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Irregular Primes and Integrality Theorems for Manifolds

David Frank1)

1. Introduction

Number theory has long played an important part in topology. We examine hère a

topological problem whose solution dépends on the distinction between regular and
irregular primes. (Recall that a prime/? is said to be irregular iîp is odd and/? divides
the idéal class number of the/Kh cyclotomic field; the first irregular prime is 37.)

Let M be a closed oriented topological manifold of dimension 4k9 smooth on the

complément of a point. A necessary condition for M itself to be smoothable is that the

Pontrjagin number/?fc[M] be an integer. If, moreover, M is a spin manifold (w2M=0),
the integrality theorem of Atiyah-Borel-Hirzebruch-Singer [2], [3], [4] says an
additional necessary condition is that (l/ak)Â [M] be an integer, where A is the Â-

genus and ak 1 (k even) or 2 (k odd).
We wish to know to what extent thèse necessary conditions for the smoothability

of M are sufficient. If k > 1, M is triangulable [11] ; then the obstruction to extending
the smoothing of (Af-point) to M is an élément IM of the group of exotic sphères
J14*"1. There is a splitting [6], [9] r^'^bP (4k)®nik.u where bP(4k) is the

subgroup of exotic sphères bounding parallelizable manifolds and nf4k-l is a certain

complementary summand. The integrality of pk\_M~\ and Â[M~\ can provide no
information on the component of IM in Tr^-^Lemma 3.2 below). Hence we let IbM

dénote the component of IM in bP (4k), and pose the

Question. Let Mbe a closed oriented spin manifold of dimension 4k, k> 1, smooth

on the complément of a point. Suppose M satisfies the integrality condition: /?*[M]
and (\jak) Â[M~\ are integers. Is IbM=0 in bP (4k)l

THEOREM 1.1. Suppose dimM<200, dimM# 136. IfM satisfies the integrality
condition, then EbM 0>

THEOREM 1.2. There is a manifold N of dimension 136 satisfying the integrality
condition with IN oforder 37 in bP (136).

Since 37 is the first irregular prime, this suggests
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THEOREM 1.3. Let p be a prime. Thefollowing are équivalent:

i) p is irregular
ii) for some k>\, there is a manifold M of dimension 4k satisfying the integrality

condition with order lbM divisible by p.
In each dimension 4k, it is possible to détermine which primes/? (if any) can divide

the order of a IbM (for some M satisfying the integrality condition). Table 1.4 lists ail
such values of k and p which can occur in the range k < 109. If a value of k does not
appear in the table, then for a manifold M of dimension 4k, the integrality condition
implies 2^ 0.

Table 1.4

Â:=idimM 34 51 52 62 63 70 76 80 84 88 95 106

p ordQrIbM 37 59 37 67 103 37 131 59 101 37 67 37

A référence for the number theory we use is [5], However, we follow the notation
of [10], which is standard in topology and differs from the notation of [5].

2. Proof of the Main Theorems

Let Bt be the i-th Bernoulli number [10]. For convenience, define Bo to be 1.

Kummer gave a numerical criterion for regularity.

ASSERTION 2A, A prime p is irregular if and only ifp divides the numerator of
Bn, for some n<i(p—l).

We give a table of ail irregular primes less than 233. For each p, we give those

fl<iCp--l) such that/? divides num Bn. This information is in fact available for ail

/?<4001.

Table 2.2

p 37 59 67 101 103 131 149 157

n 16 22 29 34 12 11 65 31, 55

If A: is an integer and/? is a prime, let c (=c(k,p)) dénote the residue class of A:

modulo i(/?-l). Thus 0<c<i(/?-l). If/?=2, set c(k, 2)=0.

THEOREM 2.3. Let k>\bean integer andp aprime, Thefollowing are équivalent :

i) p^2k— 1 andp divides numi?c, where c is the residue class ofk modulo i(p — 1),

ii) there is a manifold M of dimension 4k satisfying the integrality condition with
order IbM divisible by p.
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We show that Theorem 2.3, whose proof we defer to the next section, implies the
results of the introduction. Note first that (2.3) implies Theorem 1.3. For if p is

irregular, then p divides rmmBc for some c<i(p-l). Let k a(i) (/?-l) + c, for
any integer a^ 1. Then p^2k-1 and c is the residue class of k modi(/?-1), so by
(2.3) there is a manifold M with the desired properties. Conversely, if M exists, then

p divides numi?c, so p is irregular.
We now prove Theorems 1.1 and 1.2. Let dimM=4k, &<50. Suppose M satisfies

the integrality condition and/? divides the order of ZbM. Then/? ^99 and/7 is irregular,
so p 37, 59, or 67. Suppose p 59. Then k ^ 30. Let c be the residue class ofk mod 29.

Then 59 divides mxmBc9 and from Table 2.2 we find that c 22. Thus k=22 mod29
and 30 < k ^50. Since no such k exists, we conclude that p^ 59. Similarly, we may
excîude/? 67.

If/? 37, then k^\9 and, from Table 2.2, k \6 modl8. Thus k 34 is the only
possibility, proving Theorems 1.1 and 1.2.

We leave the further vérification of (1.4) to the reader.

3. Proof of Theorem 2.3

We will need

THEOREM (von Staudt). Let p be a prime. Then p divides denomi?* if and only

ifp — 1 divides 2k.

THEOREM (Kummer's Congruence). Suppose p -1 does not divide 2k, p a prime.

Letr=\(p-\). Then BJk is a p-integer (p does not divide its denominator), and in the

ring ofp-integers

Bk/k=±Bk+rl(k + r) mod/?.

LEMMA 3.1. The prime p divides num (BJk) ifand only ifp divides numi?c, where

c is the residue class ofk mod\(p—\).
Proof Suppose p divides num(Bkjk). Then by von Staudt's Theorem, /?-l does

not divide 2k. (In particular, p is odd.) Write k=a Q) (/? -1) + c, where 0 < c < £ (p -1).
Then Kummer's Congruence shows/? divides num(5c/c). Hence p divides numBc.

Conversely, suppose/? divides numi?c, where 0^c<i(/?-l). Since 2c<p-l, we

see that p divides num(Bclc) and /?-l does not divide 2c. Hence by Kummer, p
divides num(Bklk).

LEMMA 3.2. Let M and N be manifolds of dimension 4k,k>\. IfZbM ZbN, then

modl andÂlM^ÂlN] modak.
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Proof. Let Z=ZN—ZM. Then the bP (4&)-component of Z is zéro. It follows from
[6] or [9] that there is a spin manifold Kwith ZV Z such that ail Pontrjagin numbers
of F are zéro. Let Xbe the connectée sum of M, —N9 and V. Then ZX=ZM—ZN+ZV
=0, so Zis smoothable. Thus pk[M']-pk[N']=pk[M]-pk[N]+pk[V]l=pk[X] is

an integer.
A similar argument applies to the ^4-genus.

Proof of Theorem 2.3. Let Wbe the closed Milnor manifold of dimension 4k and

signature 8. Thus ^-(point) is smooth and parallelizable. Then ZwebP (4k). In fact,
Zw générâtes bP (4k), which is a cyclic group of order Nk ak22k~2(22k~l — l)num
(BJk).

Now let qWbt the connected sum of q copies of W. Then qWis smoothable on the

complément of a point and ZqW qZw. Note that ZqW 0 if and only if Nk divides q.

Suppose M is a manifold of dimension 4k which satisfies the integrality condition but
ZbMi^0. Then ZbM =ZqW for some q. Therefore by Lemma 3.2, the manifold qW satisfies

the integrality condition. Using the Hirzebruch signature theorem for the L-genus and

the définition of the /î-genus [10], we hâve

2k(22k~1 — V\ B
8-signature W-LdW]'

We easily compute

-4

Now suppose the order of ZqW is ps, where p is prime and s is an integer. Then we

can write

q — — 9 r pnme to p.
ps

Thus

4akr (2k-1) denom (BJk)
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Then the integrality condition for qW says that p divides num(Bkjk) and p<2k-1.
But ifp divides num (BJk), then by Lemma 3.1, p divides num£c, which proves half
of Theorem 2.3.

Conversely, if p divides vmmBc, then p divides num(Bk/k). Let q NJp. Thus
order IqW=p. lîp<,2k—\9 then # £F satisfies the integrality condition, concluding the

proof of Theorem 2.3.

Remarks. 1. The manifold N=qW (q NJp9 p^2k-l) in fact satisfies the

stronger integrality theorem of [2], [3], [4]: {\jak)(Â(N) ph(y\ [iV]> is an integer
for every real vector bundle y on N. Hère ph is the Pontrjagin character. Nevertheless

qW is not oriented cobordant to a smooth manifold. This does not contradict

[12].
2. Note that (l/afc)i[M] modl is the Eells-Kuiper invariant /i of IM [7].

Similarly/?fc[M] modl is the Milnor invariant X(IM) [13]. Thus our results say, for
example, that ifI is an exotic sphère with n (I) k {I) 0, then Ib has order a product
of irregular primes and diml*^ 135, or else Zb 0.

3. There is a manifold N of dimension 436 satisfying the integrality condition with
order IbN equal to the product of distinct primes (59) (157). This is the smallest

dimension of such an example.
4. Information on the component of IM in nlk-i can be obtained using the

invariant of [8].
5. For the 136-dimensional manifold of Theorem 1.2 we may take the connected

sum of 266(267-l) (1/37) num (B3J34) copies of W. Knowing B34 (Adams [1]) we

find (1/37) num (£34/34)

125, 235, 502, 160, 125, 163, 977, 598, 011, 460, 214, 000, 388, 469.
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