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Theoriedes Equivalences.
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Anwendung an der Thermo-Elastizität

Theory of Equivalences.
Application to the Thermoelasticity

ELIE ABSI MARC BORENSZTEIN
Delegue General Scientifique Docteur-Ingenieur, Ingenieur ENPC

C.E.B.T.P.
Paris, France

1 - INTRODUCTION

Pour resoudre les problemes derivant d'un champ, la Theorie des
Equivalences propose une approche generale qui consiste ä substituer
ä l'etude du corps reel, celle d'un corps fictif plus accessible au
calcul. Les caracteristiques de ce corps, appele solide equivalent,
sont determinees en ecrivant l'egalite des fonctionnelles definissant
l'etat physique des deux solides. Cette condition d'equivalence permet
d'affirmer qu'ils auront le meme comportement.

La Theorie des Equivalences a dejä permis de resoudre avec succes
des problemes d'elasticite (Ref. 1 et 5) et d'infiltration d'eau dans
le sol (Ref. 3) en utilisant comme solide equivalent, respectivement
des structures de poutres et treillis, et des reseaux orthogonaux de
canaux. Ainsi nous nous proposons de resoudre les problemes de
thermoelasticite en attribuant tour a tour au solide equivalent des
caracteristiques thermiques et mecaniques. La conduction de chaleur est
alors ramenee ä un probleme d'ecoulement et la recherche des contraintes
ä un simple probleme de contraintes thermiques dans une structure. Pour
resoudre ce dernier probleme, une methode systematique est utilisee.
2 - DIFFUSION DE LA CHALEUR

II est identique de resoudre l'equation de la chaleur (]) ou de
trouver le champ thermique T qui minimise la fonctionnelle (2).

(1) k V2 T + Q oc f
(2) I (T) J[k. (T^)2 - (2Q- pc T) T]

Le solide etudie est remplace par un grillage orthogonal de barres
dont les caracteristiques thermiques et les sections sont calculees en
ecrivant l'egalite de leur fonctionnelle respective.

Si les deux solides occupent le meme volume et s'ils sont soumis
aux memes conditions sur le contour, il reste seulement a identifier

dV
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les termes de la forme

(3) J\ <\i>: dV

II est necessaire de supposer que le decoupage du corps reel est
suffisamment fin pour admettre que les gradients thermiques sont
constants dans chaque maille du grillage. On peut alors determiner (Ref. 4)
les caracteristiques du solide equivalent.

Nous decoupons la duree du phenomene en une suite d'intervalles
teile que 1'approximation suivante soit admissible :

T (tk) - T (tk-i)
(4) T ^ ^-i-

On ecrit pour chaque noeud i que la quantite de chaleur amenee par
toutes les barres (i,j) aboutissant en i est egale ä la quantite de
chaleur Q^(t) recue par l'exterieur, augmentee de la quantite de chaleur
necessaire ä I'echauffement de l'eiement de volume AV. pendant le
temps At,

(JI)
ij [VV - W] • w +rÄtt[Ti(t^-Ti(tk-i)J(5) E

Exemple 1

Cherchons l'evolution des temperatures dans la section d'une
poutre en Te soumise ä un incendie en sousface. La poutre est initia-
lement ä 0°C. La temperature de l'incendie est donnee par la formule
normalisee :

T 345. log (8t + 1

H-. et FL les coefficients de convection rayonnement des faces froide
et chaude ont pour valeurs respectives 13 et 46 kcal/h.m
caracteristiques du beton ont pour valeurs : p 2400 kg/m'
k 1,4 kcal/h.m.°C et C 0,22 kcal/kg.°C. '

3°- Les

A
lOOO

Degres Celsius

800

Temperature de l'incendie

Paroi chaude

Temperature moyenne

Paroi froide

^. Temps en minutes
30 ¦30 90 120 150 180

Exemple 2

On peut etudier facilement les solides ä caracteristiques variables,

il suffit de faire evoluer la structure equivalente sans avoir
ä modifier les programmes de resolution.
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500 Te nperature

Solution analytique
400

\+ l'Le iteration
300 \+

^+ a'^iteration
200 \ + /

100

V + /\+ />-+ /
«y+

0

^v^J

Considerons une enceinte
cylindrique circulaire en beton
dans laquelle nous imposons la
temperature des deux faces
T. 500°C, T 0°C. Nousl ' e

supposons que la conductivite
thermique du beton varie avec
la temperature suivant la
formule suivante :

k(T) 1,4 - 0,0012.T

3 - CALCUL DES STRUCTURES EN THERMOEiLASTICITE

Pour determiner les contraintes d'origine thermique, nous proposons
une methode systematique de calcul fondee sur la notion d'equation
intrinseque. L'effet du champ thermique T peut etre remplace par l'action

en chaque noeud i de sollicitations thermiques equivalentes T.
(Ref. 2 et 4). 1

4 - CONTRAINTES THERMIQUES DANS LES SOLIDES CONTINUS

Problemes tridimensionnels

En thermoelasticite la densite d'energie de deformation est :

(6) U I (e..- aT6..)cr.. | (e^)2 + f(e.. e^) - (3A + 2/0aT(e..)

+ - (37\+ 2u) (aT)2
2 '

Considerons le modele equivalent parallelepipedique (Ref. 1 et 3),
une barre (i,j), de direction Ox, a pour energie de deformation :

(7) W. - p (e - aT. .)2 + 6 -ri (e2 + e2 avec p (ESL).v ' ii <s Txv xx ii' lx xy xz' rx v 'ii
et lx (U/L)..

La condition d'equivalence du modele s'ecrit :

(8) Z W.. [ UdV

L'egalite des termes purement mecaniques nous permet de retrouver
les valeurs des caracteristiques p et it (Ref. 1,4 et 5); si on admet
que le champ thermique est uniforme dans le petit element etudie,
1'equivalence des termes thermiques est verifiee. Cette hypothese etant
peu admissible, il est propose (Ref. 4) des formules de calcul des

Bg. 14 VB
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temperatures des barres en fonction des temperatures des noeuds de
maniere ä verifier avec le plus de precision possible les conditions
d'equivalence.

Problemes plans

Le cas des contraintes planes se traite sans difficulte avec un
modele plan. Au contraire, dans les deformations planes, la troisieme
dimension a une contribution non nulle dans l'energie de deformation
thermoelastique et la resolution par modele plan est impossible
directement.

Exemple de contrainte plane

Considerons une plaque carree, soumise au champ thermique
f\ rs

T T0 (Y /b - 1/3). Sur la structure equivalente sont appliquees
les sollicitations thermiques equivalentes.

a;x /eckt,
0,15 -,

0,10

0,05

y=0

.Solution analytique

.Equivalences

0,5

GW* /EovTo
Solution analytique

0.1

0.5

0,1

-0,2 •

Equivalences
-0.3 ¦¦

/b

x 0

Etude des dalles

Les hypotheses habituelles sur la flexion des dalles ne sont
admissibles que pour les champs thermiques variant seulement avec z
ou lineaire en z. Le cas suivant a ete principalement developpe.

(9) T T (x,y) + (z/h).AT(x,y) < z < _ h epaisseur
o 2 2

L'energie de deformation par unite de surface (Ref.4) est :

(10) U Uq +2. [(w,xx)2 + (w,yy)2 +2 * w
xx w^y + 2 (l-y)(w^y)2

2 (l+v)(w +w a AL + 2(l+v) (a^I)2]'xx >yy h h -i

2

+

oü U est l'energie d'une plaque de temperature T (x,y), probleme

traite au paragraphe precedent.
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Les solides Äquivalents sont des grülages de poutres. Si la
poutre (i,j) est soumise au gradient thermique eile aura
l'energie de flexion suivante : h

OD W.. I EIL (w, +
cxATn2

II est possible de definir une analogie isotherme (Ref. 4) en
appliquant ä la dalle un chargement transversal reparti p et des
sollicitations sur les bords dependant des types d'appui

1

(12)
0 -*)

2
V M. avec M^4

2

a ETzdz a (1 - •y>2) D 41
h

Exemple de dalle

Considerons une dalle carree avec deux bords opposes encastres
et les deux autres simplement appuyes. Cette dalle est soumise au
champ thermique :

T (x,y,z)
AT nali(l -i).rha a

4x d'oü D(l+v) o o

7 —

fleche

Equivalences
et analogie

ta
0,5

—+ Solution analytique

II est remarquable
d'observer que la Theorie des
Equivalences et l'analogie
isotherme donnent des
resultats tres proches bien
que la premiere s'applique
sous forme de moments aux
noeuds et la seconde sous
forme d'un chargement
transversal.

5 - CONCLUSION

Nous avons pu remarquer que la Theorie des Equivalences donne
des resultats meilleurs ou tres proches de ceux obtenus avec une
analogie isotherme appliquee ä la structure equivalente. II est
possible d'en deduire que la discretisation necessaire pour appliquer
ce type de theorie introduit une erreur plus importante que les
imprecisions sur les sollicitations thermiques equivalentes.

Enfin le formalisme simple de la Theorie des Equivalences permet
des extensions fructueuses, en particulier aux solides ä
caracteristiques variables.
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RESUME

La theorie des Equivalences a pour principe de substituer au solide etudie
un corps fictif plus accessible au calcul. En utilisant un solide equivalent
constitue de barres possädant des caracteristiques thermiques et mecaniques,
le probleme de thermoelasticite est alors remplace par un probleme d'ecoulement

de chaleur suivi d'une recherche de contraintes thermiques dans une
structure.

ZUSAMMENFASSUNG

Die Theorie der Aequivalenzen oder Gleichwertigkeiten ist ein Versuch das
Studium eines festen Körpers durch das Studium eines anderen, fiktiven
Körpers, der sich besser berechnen lässt, zu ersetzen. Bei der Anwendung eines
gleichwertigen Körperinhaltes, bestehend aus Stäben mit thermischen und
mechanischen Eigenschaften wird also das Problem der Thermoelastizität durch
das Problem der Wärmeübertragung ersetzt und eine Untersuchung der
Temperaturspannungen angeschlossen.

SUMMARY

The principle of the theory of equivalences is to replace the solid body
by a fictious body which is easier to calculate. Using an equivalent solid
made up of bars with thermal and mechanical properties, the problem of ther-
moelasticity is then replaced by a problem of heat followed by research on
thermal stresses in a structure.
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1. INTRODUCTION.

La pratique actuelle pour evaluer la resistance au feu des structures
consiste le plus souvent en des techniques experimentales ou une eprouvette
est soumise ä un test en four. La representativite d'un tel essai pour une
structure complexe est une premiere difficulte ä circonscrire, ä laquelle
s'ajoute le coüt des installations et des mesures.

Cet article presente une alternative ä la conduite d'essais : l'elaboration
de modeles mathematiques d'eiements finis aptes ä simuler les conditions

de test. On y envisage le probleme de base, ä savoir celui de la transmission
de chaleur dans les materiaux des divers types de structures en cause.

La souplesse de la methode laisse en outre presager son extension aux
conditions en service de structures reelles.

2. CODE DE CALCUL PAR ELEMENTS FINIS.

Un module faisant partie du code general de calcul par elements finis
SAMCEF [l] a ete developpe pour repondre ä cet objectif. Son principe repose
sur la Methode des Elements Finis couplee ä une integration temporelle pas ä

pas : cette approche est bien connue pour les situations lineaires [2,3], mais
eile a recu peu d' applications dans le domaine du transfert non-lineaire de
chaleur [A—8J : celui-ci est caracterise par des proprietes de materiau variant
avec la temperature et des conditions aux limites qui, dans le cas present,
doivent etre aptes ä reproduire les situations d'incendie. Ces non-linearites
impliquent le plus souvent le recours ä une technique incrementale iterative
[4-6]

Un des buts de l'article est de presenter une technique incrementale
basee sur le concept de matrice de conductivite "tangentielle" [7-8] qui permet

d'eviter les iterations au cours d'un pas de temps et rend le code aussi
economique que pour les problemes lineaires. La gamme des elements finis
utilisables couvre toutes les formes structurales habituelles uni-, bi- et
tridimensionnelles. Les lois de Variation des caracteristiques avec la
temperature (eventuellement differentes d'element ä element) sont ä la disposition
de 1'utilisateur sous forme de polynömes de la temperature (de degre deux au
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plus) ; le choix du pas de temps peut varier au cours du processus pas ä pas
et est guide par les considerations de stabilite et de precision degagees en

analyse lineaire [7,8j.
2.1. Rappel des equations et conditions aux limites du probleme.

La distribution de temperature dans un corps solide V limite par une
surface S et rapporte ä un Systeme de coordonnees cartesiennes x, y, z est
regie par l'equation aux derivees partielles non-lineaire :

3x
k ce)|ä
x 8x 3y

k (8)|S| + -r-
y 3yJ 8 z *.<H! Q <«§?

assortie de la condition initiale
G (x, y, z, o) =0

et des conditions aux limites du type

a) temperature imposee ä la frontiere 0=0 sur S

b) flux de chaleur connu ou fonction de 0 sur

ri k (0)|2 + n k (9)|S + n k (9)|2
x x 3x y y 3y z z 3z

S2 + S3 + S4

q + h (0 - 0) + o e (TH
He e o ep e

(0

(2)

(3)

T") (4)

avec T(x,y,z,t) temperature absolue instantanee ;

0(x,y,z,t) ecart de temperature par rapport a une reference
uniforme T 0 T - T

k (x,y,z,Q), k (x,y,z,0), k (x,y,z,0) coefficients de conductivite
principaux du materiau ;

c(x,y,z,0) capacite calorifique du materiau par unite de volume ;

Q(x,y,z,t) distribution de sources de chaleur par unite de
volume ;

n n n cosinus directeurs de la normale exterieure au volume ;
x y z

q (x,y,z,t) distribution de sources de chaleur par unite de
e surface :

h(x,y,z) coefficient d'echange par convection ;

0 (x,y,z,t) temperature de la source representant l'incendie ;

T (x,y,z,t) temperature absolue de cette source ;

o constante de Boltzmann 4,93.10 Kcal/m2.h.(°K)4
o

£ (x,y,z) facteur de rayonnement mutuel entre la source rayonnante
et la paroi.

2.2. Formulation du probleme par la Methode des Elements Finis.
La demarche initiale consiste ä ecrire une forme globale qui puisse

traduire ä l'echelle d'un petit domaine, appele element fini, le bilan
calorifique local decrit par (!)• En dehors de la conduction de chaleur en
regime permanent, pour laquelle il existe un support variationnel vrai [8j,
cette globalisation est realisee au mieux par l'application de la Methode
des Residus Ponderes au Systeme (1-4) : le cas particulier le plus frequent
de celle-ci est la Methode de Galerkin, par laquelle on orthogonalise les
residus par rapport aux fonctions de base locales itl (x,y,z) choisies pour
le champ de temperature :

N

0 (x,y,z,t) £ m (x,y,z) a (t) (5)
k-1 /Ceci produit le Systeme matriciel elementaire 18] :

W • qE(t) + W • «E(t) " 8E(t) (6)

qui, apres assemblage des elements finis pour reconstituer le domaine,
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livre le Systeme differentiel non-lineaire structural :

K(q) q(t) + C(q) q(t) g(t) (7)

oü K K sont les matrices de conductivite elementaire ou structurale ;
E

C C les matrices de capacite elementaire ou structurale ;
E

q q les vecteurs des temperatures locales elementaires ou structurales;
q q les vecteurs des taux de Variation des temperatures elementaires

ou structurales ;

g g les vecteurs des flux thermiques nodaux elementaires ou structurauxE

2.3. Technique incrementale de Solution basee sur la notion de conductivite
tangentielle.
La majorite des auteurs qui ont ä resoudre le Systeme non-lineaire (7)

utilisent des techniques iteratives ä l'interieur d'un pas de temps [4-6].
La technique preconisee ici est de lineariser le premier terme du Systeme
(7) autour de la Solution q(t) ä l'instant t et de ne retenir que les
termes du developpement d'ordre un en Aq :

t -, srt N „r s dK
(q+iq)- K(q),q + 'K(q+Aq) (q+Aq) „ v dK

K(q) + — Aq K(q) +
dq

Aq

oü le second terme du dernier membre fait apparaitre la matrice
de conductivite tangentielle structurale, qui s'ecrit formellement

T
K (q> „t -, dK

dq

(8)

(9)

L'interpretation graphique de la methode dans le cas stationnaire ä une
dimension est presentee figure 1 :

eile s'apparente ä la methode bien
connue de Newton-Raphson pour la
Solution d'une equation algebrique
non-lineaire.

La seconde etape dans la resolution
du Systeme differentiel (7)

concerne l'integration pas ä pas
proprement dite : pour ce faire, on choisit

d'ecrire (7) en un instant particulier
de l'intervalle de temps

K(q).q
g

Ag-,
1

i pyf-^4
/\KTlqil
i

i

i i

i i q

91 q2
FIG. 1

q (t (11)

t* t +* At H> £ [0,l] (10)

pour lequel le taux de Variation des
temperatures est approche par le quotient

q(t+At) - q(t)
At

L'utilisation conjointe de (8) avec Aq d) [ q(t+At) - q(t)] et de (10-11)
dans (7) produit des lors le Schema pas ä pas

q(t+At) - q(t) =\ZL c [q(t)] + * KT [q(t)]}~- |g(t+tAt) - K[q(t)]. q(t)} (12)

qui livre le vecteur des temperatures en t + At en fonction de sa valeur
en t et moyennant la connaissance des flux thermiques nodaux ä l'instant
t ; on realise souvent une linearisation de ceux-ci, qui produit :

g(t+4>At) (l-<(>) g(t) + <f> g(t + At) (13)
le parametre continu öS introduit en (10) compte comme cas particuliers
bien connus $ 0 le Schema explicite d'Euler ;

<(> 0,5 le Schema du trapeze ou de la difference centree ;

0) 1 le Schema implicite pur.
Remarquons enfin que la technique (12) implique une matrice incrementale
non-symetrique du fait de la presence de (9), ce qui necessite une Organisation

speciale de l'algorithme de resolution.
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3. MODELISATION DU PHENOMENE PHYSIQUE.

Le probleme le plus difficile se situe au niveau de la determination des
echanges thermiques eprouvette-four, compte-tenu de 1'environnement existant
et des proprietes thermiques des materiaux en presence,

La densite de flux de chaleur (4) ä laquelle le materiau est soumis peut
se mettre sous la forme (cfr. (4))

q=h(9-0)+OE (T1* - T")
e e o ep e

Les parametres critiques ä determiner sont les emissivites relatives de
la source et de la paroi de l'eprouvette. Le coefficient d'echange par con-
vection a moins d'importance, car les temperatures atteintes lors de l'exposition

au feu sont telles que l'echange radiatif est preponderant.
En ce qui concerne les echanges par radiation, il est couramment admis

[6] que, dans le cas du beton ou de l'acier, l'emissivite des parois vaut
0.8 ou 0.9. L'emissivite de 1'environnement, par contre, est beaucoup plus
incertaine : eile depend de l'emissivite de la source rayonnante (flammes ou
resistances) et est influencee par les autres surfaces d'echange. Le domaine
des valeurs admissibles s'etend de 0,3 ä 0,9, mais les comparaisons que nous
avons effectuees ont montre que l'on obtient des resultats satisfaisants dans
tous les cas en se limitant aux valeurs 0,5 et 0,6.

La modelisation du phenomene est aussi sensible ä un autre facteur : il
s'agit des proprietes thermiques de l'acier et du beton, et le fait que ces
proprietes varient avec la temperature. Dans le cas du beton, les resultats
experimentaux presentent une dispersion considerable par suite de la nature
meme de ce materiau dont les proprietes varient avec les ingredients, leur
proportion, l'age et les conditions d'environnement.

4. EXEMPLE NUMERIQUE.

En Belgique, une vaste recherche ä caractere national a ete entreprise
dans le but d'ameliorer les connaissances en matiere d'incendie. Certains
travaux experimentaux se rapportent au comportement des materiaux de
construction aux temperatures elevees.

Un de ces essais concerne une eprouvette de beton placee dans un petit
four ä resistances [ 12] II s'agit d'un prisme de
beton de gravier de 18 x 18 x 30 cm place au centre
du four (figure 2). Des thermocouples sont noyes
dans la masse ä la fabrication, au niveau de l'axe
de symetrie du plan median : ils sont destines ä

mesurer la courbe temperature-temps en ces points.
On ramene l'etude de l'eprouvette ä celle de

sa section droite dans le plan median (cfr. figure
3): cette maniere de voir les choses est evidemment
ideale, puisque 1'ecoulement n'est pas bidimension-
nel. On peut cependant supposer que les influences
des pertes de chaleur par les faces superieure et
inferieure ne se fait que peu sentir au niveau du

plan median.

L'echange convectif est regi par un coefficient
d'echange h 7,5 kgcal/h.m2.°C.. En effet, dans le
cas de petits fours ä resistances, 1'environnement
est relativement calme, et on peut prendre un
coefficient d'echange modere. Le facteur de rayonne-
ment mutuel e est pris egal ä 0.45.

D F E C

^T-
+ -f - -E- t- -I-2,5 4,0

B^ 73
9,0

FIG. 2
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D'une maniere generale, la conductivite thermique du beton k decroit
avec la temperature. Ce phenomene est represente ici par la loi lineaire

oü k, est exprime en kgcal/h.m2

1.8-10
C et

0

0 en

Le modele adopte est dote d'une capacite calorifique invariante avec la
| FOUR temperature, soit c 700 kgcal/m3.°C. ce qui ne

prend pas en compte l'augmentation brusque de capacite

qui se produit au voisinage de 100°C, par suite
des reactions endothermiques dans le beton. Cette
grande valeur de la capacite thermique renforce
l'hypothese d'un ecoulement plan de chaleur.

La discretisation en elements finis est limitee
ä un quart de la section droite par raison de sym£-
trie (figure 4). Elle comporte 64 elements quadran-
gulaires plans pour 81 degres de liberte, les champs
de base etant lineaires. On a raffine la discretisation

au voisinage de la paroi, par suite des gra-
_._ - - dients de temperature eleves en ces endroits.

Les resultats theoriques obtenus sont compares avec ceux fournis par

Bf
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FIG. 4

les thermocouples aux figures 5 et 6, pour
les points C et E. On peut noter un excellent

accord, vu les approximations du modele.
On a note aussi une excellente concordance
pour les points B et D, mais un peu moins
bonne pour le point F.

En conclusion, on peut dire que la
Methode des Elements Finis fournit un moyen
puissant et efficace de modelisation de
problemes complexes et constitue une alternative

attrayante ä des essais en vraie grandeur.

On notera ä cet egard sa grande
souplesse vis-ä-vis d'eventuelles modifications

dans les conditions d'environnement.
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RESUME - On presente un code de calcul, qui permet d'evaluer les evolutions
de la temperature dans les structures soumises ä l'incendie. Ce

code est base sur la Methode des Elements Finis, et son originalite principale
consiste ä resoudre le probleme incremental sans iterations en se basant

sur la notion de conductivite tangentielle. Les resultats fournis par le code
sont compares ä des resultats experimentaux recueillis lors d'essais en four,
et la concordance obtenue est excellente.
ZUSAMMENFASSUNG - Ein Rechenverfahren, das die Erfassung der Temperatur¬

änderungen in einem Tragwerk unter Brandeinwirkung
ermöglicht, wird vorgeschlagen. Die Haupteigenschaften dieser auf dem Verfahren

der Finiten Elemente ruhenden Methode besteht in der Lösung des Inkre-
mentalproblems ohne Iteration durch das Konzept der tangentialen Leitfähigkeit.

Die nach diesem Verfahren erhaltenen Ergebnisse wurden jenen von
Brandkammerversuchen gegenübergestellt, wobei sich eine sehr gute Uebereinstimmung
ergab.
SUMMARY - A computation code is presented which enables to compute the

temperature distribution in structures submitted to fire. This
code is based on the Finite Element Method and its main originality in
solving the incremental problem without iterations by using the concept of
tangential conductivity. The results given by the code are compared with
experimental results from fire tests and the agreement obtained is very good.
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Application of a Limit State Concept to the Performance of a Structure
under Fire Conditions

Application du concept de l'etat limite aux reactions d'une structure en feu

Anwendung des Konzepts der Grenzzustände auf das Verhalten eines
brandbelasteten Bauwerkes

H.L. MALHOTRA
Building Research Establishment

Fire Research Station
Borehamwood, England

A RATIONAL PHILOSOPHY

The concept of structural fire protection as used currently was developed
over half a Century ago on the basis of fire experience and intuitive
knowledge, and during the course of time has been marginally modified
particularly following public reaction to large-scale fires. Most building
codes and regulatxns base their requirements on assumed fire load, divide
buildings into different risk categories and make some allowance for the
height or the size of the building on a rule of thumb basis. The

relationship between the fire load and fire resistance is basically that
derived by Ingberg nearly 60 years ago and is shown in Table 1 and Figure 1.

Combustible content Fire load density Duration of exposure
in Standard test

Ib/ft2 kg/m Btu/ft2 Mj/m2 h

10

15

20

30

40

50

60

50

70

100

150

200

250

300

80 x 103

120 x 103

160 x 103

240 x 103

320 x 103

380 x 103

432 x 103

900

1360

1820

2720

3630

4310

4410

1.0

1-5

2.0

3.0

4-5

6.0

70

Table 1. Equivalent severities of building fires
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The United Kingdom authorities accepted this with some simplifications
on the basis of a study published in 1946 On this basis domestic and
residential buildings qualify for a fire resistance of half to one hour and
office buildings and shops one to two hours. High buildings have been taken
to mean those beyond the reach of the fire brigade rescue ladders ,> 25 m)
and considered to require some increase in their fire resistance to compensate
for the difficulty of fire control.

With the interest in the fundamental aspects of fire protection in recent
years, the need for examining the rationale of this approach has been
suggested by the research workers, specifiers of safety levels and the design
engineers3 From a structural point of view the relevant areas of interest
are the prediction of the severity of a fire to be expected in a given
building and its effects on the structure of the building in the fire zone
as well as others remote from it. Consequently a rational fire protection
approach should be based on the following:

(a) The probability of a fire
(b) The probable severity of the fire
(c) The response of the structure to the fire
(d) The re-use of the structure after the fire.
Of these the first needs a Statistical approach to establish the number

of buildings at risk, the frequency of fires, records of fire control and
the assessment of damage^ Study of such data should provide a predictive
capabüity on the risk attached to different types of occupancies. Other
technical, economical and social considerations should allow judgments to be
made on the acceptable level of risk in a given Situation.

PROBABLE SEVERITY OF FIRE

Over the last ten to fifteen years a number of studies have been carried
out, notably in Japan Sweden ¦ and the United Kingdom ' on the post
flashover behaviour of a fire. These studies have clearly ülustrated that a
number of factors, shown below, govern the severity of a fire, of which the
amount of fuel is ont.

A Fire load: Total quantity and distribution
B Ventilation: Amount and disposition
C Compartment boundaries: Size, shape and thermal characteristics

The quantity of the fire load and its nature represents the total heat
potential and rate of availability, roughly represented by the relationship
between the surface area and the mass. The amount of Ventilation avaüable
exercises a critical influence on the burning behaviour of the fuel with
restricted ven-tilation the decomposition rate is proportional to the
availability of the air supply up to an optimum point (Figure 2) after
which increase in Ventilation has little effect. In the first regime the
fire severity can be regarded as Ventilation controlled and in the second
as fuel controlled ie the availability of the fuel or the relationship
between its mass and surface area has a critical effect. Ventilation to
the fire is available from the Windows and can be related to the window
size as the glazing is usually destroyed by the time flashover occurs.

The compartment characteristics influence the heat balance of the fire.
Some of the heat is dissipated through the exposed surfaces and consequently
the surface area and the conductivity of the boundaries may be critical. In
large compartments the progress of the fire may be by stages and the whole
compartment may not undergo flashover conditions at the same time.
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The traditional method of expressing the severity of a fire has been to
relate it to a period of exposure in the Standard fire resistance tests which
follow the Standard temperature/time relationship such as that specified in
ISO 834 : 1975** ¦ A simplified expression to take aecount of different
factors allows the expected temperature conditions to be> related to the
Standard curve by an expression of the following type :

"t ' /*WAT

where t „ equivalent fire resistance t? ,e L fire load t k

fuel factor for the fire load, A window area A compartment

surface area

Another approach defines the temperature/time relationship for each
Situation and therefore provides a family of curves, with partially
standardized heating and cooling rates. A comparison between the three
approaches is shown in Figure 3-

THE LIMIT STATE APPROACH

-• 10 11
Both the Comite Europe'en de Beton (CEB) and ISO (International

Organization for Standardization) have adopted a semi-probablistic approach
to the design of structures so that the structure will not become unfit for its
intended function during its useful life ie it will not reach a limit state.
CEB explains that 'The initial idea of referring to a Single failure criterion
has been replaced by the comprehensive concept of limit states'. A practical
effect of this approach has been to consider the characteristic strength of
the structure and the characteristic loads to which it will be subjected and
to replace the global or overall safety factor by partial safety factors, each
appropriate to the limit state being considered. The two limit states
specified in a recent British Code'2 are the ultimate limit state and the
serviceability limit state, the latter being concerned with deflections and
widths of cracks in concrete. The characteristic load (W,, can be defined as
the load which is not likely to be exceeded during the useful life of the
structure and the characteristic strength (S^) as the strength that is
normally expected to be exceeded. To take aecount of the effects of fire two
special limit states need to be considered, one concerns the maintenance of
stability and corresponds to the ultimate limit state and could be termed the
'limit state of stability' in a fire and the other the maintenance of integrity
of the space separating components of a structure and could be termed the
'limit state of integrity' in a fire. These limit states are diagrammatically
shown in Figure 4 together with the factors which influence their occurrence.

LIMIT STATE OF STABILITY

Assuming that a fire is likely to occur in a building and reach the post
flashover stage without control it would subject the structure to high
temperature conditions which have the effect of reducing its characteristic
strength. If tke probable severity of the fire is known or predictable, the
design of the building should be such that the reduction in the
characteristic strength is not sufficient to decrease it to the
characteristic load level otherwise the structure will become unstable
and collapse. Reduction in strength will be caused primarily by the
heating of the materials used in its construction (eg steel and concrete);
increased stresses and redistribution of stresses due to thermal movement
and thermal restraint, deformation due to unequal heating, creep and physical
rupture of some materials at high temperatures.
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Some practical considerations may necessitate the imposition of
additional requirements such as a limit on the deformation of floors and
beams, prevention of progressive collapse, the need to retain a margin of
residual strength after fire or the need to repair a building quickly
particularly after a minor fire. These considerations will require the
introduction of partial safety factors Figure 5 illustrates different
factors which have to be considered in this connection.

The most important consideration from a structural point of view is the
ability to estimate reduction in the characteristic strength and the onset
of instability. The amount of reduction in the characteristic strength
would depend upon the severity of fire, properties of the constructional
materials at high temperatures and the design of the structure as shown in
Figure 6.

The severity of fire specifies the exposure conditions and consequently
the temperature regimes in various parts of the construction and at different
depths in materials Data on material properties show the losses in
physical properties which have been suffered and the consequent reduction
in the strength of the structure. The design of the structure allows an
analysis to be carried out to find the time at which the loss in strength
approaches the critical limit state. The non-steady heating regime leads
to a progressive reduction in strength which for simple cases can be fairly
simply ülustrated as in Figure 7, where two beams or floors are shown with
the normal and the limit state moment distribution curves. The time taken
for the ultimate moment capacity to be lowered to the same level as the
applied or the design moment is the time to reach the limit state of
stability.

For this analysis appropriate partial safety factors need to be

established as shown in the example below.

If the characteristic load on the structure is assumed to be

Wk Wo + k1 °"W

and its characteristic strength as

S, S - k. crck o 2 S

where Wq and Sq are the mean load and the mean strength respectively
k, and k^ are the probability factors for load and for strength
and er and <T are the Standard deviationsw s

s - k„ er
The global safety factor A _2 iL. (1

W + k, er
o 1 w

The exposure of the structure to a fire for time 't' will result in the
strength being reduced to S then

st n <so - k2 <v
V being the reduction factor due to heating At the limit stage of stability

\ 1 and therefore

Yt (So-k2<V ^o + k1°"vi)
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ie the strength reduction factor has the same value as the global safety factor.
Consequently the structure is on the verge of collapse at time t. In many
practical situations it is desirable, and in some cases essential, to prevent
this happening and an additional factor Y,^ is used to amend the value of the
characteristic load The value of Yq_ will vary between 10 and 1.5 depending
upon the additional needs and following are some examples of the way in : hich its
value could be adjusted:

limiting deflection criterion 1.1

residual strength criterion =12
tall structures 1.25

repairability criterion 1.3

LIMIT STATE OF INTEGRITY

This limit state is only applicable to those elements of construction which
have a separating function to perform ie walls and floors Even if these retain
their structural stability it is still possible for fire penetration to occur in
two ways. Excessive transfer of heat through the construction can raise the
temperature of the face remote from the fire to a point at which combustible
materials in contact are likely to become ignited. The other way is by the
passage of hot gases and flames through gaps, openings, cracks or orifices.
Factors which influence integrity failure are shown in Fig 8 below.

Heat transfer under the non-steady heating conditions is determined by
the thermal diffusivity (<x - K /pc of the barrier which is influenced by
the thermal constants, the moisture content and the existence of air gaps.
For materials such as concrete data are available to estimate the
contribution made by a known quantity of moisture to delay the transfer of
heat. Whilst it is possible to calculate heat transfer under the unsteady
state by approximate methods, data are lacking on the precise thermal
properties of materials at relatively high temperatures.

Flame barrier limit state is purely a mechanical feature of the construction
and generally is not critical with monolithic constructions, masonry work; precast
concrete blocks or panels 100 mm or more in thickness or constructions with a
protective coating of plaster, asbestos or minerai fibres. Most problems due to
the formation of gaps or openings are experienced with fabricated constructions
where dry joints occur and particularly where combustible materials are involved
The Solution lies in providing allowance for the expansion of metallic components,

absence of through openings^staggering the joints and using sealing
materials of an inert type.

The higher pressure on the fire side causes hot gases to flow through
the gaps and orifices, the rate of flow depends upon the square root of the
pressure difference, the area of the gap and the flow characteristics. Flames
will find it difficult to pass through gaps of less than 5 mm width but hot
gases, smoke and other products of combustion can penetrate in large
quantities. These may not create a fire Situation on the other side but are
more than likely to lead to an unbearable atmosphere for the occupants.
Safety considerations for the occupants demand that the quantity of gases
so penetrated should be minimal.
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CONCLUSION

Fire safety principles for high rise buildings should follow a rational
approach proposed in this paper as a part of which the structural behaviour
can be analysed using a limit state concept. This needs to be developed more
fully into a set of relationships which form an adjunct to the normal analysis
techniques.

ACKNOWLEDGEMENT

This paper is crown Copyright. It is reproduced by permission of the
Controller, Her Majesty's Stationery Office It is contributed by permission
of the Director, Building Research Establishment. The Fire Research Station
is The Joint Fire Research Organization of the Department of The Environment
and The Fire Offices' Committee.

SUMMARY

Structural fire protection in buildings should follow a rational philosophy

and take aecount of the probability as well as probable severity of
a fire. In analysing structurel behaviour the limit State concepts can be
applied with a limit State of stability as a universal requirement and a

limit state of integrity for separating structures. Partial safety factors
need to be determined to deal with limits on deformation, retention of a
specified residual strength, re-use after a fire and extra safety for tall
structures.
RESUME

On devrait suivre une ligne de conduite logique en ce qui concerne les
mesures de protection des structures des bätiments contre le feu et l'on
devrait tenir compte de la probabilite' du feu autant que de son importance.
Dans l'analyse des riSactions d'une structure, le concept de l'ötat limite
peut etre mis en pratique en prenant l'etat limite de stabilite comme une
necessite d'ordre g<§neral et en prenant un 6tat limite d'int<§gritg pour
la Separation entre les structures. II faut determiner les facteurs de
securite partielle pour traiter les limites de deformation, une resistance
post incendie donnee, une reutilisation des bätiments apres incendie et pour
trouver des mesures de securite supplementaires pour les maisons hautes.
ZUSAMMENFASSUNG

Der bauliche Brandschutz in Gebäuden sollte logischen Ueberlegungen folgen,

und sowohl die Wahrscheinlichkeit als auch die wahrscheinliche Schwere
eines Brandes in Betracht ziehen. Bei der Analyse des baulichen Verhaltens
ist es möglich, das Konzept der Grenzzustände anzuwenden, mit einem
Grenzzustand der Standsicherheit als allgemeine Anforderung und einem Grenzzustand

der Unversehrtheit für räumlich getrennte Baukonstruktionen. Nötig
ist die Festlegung partieller Sicherheitsfaktoren für Fälle von Verformungsgrenzen,

von der Beibehaltung einer bestimmten Restfestigkeit, von
Wiederverwendung nach einem Brand und von Reservesicherheit für hohe Bauwerke.
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A Differentiated Approach to Structural Fire Engineering Design

Une methode differenciee pour la determination de la securite au
feu des elements de structure

Ein differenziertes Verfahren für die brandtechnische Dimensionierung
von Baukonstruktionen

OVE PETTERSSON
Dr. Techn., Professor

Civil Engineering Department, Lund University
Lund, Sweden

A development of analytical design procedures based on differentiated
functional requirements, within different fields of the overall fire safety concept
is an important task of the future fire research. Such procedures, successively
replacing the present, internationally prevalent, schematic design methods, are
necessary for getting an improved economy and for enabling more well-defined fire

safety analyses. Aderivation of such analytical design Systems is also in a-
greement with the present trend of development of the building codes and regulations

in many countries towards an increased extent of functionally based
requirements and Performance criteria.

For fire exposed load-bearing structures and partitions, an essential step
in the direction of the described development was taken in the Swedish Standard
Specifications of 1967 by introducing different alternatives of structural fire
engineering design, leading to a different degree of accuracy and a different a-
mount of engineering design work. This differentiated view is underlined further
in the new edition of the Standard specifications, in force from 1976.

A differentiated fire engineering design of load-bearing structures, as
approved in the Swedish Standard Specifications, comprises a thorough determination
of [1, 2, 3, h, 5, 6, 7]
(a) the fire load characteristics,
(b) the gastemperature-time curve of the fire compartment as a function of the
fire load density, the Ventilation characteristics of the fire compartment, and
the thermal properties of the structures enclosing the fire compartment,
(c) the temperature-time fields, and
(d) the structural behaviour and minimum load-bearing capacity of the fire exposed
structure for a complete process of fire development.

The components of the design system as well as the appurtenant functional
requirements are summarized in Fig. 1 for interior load-bearing structures. The

survey Covers the general case of application with additional requirement on re-
serviceability of the structure after a fire exposure.

As concerns the fire exposure characteristics, the Swedish Standard Specifications

generally permit a structural fire engineering design on the basis of a

gastemperature-time curve, calculated in each individual case from the heat and
mass balance equations of the fire compartment with regard taken to the combustion

characteristics of the fire load, the Ventilation of the fire compartment,
and the thermal properties of the enclosing structures of the fire compartment.

As a provisional Solution, the structural fire engineering design may be
based on differentiated gastemperature-time curves of the complete process of fire
development, specified in the code. These fire exposure curves, exemplified in
Fig. 2, are approximate curves, generally determined on the assumption of Ventilation

controlled compartment fires (_8, 9> 10J. One principle reason for choosing
this assumption as a general basis in this connection is dictated by the great
difficulty in finding representative values of the free surface area and the
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^ -t of the com-Fig. 2. Gastemperature-time curves -

plete process of fire development for different values
of the fire load density q and the opening factor A/h/A
Fire compartment, type A

porosity properties of real fire loads of furniture, textiles, and other interior
decorations, which are essential quantities for a combustion description of a fuel
bed controlled fire but of minor importance for the development of Ventilation
controlled fires. Another principle reason is related to the fact that the
gastemperature-time curves themselves do not constitute the primary interest of the problem

in this connection but an intermediate part of a determination of the decisive
quantity, viz. the minimum load-bearing capacity of the structure during a
complete fire process. For fuel bed controlled fires, the assumption of Ventilation
control leads to a structural fire engineering design which will be on the safe
side in practically every case, giving an overestimation of the maximum gastempe-
rature and a simultaneous, partly balancing, underestimation of the fire duration.
For the minimum load-bearing capacity, the gastemperature-time curves specified
in the code are giving reasonably correct results, which has been verified in 3,
k, 10].

The fire exposure curves, specified in the code, apply to a compartment with
n -1 o

surrounding structures of a material with a thermal conductivity X ¦
-3and a heat capacity pc - ' W1

0.8

1.67 MJ-m •V1
1 W-m

Entrance- fire compartment, type A
P _2

Parameters for the curves are the fire load density q (MJ'm and the ventila
tion characteristics of the fire compartment, expressed by the opening factor
A/h/At (m1/2). A the total area of the window and door openings (m h the

mean value of the heights of window and door openings, weighed with respect to
each individual opening area (m), and A the total interior area of the surface
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bounding the compartment, opening areas included
is defined according to the formula

The fire load density q

m H
v v

(MJ-

the total weight (kg), and H the effective heat value (MJ-kg

* A
S

where m
v

for each individual combustible material v of the fire compartment.
In the design procedure, a transfer can be done between fire compartments of

different thermal properties of the surrounding structures according to simple
rules, based on fictitious values of the opening factor and the fire load density
(_3, **> 5, 7_] ¦ By introducing such a transfer system, design diagrams and tables
- facilitating a practical application - can be limited to one type of fire
compartment, viz. type A.

A differentiated design according to the described procedure can be carried
through in practice today in a comparatively general extent for fire exposed steel
structures. The practical application then is facilitated by the availability of
a manual [_UJ comprising a comprehensive design basis in the form of tables and
diagrams which directly are giving the maximum steel temperature for a differentiated,

complete fire process and the corresponding load-bearing capacity. The
manual has been approved for a general practical use in Sweden by the National
Board of Physical Planning and Building.
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Fig. 3. Load-bearing capacity (M^rn q^r) ^or ^wo types °f loading at a simply
supported steel beam of constant I cross section. Curves I, II, and III correspond
to a rate of heating of 100, 20, and 4°C'min~l, respectively, and a rate of
subsequent cooling l/3 of rate of heating.
"Jmax maximum steel temperature, as yield point stress at ordinary room

temperature, and W elastic modulus of cross section

In comparison with steel structures, fire exposed reinforced and prestressed
concrete structures generally are characterized by an essentially more complicated

thermal and mechanical behaviour. In consequence, the basis of a differentiatec
structural fire engineering analysis and design is considerably more incomplete
for concrete structures - cf., for instance, [5, 6, 7, 1 ll in which summary
reports are given on the present State of knowledge. Completing the manual on fire
exposed steel structures I kl another manual is in course of preparation - to be
edited by the National Board of Physical Planning and Building - with the purpose
to facilitate the practical application of the differentiated design procedure also

to other types of load-bearing structures - reinforced and prestressed concrete
structures, aluminium structures, and wooden structures. A design guidance for fire

exposed partitions of various materials is included, too. _
Fragmentary examples of the design basis quoted are given in Fig. 3 L^J»

Table 1 [k] and Table 2 \j]
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Table 1. Maximum steel temperature i? for a fire exposed, insulated steel
structure at varying fictitious fire load density qf (MJ'm and structural
parameter A^i/Vgdi) (W-m"3-°C_1). Fictitious opening factor (A/h/At)f 0.04 ml/2.
Aj_ interior jacket surface area of insulation per unit length (m), di thickness
of insulation (m), X. thermal conductivity of insulating material (w-m~l-°C-l),
and Vs volume of steel structure per unit length (m^)

qf
A.A.

1 1 /(Vi
50 100 200 i+oo 600 1000 1500 2000 3000 1+000 6000 8000 10000

25 25 35 50 70 85 115 1U0 170 210 2l+5 290 330 365
50 35 50 75 "5 150 200 2!+5 290 350 395 1+50 505 5<+0
75 h5 65 100 155 200 260 325 380 1+50 500 565 615 650

100 50 00 125 190 2l+5 320 395 1*50 525 575 6I+0 685 715
200 05 135 210 310 3Ö5 1+90 575 635 710 755 800 825 835
300 115 180 275 1+10 500 615 700 755 815 81+5 875 890 895
1+00 1 Uo 225 345 505 605 720 800 81+5 890
500 170 270 1*15 585 685 790 860 895

Table 2. Maximum temperature 1?
max during a complete process of fire development

in different points of a rectangular concrete beam, fire exposed from below on three
surfaces, at varying values of the fictitious fire load density qf(MJ-m_2), and the
cross-sectional width b (m). Fictitious opening factor (Avn/At)f 0.04 mV2. The

temperature values are computed for a cross-sectional height h 0.2 m but are applicable

with sufficient accuracy also to other values of h > 0.2 m

10n,2

3X2

12 II10

-i.

10

%

Ie!1..A
,2

3x2

10

b/,

3x2

'f b/2 1 2 3 ll 5 6 7 8 9 10 11 12

O.üit Ve5 260 300 PisS 21.0 225 215
0.06 335 185 170 230 185 170 210 1 UO lUO

0.08 335 180 135 210 11.5 135 205 115 105
50 0. 10 335 180 125 210 125 105 210 125 105 205 110 95

0. 125 335 180 120 210 125 100 205 110 95 205 110 65

0.15 335 1B0 120 205 120 95 205 105 90 205 105 85
0.20 335 180 120 205 115 95 205 105 85 205 105 85

0.30 335 180 120 205 110 95 205 105 85 205 105 85

o.ou 500 1.25 1.65 1.25 100 380 370
0.06 IeöO 325 295 370 315 295 315 21.5 21,5

0.08 IeBO 300 235 325 255 230 305 1Ö5 180
100 0. 10 IeBO 295 210 315 215 190 315 215 190 305 180 11,0

0.125 UUO 295 200 310 200 170 305 180 150 305 175 125
0.15 IeöO 295 200 310 190 155 305 175 135 305 175 125
0.20 IeBO 295 200 310 185 150 305 175 120 305 175 120

0.30 IeBO 295 200 305 180 150 305 175 120 305 175 120

0.01e 690 6io 655 610 585 570 555
0.06 650 1.95 Wo 5U5 1.85 1.60 1e60 1.00 395
0.08 6>e5 1e50 375 1.80 1.00 370 IiIeO 310 300

200 0.10 6115 «•35 335 155 .31.5 315 «•55 3>e5 315 1.35 280 235
0.125 61.5 Je 15 315 1,50 325 270 1.35 295 21.5 k35 275 200
0.15 61.5 1.35 315 IeJ.5 305 21.5 1.35 280 210 1.35 270 195
0.20 61.5 1.30 315 1.1.0 300 21.0 1.35 270 190 1.35 270 190
0.30 61.5 1.30 315 Je 1.0 295 235 U35 265 190 1.35 270 190

0.01, 795 71.0 775 71.0 720 705 690
0.06 755 625 585 6^0 610 585 580 520 520
0.08 71.0 570 1.90 600 515 1.85 535 1.15 1.00

300 0.10 7 ItO 550 1,1,0 565 U55 1>15 565 J.55 1.15 525 370 320
0.125 71.0 51.5 1,15 550 1.25 370 535 390 335 525 355 275
0.15 71.0 51*0 U10 535 1.00 330 525 365 290 520 350 265
0.20 71.0 51.0 1.10 535 390 320 1520 350 260 520 350 260
0.30 71.0 51.0 IllO 530 385 315 520 31.5 250 520 3k 5 255

The summarily presented, differentiated design procedure is to be seen as
an attempt to build up a logical system for a structural fire engineering design,
based on functional requirements. The system is well devoted to stimulate the
architects and structural engineers to solve the fire engineering problems in a

qualified way over a design procedure which is equivalent to the non-fire, structural

design, conventionally applied. The design system is not homogeneous, as
regards the present basis of knowledge for the different design steps, which could
be put forward as a criticism of the system. However, such a remark is not essential.

Instead, this fact should be used as an important information on how to sys-
tematize a future research for enabling a successive improvement of the design system
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SUMMARY

On the basis of the general functional requirements, a differentiated,
analytical procedure is presented for a fire engineering design of
loadbearing structures. Examples are given. The method is approved for a

general practical use in Sweden by the National Board of Physical
Planning and Building.

RESUME

Sur la base des fonctions generales des constructions une methode

analytique differenciee est presentee pour la determination de la securite

au feu des elements de structure. Des exemples sont donnes. La
methode est approuvöe par les autorites pour l'utilisation pratique en
Suede.

ZUSAMMENFASSUNG

Es wird ein differenziertes Verfahren für die brandtechnische Dimensionierung

von Baukonstruktionen beschrieben, das sich auf direkte
Funktionsforderungen stützt. Das Verfahren ist von den Behörden für eine generelle,
praktische Anwendung in Schweden zugelassen.
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