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An Intégral Equation and a General Existence Theorem
for Harmonie Functions*)

by Léo Sabio

The purpose of the présent paper is to show that a Fredholm intégral
équation can be used to eonstruct on an arbitrary Riemann surface W a
harmonie function p that has preassigned singularities and that imitâtes the
behavior of a given harmonie function a in aneighborhood of the idéalboundary.
Explicit upper and lower bounds will be given for the déviation of p from a.
Such bounds will be needed e.g. in the theory of complex analytic mappings
into arbitrary Riemann surfaces [17, 18].

§ 1. Auxiliary functions

1. Let W be a compact bordered Riemann surface with border <x U px U... U /5n

where oc and the /S's are disjoint sets of analytic Jordan curves. Choose a point
z0 e W and a parametric disk D: r < 1, r | 2 — zQ\ Consider the class G

of harmonie functions g in W — z0 such that

0|2)=-Llogl + e(*), (1)

9 I * 0 (2)

Jdgr* 0, 7 1,...,*, (3)

where e is harmonie in D.
In the class G we single out the functions gOf gx and gkk defined by the

conditions « n

gx | pt cs (const.), j 1,. n, (5)

h, k being real constants with h + k 1.
We shall first establish an extremal property of ghk by evaluating the

Dirichlet intégral D(g—ghk) over W. Dénote by a, a0, ax the values

*) Sponsored by the U.S. Anny Research Office (Durham), Grant DA-ARO (D)-31-124-
G40, University of California, Los Angeles. Presented to the American Mathematical Society on
June 22, 1963.
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e(z0) for g, g0, gx respectively and set B(g) $g dg*, B(g,g) jgdg*
for g, g, G. '

Lemma 1. The function ghk minimizes B(g) -f (k —h)a in G. Exflicitly,

B(g) + (k-h)a **«»! -h*a0 + D(g -ghk). (7)

Proof. We start with

D(g-gM) B(g) + B(ghk) -B(g, ghk) - B(ghk, g)

To evaluate

we take a circle y: \z —zo\ r0 < 1 and write C(g, g) $gdg* for
», ^. G. Then

Hère we hâve oriented /$ and y so as to leave ïF and \ z — zo| < rQ to the
left, respectively. On denoting (1/2tt) log (1/r) by q we obtain

*(0**) M [C(q + eo,Q + et) - C(q + el9 g + e0)]

hk [e^zo) — co(2o)] />fc(ch — a0)

In the same manner we dérive the équations

and conclude that (7) holds.

2. Now let W be a noncompact bordered Riemann surface with compact
border oc, and dénote by Q a compact bordered subregion with border
a u Piq U U finûQ* Hère a and the /3's are again disjoint sets of analytic
Jobdan curves, the border of any component of W — Q being contained in
one set only. For the various Q, the f}jQ ,j=l,...,n,Q9 are required to form

a consistent System of partitions ([1], p. 88). Specifically, for Q c Qf, the
partition of fiQ, must be a refinement of the partition induced by that of pQ.
The most important Systems are the identity partition and the canonical
partition.

Let 0 be the class of harmonie functions g on W — z0 defined by the
conditions (1), (2) and J dg* 0 for ail Q and /. The functions gQQ, g1Q>

and ghkQ in Q — z0 are defined by obvious modifications of conditions (4)-(6).
We shall show that thèse functions converge uniformly in compact subsets to
unique harmonie functions g0, gl9 ghk on W — z0 as Q-+ W
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3. Let QtzQ' and apply (7) to g g0Q, and ghk gQû. Since BQ(giQt)
Ba*(9iQ') ^ 0 for i 0, 1, we obtain

> —9oo) ^ aoa —
Similarly

D( ~9iq) ^ «os —

We conclude that the directed limita

a< lim atQ (8)

t 0,l, exist. Consequently

0. (9)

We reflect Tf, Q, Q' across a to form the doubles W, Ô, Qf ([1], p. 119)
and infer that the corresponding intégral D^ of the harmonie extension
* A A

g4Û/ — giQ to i3 of grtû/ —gtQ also tends to zéro. By virtue of the triangle
inequality, Dg (giQ — {fia')-*-® for any fixed Do as Q, Q' independently of
each other exhaust W. Since giQ 0 on oc, one infers ([1], p. 147) that gtQ

converges uniformly on compact subsets of W — z0 — z* (z* the reflection
of z0), hence on those of W — z0. We obtain the limiting functions gQ, gx, and

h 9o + k 9i •

One can show that (7) remains valid on the noncompact W but we shall
not need this information.

§ 2. Linear operators

4. Let again W be a compact bordered Riemann surface with border
a, U fii U U /?n. Let / be a harmonie function on oc and consider the class

H of harmonie functions non W with

i*|* /, (11)

Jdt** O, (12)

j 1,..., n. In H take the functions u09 uu uhk defined by

«i I Pt ci (const.), (14)
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Uhk hu0 + kux. (15)

Let A(u) §u du*, B(u) §u du*

Lemma 2. The function uhk minimizes the functional B(u) + (& —h) A(u)
in H and the value of the minimum is Je2 A (ux) — h2 A (u0) :

B(u) + (k—h)A(u) k*A(ux) —h*A(u0) + D(u — uhk). (16)

The proof is completely analogous to that of Lemma 1, with gOf glt ghk,

ao,al9a replaced by u09 ulf uhk, A(u0), A(ux), A(u).
5. If W is noncompact with compact border <x, one again considers a

consistent System of partitions of the boundaries $Q. The family H consists, by
définition, of harmonie functions u on W with u / on a and J du* 0

for ail Q, j. In the same manner as in No. 3 one proves that A (u0Q) decreases,

A(u1D) increases with increasing Q and that the directed limits

A (u{) lim A (uiQ),

i 0, 1, exist. The intégrais DQ{uiQ, —uiQ) tend to zéro and we hâve the
limiting functions u0, ux and

%* Um uhkQ A «e0 + * % (17)

Lemma 2 can be shown to remain valid for the limiting functions, but this
property will not be needed.

6. The operators Lhk are defined by

uhk Lhkf, (18)

with LQ, Lx standing for L109 L01 respectively. They satisfy the conditions

Lhkf\* f, (19)

^(Ci/i + c2/2) cx Lhkfx + c2 Lhkf2, (20)

Jd(2^/)* 0, (21)

min / ^ Lhkf ^ max / (22)

for compact W. By virtue of uniform convergence the same is true for non-
compact W.

The operator Lhk has an intégral représentation in terms of ghk. If W is
bordered compact, we apply Gbeen's formula to ui9 g{ along /?—a—y,
and let y shrink to z0. The resulting équations t^(z0) J / dg* give

*.
^

(23)
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Because of uniform convergence of both uhkQ and ghkQ on a noncompact W

we hâve:

Lemma 3. On an arbitrary bordered Riemann surface wiih compact border a,

Lhkf(Zo)=$fdgîk, (24)

where oc is oriented so as to leave W to its right.

7. The following is a gênerai property of harmonie functions :

Lemma 4. Let E be a compact set on an arbitrary open Riemann surface W.
Consider the class of harmonie functions u on W wiih

^O. (25)

Then there exists a constant q, 0 < q < 1, independent of u, such that

u\E*g>q supïF u (26)

In the more restricted class of functions u with sgn u\ E ^ const. the
lemma implies r ^ „ ^ ^ v

q mfpp u 5j u I E fg q supjp u (27)

as can be seen by applying (26) to —u. Less sharply, maxE | u | ^ q sup# \u\.
Proof. If supjpw 0 or oo, there is nothing to prove. In other cases we

normalize by a multiplicative constant so as to make supjp u 1. For
v l — u we hâve inf^ v 0, maxj? v ^ 1, hence t?>0on W. We are
to establish the existence of a q' e (0, 1) such that min^ v ^q'.

Without loss of generality we may assume that E is connected, for if this
is not the case we first replace E by a larger connected compact set.

Cover E by a finite number of disks Dt, i 1,.. N, centered at zt,
such that slightly smaller disks Z^ |z —zj<l —d, d>0, already cover
E. By Haenack's inequality, v(z)lv(zt) for z e D[ is in the interval (c, c"1),
where c d/(2 —d). For any z, z1 e D^ we hâve v(z)jv{zf) c (c2, c~2). There
is a point f e J5 where v(f) ^> 1 and this point can be connected with any
z € E by a séquence of points

C z0, zi> - ",zm z9rn^N9 the pair zM, «,(; 1,. m)

being in some disk D^. Consequently c2N qualifies as q'.

8. On an arbitrary open Riemann surface W let Wo be a bordered compact

subregion with border <xQ. Let W1 with border ax c Wo be the complément
of a relatively compact bordered subregion of W. For a real-valued function

/ € G on <x0 let Lf be the solution of the Dirichlet problem in flF0. The operator
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Lhk acting on Lf \ ocx gives on Wx the harmonie function Kf with

K LhkL. (28)

The n th iterate of K is denoted by Kn.
Let q be the constant of Lemma 4 applied to the compact set <xx on the

Ribmann surface Wo.

Lemma 6. // sgn K* f \ (xx ^ const., i 1,.. n, then

qnmin f^Knf\oco^qnmax/ (29)

For n 1 this follows from (27) and (22). For each itération we obtain
another factor q.

§ 3. An intégral équation

9. Orient x0 and ocx so as to leave WQ n Wt to the left and right respectively.

In Wo fl Wx let co be the harmonie function with conjugate co* s such
that a) | (*! 0, co | (x0 const., J ds 1 Choose branches of 5 with the
property that the curves *i

<x0 : z ^0(5)> ^i : « h(s)

are traced as s goes from 0 to 1. Let d/dn dénote the normal derivative on
<x0 and <%x interior to Wo n TTi-

Designate by g(z, Ç) the Green's function on Wo with the singularity.
at C. Given harmonie functions /0>/i on ^0>ai respectively, the L-operators
hâve the following intégral représentations:

(32)

We introduce the kernel

^.y)^/9^'^ d<»<W'Wds (33)

and hâve

y • (34)

10. Given a harmonie funetion a on W1 and an operator Lhk9 we wish to
construct on W a harmonie function p such that p — a — Lhk(p — a) on Wx.
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Hère W could be an open Eiemann surface Ro punctured at a finite number
of points zjt and Wx could consist of neighborhoods Di of the zi and a neigh-
borhood Dp of the idéal boundary (} of JR0. The harmonie function a in Dj
may hâve an isolated singularity at zj9 and on Dp it may be an arbitrarily
behaving function as one approaches /?. Thus we are dealing with the problem
of constructing on i?0 a harmonie function with given singularities and a
prescribed behavior near the idéal boundary.

We may assume that a\oc1 O, for otherwise we can replace a by
a —Lhka. It is necessary that the flux J der* vanish, for so do § dp* and

$d(Lhk(p-o))*.
*1

Our problem will be solved if we can find p | <%0, for then p \ WQ =* Lp
and p\ Wx a + Lhkp On oco we hâve, by Lhk L K,

p a + Kp (35)

or, more precisely,

p(tQ{x)) a(to(x)) + J K(x, y)p(to(y)) dy (36)
o

Thus we are dealing with a Fredholm intégral équation. It is known that its
solution is p 27* Kna provided the séries converges uniformly. In fact, the
JT-operator can then be applied term by term and gives Kp Z™ Kno p —a.

11. For the convergence proof we first observe that, by virtue of Green's
formula, r f /o_xJ uds J uds (37)

for any harmonie function on Wo n W1 with J du* 0. The fonctions
a, i/0, Lhlcix, and if/0 qualify as u. *i

Itiseasytoseethat j *«<,*«<> (38)

for ail i ^ 0. In fact, for i 0 this is so by assumption. Suppose then (38)
holds for i m — 1. Then J X"1"1 a ds 0 Hère the integrand can be

replaced by L acting on it, whence J LK™-1 o ds 0. The operator Lhk

can now be applied to the integrand, and (38) follows for i m.
We conclude that JS^cr, î 1, 2, is not of constant sign on &x. Lemma

5 gives to p | oco Z™ Kn o \ oco the upper bound maxa a/(l —q) and the
lowerbound mina cr/(l—q). By the maximum-minimum principle the same
bounds hold for p \ W09 hence for p \ a± and p — a | oc1 and a fortiori for
p — a on ail of Wx.
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We have established the following resuit:

Theorem. The solution phk \ oco 27* Kn a of the Fredholm intégral équation

(36) gives a harmonie function phk on W such that p — a Lhk a on
W1and

min* a max« a
n \W± (39)

1 — q ™* » " w— i ___ q

min* a max« a
(40)

12. For Lo and Lx the existence of principal functions p0, px has been known
[10,1] and has applications to conformai mapping, extremum problems, capacity
functions, classification theory, kernel functions, and value distribution theory
(see Bibliography). The relation to intégral équations is new and so are the
bounds (39), (40). Thèse bounds only dépend on mina o and maxa o, not on a
otherwise. This makes it possible to give bounds simultaneously for uniformly
bounded families of functions a. In essence, if a | <x0 is 0(1), then so are p \ Wo
and p—g, ail uniformly. Such bounds are needed e.g. in gênerai value
distribution theory [17, 18].

The construction of principal functions phk can also be carried out in locally
Euclidian spaces. This leads to extremum, capacity, and classification problems
in higher dimensions [19].
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