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A remark on the moduli of rings

F. W. Gehbing

1. Modulus of a ring, A finite doubly-connected plane domain is called a ring.
Given any ring B we let Co and Ct dénote, respectively, the bounded and un-
bounded components of the complément of B in the extended plane. We
further let Bo dC0 and Bx dC1 where dE dénotes the boundary of
the set E. Bo and Bx are then the components of dB.

Each ring B in the z-plane can be mapped conformally by w(z) onto an an-
nulus 0 <a <\w\ <b < oo so that Bo corresponds to \w\ a and Bx
to | w | b x). The conformai invariant

modJB log— (1)

is called the modulus of B. When Bo and Bx are both non-degenerate, 0 < a <
b < oo and the function

is harmonie in B with boundary values 0 on Bo and 1 on Bx. It is also easy to
verify that
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mod-B y
If we now appeal to the Dibichlet principle, we obtain

2^ =inf ff | vv\2da (3)mod B v Jg l ] ' v ;

where v is any function which is continuously differentiable in i? and has

boundary values 0 on Bo and 1 on Bx. When Bo or Bx reduces to a point,
mod B oo and the infimum on the right hand side of (3) is 0. Hence (3)
yields an alternative définition for the modulus of a ring which does not
dépend upon conformai mapping.

It is sometimes convenient to work with a slightly larger class of competing
functions v. For example if v satisfies a Lipschitz condition on each compact

*) See p. 203 of [4].
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subset of R, then v is differentiable almost everywhere in R. If, in addition,
v has boundary values 0 on l?a and 1 on B1, we can apply Gkeen's theorem to
show that

<£J|»|*<*O- (4)

Hence the infimum in (3) can be taken over the class of ail such functions v.

2. Continuity of the modulus. A séquence of sets {En} is said to converge
uniformly to a set E if, for each e > 0 there exists an N such that n> N
implies each point of En lies within distance e of E and each point of E lies
within distance e of En

In the preceding paper [2] Vâisâlâ and I appealed to the following continuity

property of mod R.

Theorem. Let {Rn} be a séquence of rings and let R be a bounded ring. If
each of the components of dRn converges uniformly to the corresponding component
of dR, then

modR lim modRn 3) (5)
n—>oo

It is easy to establish this resuit by a direct argument in the spécial cases
we required, that is when R is bounded by concentric rectangles or by concen-
tric ellipses. I présent hère an elementary proof for the gênerai case where R
is an arbitrary bounded ring.

3, The proof dépends upon an equicontinuity property for the harmonie functions

u defined in (2). (See also p. 386 in [5].)

Lemma 1. Let 0 < a < b let R be a bounded ring and let the diameter of J50

exceed b. Let u be the harmonie function defined in (2) and extend u so that u is 0

on Co and 1 on Cx 4). Then

I w(%) — u(z2) \<c (6)

whenever \ zx — z21 < a where

f. (7)

Proof. Fix zt and z2 so that | zx — z2 \ < a Since 0 < u(zx), u(z2) < 1,
we may clearly assume that c < 1 for otherwise (6) follows trivially.

*) This follows, for example, from the proof of Theorem 4.3 in [3].
8) The restriction that R be bounded can be omitted by redefining the notion of uniform

convergence in terms of the metric on the Kdsmann sphère.
4) The fact that R is bounded implies that Bx is also non-degenerate.
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Now let y y (r) dénote the circle with center \(zt + z2) and radius r,
r > 0 By the Schwarz inequality

J \vu\ds)2 < 2nr J \vu\*ds
yrsR yr^R

and, with Fubini's theorem, we obtain

yr^R

Hence there exists an r, \a <r <\b for which

J | vu\ ds < c

Suppose that the corresponding circle y lies in R. Since the diameter of y
is less than that of Bo, R contains a, the disk bounded by y. Thus u satisfies
the maximum principle in a and

I U (Zl) — U (Z2) | ^ OSC U ^J|V<Ml|^5 ^C 5

Y Y

as desired.
Next suppose that y meets both R and CQ. Then y ^ R m the union of open

arcs oc and, since

ose u < $ \vu\ds •< c < 1

* yr\R

it foliows that y does not meet Cx. Thus each oc has its endpoints in Bo and hence

< c

We see d(& <^ R) c y ^ Bo and, since u satisfies the maximum principle in
a rs R and vanishes on a ^ Go and Bo

| u(zx) — u(z2) | < sup u supw < c

A slight modification of the above argument handles the case where y meets
jR and Ct.

Finally suppose that y is contained in a component of the complément of R.
The fact that the diameter of y is less than that of Bo implies a lies in the same
component. Hence u(z^) u(z2) and the proof is complète.

4. We now use Lemma 1 to establish the following resuit.

Lemma 2. Let 0<a<b and let R and R' be bounded rings with boundary
components Bo, jBx and B'Qf B't, respectively. Let ail points of B'Q and B't lie within
distance a of Bo and Bt, respectivdy, and Ut the diameter of BQ exceed b. Then
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mod R' > (1 — 4c) mod R (8)

where c is as in (7).

Proof. We may assume that c < J for otherwise (8) follows trivially. Now
let u be the harmonie function defîned in (2) and extend u so that u is 0 on Co
and 1 on C1. Then define v as follows :

0 if u<c
u — <

if c < w < 1 — c
1 — 2c

1 if l-c<w.
The set where c <u < l — c isa compact subset of R. Hence u satisfies

a Lipschitz condition at each point of this set. From this it follows that v
satisfies a Lipschitz condition at ail points of the ring Rr. Next let zl be a

point of j5q By hypothesis z' lies within distance a of some point z of Bo and
Lemma 1 yields u(zf) u(zf) — u(z) <c Thus v is 0 on B'Q. Arguing
similarly we see that v is 1 on B[. From (4) it follows that

and, since 1 — 4c <(1 — 2c)2, we obtain (8) as desired.

6. Proof of the theorem. Suppose first that Bo is non-degenerate and let
Bo n and Bt n dénote the boundary components of Rn. Then modJB<oo
and we can find a séquence {an} an > 0 and a number b > 0 with the
following properties. Ail points of Bo n and Bx n lie within an of jB0 and
Bx respectively, the diameter of 2?0 exceeds 6, and an-+ 0 Lemma 2 then
yields mod J2W > (1 — 4cJ mod .B for large n, where

cn 2^ modiî • log—

and, since cw -> 0 we obtain

lim inf mod iîw > mod R (9)
II —^ OO

The uniform convergence next implies the existence of a second séquence
ia'n} 9 «n>0, such that ail points of Bo and JSX lie within an oî BOn
and Bt n respectively and an~>0. Since the diameter of Bo n eventually
exceeds 6, mod R > (1 — 4c^) mod J2W for large n, where
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Inequality (9) implies that cn -> 0 Hence

lim sup mod Rn < mod R

and we obtain (5) for the case where Bo is non-degenerate.
Now suppose that Bo reduces to a point P, let rn be the radius of the smallest

closed disk with center at P and containing BOn and let dn be the distance
from P to Blf n Then mod ^==00 and

mod Rn > log —— -> 00

Hence we again obtain (5) and this complètes the proof of the theorem.

6. Remarks. This resuit can also be proved directly using theorems on
conformai mapping. On the other hand the above method can be used to establish
the same continuity property for the moduli of rings in space [1].

Finally examining the above argument we can split up the hypothèses and
conclusions for the theorem as foliows.

//, for each e > 0 there existe an N such that n> N implies the pointe of
each component of dRn lie within distance e of the corresponding component of
dR, then

modJR < lim inf modiL?n

//, for each s > 0, there existe an N such that n> N implies the pointe of
each component of dR lie within distance e of the corresponding component of
dRn, then

mod R > lim sup mod Rn
tt->00

It is clear that neither of the above inequalities can be replaced by equality.
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