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1 - INTRODUCTION

The problem of structural safety for each possible limit state can be
expressed in a simple form by distinguishing two types of distributions: the
distribution of loads F„ (x) and the distribution of resistances F„ (x).The
former measures the probability of a load smaller than x The latter mea
sures the probability of a resistance smaller than x These probabilities
must refer to the same variable that measures both loads and resistances,
and must take for reference the same interval of time, e. g. the anticipated
life of the structure.

Considering loads and resistances to be independent, the probability of
a limit state being surpassed, that is the probability of the load exceeding
the resistance, is given by the integral

/°° d Fn
Pf= / —^ FR dx

Jo d X

The probability of a limit state being surpassed is called probability of
failure, According to expression 1, the probability of failure depends
on the parameters that define the distribution functions F„ and F„ •

Two main types of distribution functions are used for defining loads
and resistances: normal and extreme distributions. For extreme distribution
functions three main types must be distinguished: type I, type II and type III.

The analytical expressions of these distribution functions are:
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Fig. 1 — Distribution functions for loads and resistances.

Each of these distribution functions is defined by two parameters,
except the last one that has three parameters. The distribution functions can
also be defined in the following equivalent ways:

i) by the parameters indicated in expressions 2, 3, 4 and 5.

ii) by the mean value x the standard deviation <T and one more pa
rameter for Weibull distribution. When x f 0 the standard devia
tion can be substituted by the coefficient of variation, c

x
iii) by the parameters indicated in ii), with the mean value substituted

by a fractile of chosen probability (xq Xq q<-, Xq 005)-

It could be argued that the indicated types of distribution functions do
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not cover all possible practical cases. However attention must be paid to the
fact that the convolution integral of expression 1 has significant values only
in the region where the two distribution functions intersect; i.e. the upper
tail of Fg (x) and the lower tail of F^ (x) The theoretical distribution
functions nave to be adjusted to the experimental values in these regions only.

Fig. 1 represents in normal scale the different types of distribution
functions, for a coefficient of variation 0.10 and mean values of 1 for loads
and of 2 for resistances.

In what follows the 0.95 fractile for loads and the 0.05 fractile for re
sistances are called characteristic values. The 0.005 fractile of resistance
is called design value of the resistance.

The factor % that transforms the characteristic into the design va
lue of the resistances, is called minoration factor.

The ratio of the design value of the resistance x^ q to the
characteristic value 'of the load Xg g is called factor of safety, Ï

v XR 0.005 ,N

XS 0.95

2 - RELATION BETWEEN PROBABILITY OF FAILURE
AND FACTOR OF SAFETY

By means of expression 1 the factors of safety can be related with the
probabilities of failure. These relations depend on the types and on the coef
ficients of variation of the distribution functions of the loads and of the
resistances. Such relations are presented in (1) for the different combinations
of the distribution functions indicated.

Figs. 2 and 3 express the relation between probability of failure and
factor of safety when resistance is represented by a normal distribution and
the loading by a normal distribution and by an extreme distribution of type
I, respectively. The following values of the coefficients of variation were as
sumed:

a) resistances, c„ 0.05 0.10, 0.15 and 0.20.
K

b) loads, Cg =0, 0.1, 0.2 and 0.3.

The distributions of loads and of resistances being both normal, Fig. 2

shows that a factor of safety 1.5 is required to obtain a probability of
failure 10~5, if c^ 0.15 and Cg ranges between 0.1 and 0.3 In
the following, the above indicated situation is taken for reference.

The distribution of loads being an extreme distribution of type I, (Fig.3),
for Cj^ 0.15 the factor of safety has to vary from 1.5 to 1.8 as Cg va
ries from 0.1 to 0. 3 for obtaining the indicated probability of failure, Pf

10"5.
For maintaining convenient values of the probability of failure as the

types and values of the parameters of the distributions change, the factor of
safety must change also. This change is taken into account in some modern
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PROBABILITY OF FAILURE

codes by means of partial factors of safety which by multiplication give the
total factor of safety. As shown in(l), the multiplication rule of the partial
factors of safety is not exact. Partial factors of safety are convenient if con
sidered as correcting factors to be applied to the factor of safety that
corresponds to a reference situation. Each partial factor must correspond to a
well defined set of conditions.

Particular attention should be paid to the different purposes of the mino
ration factor ^ and of the safe
ty factor, tf. As indicated the
minoration factor transforms the
characteristic values of the
mechanical properties in design va
lues. On the other hand the fac
tor of safety, K, instead of
applying to loads only, is an
overall factor that relates resis
tances with loads.

3 - COMBINATION OF PERMA -
NENT AND LIVE LOADS

The simple case of a struc
ture acted by a total load S

that can be decomposed in a per
manent load, W, and a live load,
L, is considered. Variables W
and L are assumed independent
and normally distributed. Mean
values are denoted by W and L,
coefficients of variation by c^and Cj and the 0.95 fractiles
(characteristic values) by W,
and L,

The variables being indepen
dent, the sum S W + L is al
so normally distributed, arjd has
the mean value 3 =v? + L and
a coefficient of variation

0.8 VO 1.2 1.4 1.6 1.8 2.0

FACTOR OF SAFETY,Y

Fig. 2 — Relation between probability of
failure and factor of safety for normal dis

tributions of loads and resistances.

PROBABILITY OF FAILURE
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A simple and interesting
problem consists in comparing
the characteristic value of S, S

.k'
Fig. 3 — Relation between probability of
failure and factor of safety for normal
distribution of resistances and extreme

type I distribution of loads.

with the sum of the characteris
tic values W, and Lk*

Putting °*k and
WL
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CX -Ji-
o w

s. (1 + <*) (1 + 1.645 ck - ° b
8)

Wk + Lk «o (1 + L645 CL) + (1 + 1>645 CW>

By means of the above expression it is possible to estimate the error
due to adopting for the characteristic value of the sum, W + L, the sum
of the characteristic values of W and of L. Fig. 4a) gives values of

Sj,
———— in function of 0(, cw and cT

k M;
For checking the safety of the structure under different combinations

of the permanent and the live loads, three solutions are considered:

i) .Computing the characteristic value of the sum, S, and mul
tiplying this value by the factor of safety l.o

ii) Adding the characteristic values of permanent and live loads
and multiplying the sum by the factor of safety, 15 1.5.

iii) Multiplying the characteristic permanent load by the factor
1.4, and the characteristic live load by the factor

}(k =1.6 and adding the resulting values.

By computing the ratios

1.5 S,
k 9)

1.5 (Wk + Lk)

and

1.5 S.
k 10)

1.4 Wk + 1.6 Lfc

solutions ii) and iii) can be compared with solution i). Expression 9 is equal
to expression 8 and is presented in fig. 4a). Expression 10 is plotted in fig.
4b).

Assuming that solution i) is the correct one, fig. 4a) shows that solu
tion ii) always corresponds to errors on the safe side. For the considered
values of the coefficients of variation, the error is always less than 10%,has
a maximum for o<k z l and decreases as o< tends to zero or infinite.

Fig. 4b) shows that for small values of 0<k solution iii) corresponds
to errors on the unsafe side. For o< 0, this solution corresponds to
adopting a factor of safety of 1.4 instead of 1.5 According to fig. 2, this
reduction of the factor of safety approximately corresponds to duplicating
the probability of failure, for the reference situation. For o< 1 the
error of solution iii) is on the safe side and of the same order of magnitude
as the error of solution ii). As o<k increases the error tends to 6%.
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a) b)

Fig. 4 — Comparison of different solutions for combining
permanent and live loads.

The above considerations show the disadvantage of using different fac
tors of safety for permanent and live loads, instead of a single value. The
correct solution would be to compute the characteristic value of the sum of
permanent and live loads instead of the sum of characteristic values, but in
general the accuracy with which characteristic values are defined does not
justify this refinement.

4 - EARTHQUAKE LOADS

4.1— Statistical definition of seismicity

For studying the safety of structures under earthquake loads on
statistical bases it is necessary to define the distribution function of these
loads referrred to the period of life of the structure. This distribution i s
obtained by combining the distribution of earthquake intensities in the
considered region for the anticipated period of life of the structure with the
distribution of the structural response (2).

The intensity of an earthquake at a given point and for the vibration
of the soil in a given direction can be defined by a single quantity (3): the
mean power spectral density of acceleration for a given range of frequencies,

S It can be shown that Housner's definition of intensity (4) corresponds

to a quantity proportional to >/s" Also the mean maximum value of
the soil acceleration, amax in function of S is given by

Lax'7 •/S n>
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— 2
a being eiqpressed in gal, and S in gal /Hz.

The seismicity of a region is thus defined by the distribution function
that gives the probability of the values of S (or the equivalent values of
ämax) being attained during a given interval of time, T

The information available on the distribution of earthquake magnitudes
all over the world and within limited areas shows that these magnitudes are
well represented by extreme distributions of type I. By relating accéléra
tions with magnitudes by the usual expressions it follows that the maximum
accelerations must obey an extreme distribution of type II (5). The probata
lity of the maximum acceleration attaining the value amax during the i n -
terval of time T is thus given by

_ _ _ _ ft
P (a < a I T) FTT (a exp (- (k a 12)

max max I II max r max

Adopting T' instead of T simply changes the value of k to

k' - 13)

(T'/T)1/^

A value (* 3 is adopted in accordance with the existing data, so that
the seismicity of a region is simply defined by k

It must be noted that a distribution function of type II imposes no
upper limit to the accelerations, which disagrees with physical evidence. How
ever, to consider this limit does not much affect the final results, as will
be seen below.

4.2 — Statistical definition of earthquake loads

The earthquake being assumed a stochastic process as indicated, the
mean maximum value of the displacements, §max (cm), in a one-degree-
-of-freedom oscillator (linear or non-linear within a convenient range of the
ductility factor) is given by

S 0.01 o"1/2 f "3/2 â 4 ä 14)max V o max max

where — fraction of critical damping

f — natural frequency (Hz)

ämax ~~ mean maximum acceleration (gal) related to the power spectral
density of acceleration by expression 11.

For a given "â the maximum displacement, ®max » obeys an ex
treme distribution function of type I, Fj. (Smax), with the indicated mean
value, 5"max » coefficients of variation between 0.1 and 0.2 for linear
behaviour and reaching about 0.4 for non-linear behaviour within the usual al
lowable values of the ductility factor (6).

As indicated in (2), the probability of the maximum displacements of a
structure attaining a value &max during a time interval T is obtained by
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combining the probabilities of different values of amax occurring in a
given interval with the probability of &max being attained for the different
values of •

Thus, amax being considered not as deterministic but random with the
distribution function given by expression 12, the distribution function of ^max
referred to the time interval T is given by

p<&<<wl T>= J
* o

d Ftt (a
11 max FAS ä dä -15)I v max J —'— xwvu« max' maxd amax

Fig. 5 indicates the distribution
functions resulting from ex-

presion 15. Curve 1 corresponds
to the distribution functions that de
fine the seismicity of the region
and the response of the structure
if this response were deterministic.

Curves 2 and 3 give the
distribution function of the
response (expression 15) for coefficients

of variation of the extreme
distribution of type 'I equal to 0.2
and 0.4 respectively. Analysis of
Fig. 5 shows that the distribution
of maximum displacements is not
much affected by the randomness of
the structural response, even if
this has high coefficients of variation.

This conclusion is in accordance

with results previously obtain
ed (2).

Curves 4 and 5 of Fig. 5 indi
Fig. 5 — Distribution functions of maxi cate the distribution functions of the
mum displacements due to earthquakes, response, for earthquakes with a

power spectral density of_accelera
tion corresponding to amax

100 gal, and for coefficients of variation equal to 0.2 and 0.4, respective
ly. It is interesting to note that the maximum acceleration being determinis
tic even so important randomness derives from the structural response alone.
Truncating the statistical distribution of seismicity does not correspond to
truncating the final distribution of maximum displacement. This justifies the
above assertion about the influence of not considering an upper limit of the
accelerations due to earthquakes.

4.3 — Probability of failure under earthquake loads

The fact that the distribution function that defines seismicity is of type
II with an exponent (* 3 has important consequences for structural safety.
As shown in Fig. 5, this distribution function has a very long tail.

In accordance with the results presented in (1), the acceptance for
earthquake loads of the criteria used for other types of loads, i.e., defining
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the load by the 0. 95 fractile (characteristic value) and adopting a factor o f
safety U 1.5, corresponds to a probability of failure of about 5 10" 3,

for the usual values of the coefficients of variation of resistances. To adopt
a factor of safety 1.0 corresponds to a probability of failure of about
10"2.

Note that for the time interval T 50 years, the characteristic acce
leration (or power spectral density of acceleration) to be assumed is the
annual maximum acceleration that has a return period of 1000 years. This
characteristic acceleration is more than twice the one having a return period

of 100 years.
For the same characteristic value of the load, a change in the type of

load distribution has a large influence on the probability of failure. In fact
for K 1.5, assuming the final distribution of earthquake loads to be of
type I instead of type II reduces the probability of failure from the indicated
value of 5 10"^ to about 10"^. On the other hand it is very difficult to
derive from experimental data the type of distribution to be adopted. In fact
the differences between the several types of distributions are relevant in the
region of small probabilities only, and, by definition, experimental data in
this region are always scarce. Thus it is of paramount importance to
increase the accuracy of the definition of the type and of the values of the pa
rameters of the statistical distribution of seismicity, based on phenomeno-
logical and statistical data. However the presented results allow an unders
tanding of the bounds of the problem.

As shown in a previous paper, (7), the probability of failure in cases
as the present can be significantly reduced only by increasing the mean va
lue of resistance and is not affected by changes in its coefficient of variation.

For earthquake loads, the resistance of a structure i s proportional
to its ductility factor. The fact that the values of the ductility factors usual
ly adopted in design are in general conservative implies that the real values

of the probability of failure are smaller than those indicated above.This
aspect of the problem is basic and also needs further research.

Additionally, it is of interest to determine the probability of failure
that corresponds to the occurrence of an earthquake with a maximum
acceleration equal to the assumed characteristic value. For a coefficient of
variation of the response, Cg =0.2 (Curve 4 of Fig. 5) and for V 1.5, a
probability of failure about 10" ^ is obtained.

5 - WIND LOADS

5.1 — Statistical definition of wind velocities

The statistical distribution of the wind loads, expressed in pressure,
has to be derived by combining the statistical distribution of wind velocities

with a distribution allowing velocities to be related with loads.
Due to the turbulence of wind, it is convenient to define wind velocity

by distinguishing the mean wind velocity in a given interval of time (e. g.
ten minutes or one hour) from the superimposed fluctuations.

For non-tropical winds, the data concerning the maxima of the mean
wind velocities fit in well with an extreme distribution of type I (8). For an
nual maxima its coefficient of variation is about 0.15. Changes in altitude
and in roughness of soil do not influence this coefficient.

The maxima of the mean wind velocities for periods of 50 years have
mean values about 1.5 times the corresponding velocities for periods of one
year and their coefficients of variation are about 0.10.
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Velocity fluctuations within an interval of time are assumed random and
defined by correlations (in space or in time) and/or spectral densities of
wind velocity. These functions are assumed to be deterministic.

The knowledge of correlations and spectral densities allows the stochas
tic process to be defined and the probability of velocities being exceeded
within given intervals of time to be computed (9).

5.2 — Statistical definition of wind loads

For the usual intensities of turbulence, wind loads (expressed in près
sures) can be determined by adding the effects of the mean wind velocity
with the effects of turbulence.

The maximum pressures due to the mean wind velocity are described
by a type I extreme distribution with coefficients of variation twice those o f
wind velocities (about 0.3 for the maximum annual pressures and about 0.2
for the maximum pressures in 50 years).

The pressures due to the stochastic process that corresponds to turbulence

are difficult to define because they are influenced by many parameters.
Vortex shedding and aero-elastic effects are disregarded in the following and
upstream turbulence is considered the only forcing mechanism.

As steady conditions are assumed (implying a mean velocity, V), the
£esponse of the structure due to turbulence takes place around a mean value,
& directly related to the mean velocity. The variability of this response is
defined by a coefficient of variation Cg that is a function of the turbulence
spectrum, the aerodynamic admittance, the joint acceptance and the mechanical

admittance of the structure (10).
The maximum values of the response in a given interval of time can

be defined by a type I extreme distribution with a mean value

«max <1 + kV* « 16)

where k is a coefficient that principally depends on the natural frequency
of the structure and on the time interval considered, For usual conditions
(e.g. usual types of buildings)« takes values of about 2 or 3. The coefficient

of variation of the distribution of ^niax amounts to about 0.05.
As indicated in 4.2, the statistical distribution of maximum wind load

for the expected life of the structure (e.g. for T 50 years) must be
obtained by performing the convolution of the distribution of the maxima of the
mean wind pressures (e.g. for a time interval of 10 minutes) with the
distribution of the maximum response. In the present case the coefficient of va
riation of the maximum response is considerably smaller than the coefficient
of variation of maximum wind pressure. Thus, this convolution has no pra-
tical effect and the final distribution of maximum wind loads is of the same
type and has the same coefficient of variation as the distribution of maximum

pressures.
However in the above considerations it was assumed that the aerodyna

mic behaviour of the structure can be accurately defined in a deterministic
way. In fact present knowledge is scarce and the relationship between
upstream wind pressures and wind loads on the structures is based on simpli
fying assumptions that may lead to important errors. This last source of va
riability is difficult to quantify. It may well supersede the randomness
corresponding to the variability of maximum wind pressures. Thus further
research on the relationship between upstream wind velocities and wind loads
on structures is considered of fundamental importance.
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5. 3 — Probability of failure under wind loads

303

To adopt for wind loads the same design criteria used for other types
of loads, i.e. to define the load by the 0.95 fractile (characteristic value),
and to adopt a factor of safety % 1.5, corresponds to a probability of fai
lure of about 3 10"^ for the usual values of the coefficients of variation
of the resistance (c^ 0.15) and assuming that the wind load is expressed
by a type I extreme distribution with a coefficient of variation, c s 0.2
(Fig. 4). To adopt a factor of safety "ft 1.0 corresponds to a probability
of failure 2 10"3.

As for earthquake loads, assuming T 50 years, the characteristic
pressure to be adopted is the annual maximum pressure that has a return pe
riod of 1000 years.

Attention must be paid to the fact that in several cases the probabilities
of failure corresponding to the real behaviour of structures designed

according to the above criteria will exceed the indicated values due to the
inaccurate knowledge on the aerodynamic behaviour.

6 - COMBINATION OF WIND AND EARTHQUAKE LOADS.
THEIR ASSOCIATION WITH PERMANENT LOADS

The maximum values of both wind and earthquake loads occur during
some seconds only of the expected life of the structure. Both phenomena be
ing independent, the probability of their simultaneous occurrence is very low.
In fact assuming that the characteristic earthquake load occurs during one
minute of the life of the structure, the probability of the simultaneous action

of a wind load (with a duration of 1 minute) exceeding the one that has
the return period of two years is ^ x 365^x24 x60 ^ 10 • The wind pressu
re that corresponds to a return period of two years is only of the cha-

Z • o
racteristic one. As the probability of exceeding the characteristic earth
quake load is 0.05, the probability of the association of this load with a wind
of even reduced intensity is negligible.

A further important point concerns the association of permanent loads
with earthquake and wind loads and, particularly, the values of the factors
of safety, *W to be applied to the permanent loads. A complete discussion

of this problem cannot be presented here. However attention is called
to the fact that a value *W 7.

1 must be adopted. This can be demonstrated
by considering the bivariate distribution due to the association of the two ty
pes of loads and its intersection with the statistical condition of failure
expressed in terms of load effects.

7 - CONCLUSIONS

Basic studies on structural safety yield results that can be directly
used to improve design rules. The problems dealt with in the present paper
are instances of the above assertion. It must be emphasized that the use of
basic results does not imply a complete statistical information. They are
particularly important as a guide for a general policy of structural safety.
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The main pratical conclusions of the present study are the following:
1 — A single factor of safety must be used for both permanent and live
loads. A sufficiently accurate characteristic value for the sum of permanent
and live loads is obtained by adding their characteristic values.
2 — When combining wind and earthquake loads with permanent loads, the
latter shall be affected by a factor of safety equal to one.
3 — Characteristic values corresponding to annual maxima having a return
period of about 1000 years must be adopted for defining wind and earthquake
loads. These values must be estimated by fitting to the experimental data an
extreme distribution of suitable type.
4 — The characteristic values of wind and earthquake loads must be multiplied

by an adequate factor of safety in order to obtain a sufficiently small
probability of failure, as indicated in 4.3 and 5.3
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SUMMARY

Probability of failure is related with the factor of safety
for combinations of various types of statistical distributions
of loads and resistances.

Structural safety is discussed in conncetion with the following
problems :

i) combination of permanent and live loads;

ii) earthquake and wind loads;

iii) association of earthquake, wind, and
permanent loads.

RESUME

La probabilité de rupture est mise en rapport avec le
coefficient de sécurité pour des combinaisons de différents types
de distributions statistiques des charges et des résistances.

On discute le problème de la sécurité des constructions en
rapport avec les problèmes suivants:

i) combinaison des charges permanentes et
des surcharges;

ii) actions dues aux tremblements de terre
et au vent ;

iii) combinaisons des charges permanentes avec
les actions dues aux tremblements de
terre et au vent.

ZUSAMMENEASSUE&

Lie Bruchwahrscheinlichkeit wird auf die Sicherheitszahl für
verschiedenartige statistische Pestigkeits- und Beanspruchungsverteilungen

bezogen.
Die Bausicherheit wird hinsichtlich folgender Probleme

diskutiert :

i) Zusammenstellung ständiger Belastungen
und Auflasten;

ii) Erdbeben- und Windbeanspruchungen;

iii) Zusammenstellung ständiger Belastungen,
Erdbeben- und Windbeanspruchungen.

20. Bg. Schlussbericht
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