1,1116,
8.11d by tormula (*J) •

true value of —/l%,:rro^ 1,1121-

The approximation to 1.1 is obtained as follow

rZ

77^ 7(7)
<23^"'

fi/n
7(7)

1 (5 /;

«»"il 1 —(f—i)n
rZ / m — 1 \

where (7^4)^..—| ^4^..—| 1

^ 7x:w|y

„ / « — 1 \ "
(1 )x:n

I ^2
^

g
?x:»| *

Therefore when i is small, we may write

/If /If «\ / 1
W (?2> 1) \ / T/"\^^x:nj ^ ~ 1 -------- 3a:n|)> (®v

»»w \ 2 7
where | —i ~ .)7f.

Example : C. S. O. Table, i 2,5 %, t + 7Z 3 %.

(77)30:301 13,5002, 30a 14,3023, -7(7°) 0,06476,

hence by formula (K) :

13,5002 / 0,005 870-,1.4.~ 0,06476 1 + - 0,0063'

14,3023 V 2 2

0,006112-1,00685 0,06154, true value of — ^130:301 — 0,06139.
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The approximation to /1„ is, as already mentioned

(^)i:Ä=Tl(»)
V

- i/'„ • (L)

-y__
' I (''5

(<W

1 ,:V\
— H - » • (M)x:n| I I »• 1

^
W / « + 1

®«1
2 M

<"

Example : C. S. 0. Table, 2,5 %, î + zE 3 %.

/ b®" \
zl Z^301 — zl( — 0,001815,

'Eo] '
C^so^ _ 0,6084, 0,5905,
(%0:30|)^

hence by formula (L)
0,9756-0,6084

• /I P,„ .,,,• ~ 0,001815 — 0,00173" '»"»I ' 0,9756-0,5905

0,3672
and by formula (M) I~ 0,00165 0,00172,

U,ooz4
true value of I= 0,00172.

The approximation to <d,F,.„| is, also as already mentioned

^e-I- < :n-< I /(Ja)
_

'«), M :

/I F - ~ /I FZ'(E,.„| ~ /l,b„j ^
(IN)

"FT| / (ha)iFn
_

(rn)»-(-i|

I
^ I /1

Example : C. S. Table, i 2,5 %, t + /I! 8 %.

0,014225' ^ lu ta»
i — /' I 1 "

30 :

0,7434 12,048-8,293hence ~ 0,014225 --- '
-. 0,01338," '

0,7448 (12,667-8,682)

true value of — <4 ioF» : so | 0,01336.
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l'or whole life, wo may write in the same way

/l.l ~ /l^

^ ^ (/$)x(i)

J? S
where (E4),, * and (Ja) " '

•

A,

Example : C.S.O. Table, i= 2,5 % à + zl-t 3 %.

630 88,2421,
13 6974

/l/l,n~ 0,066042
' 0,06081 (true value 0,06063),

14,8752

899,7716
/I«»« ~ 1,80608 1,8234 (true value 1,8264).

392,2805

Zusammenfassung

F,s werden Näherungsformeln hergeleitet für Rentenwert, Nettopriimie und
mathematische Reserve. Diese Formeln können beim Fehlen vollständiger Koni-
mutationstabellen zur Abschätzung genannter Versicherungswerte nützliche
Dienste leisten, ebenso zur Abschätzung des Einflusses von Grundlagenänderungen
auf vorhandene Versicherungswerte und bei der technischen Behandlung erhöhter
Risiken.

Résumé

L'auteur développe des formules d'approximation pour la valeur de la rente,
la primo pure et la réserve mathématique. Ces formules peuvent rendre d'utiles
services pour l'évaluation de ces éléments actuariels dans le cas où des tables de

commutations complètes font défaut, de même que pour évaluer l'influence do

changements de bases sur des valeurs actuarielles existantes, ainsi que pour le

traitement technique de risques aggravés.

Riassunto

L'autore deduce formule d'approssimazione per rappresentare il valore attuale
delle rendite, dei prend puri e delle riserve matematiche. 80 non si dispone di valori
cli commutazione completi, queste formule rendono utili servizi per l'evaluazione
delle dette quantità come pure per valutare le differenze resultanti da un cambio
delle basi techniche 0 per il trattamento tecnico dei rischi tarati.
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