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On the Kàhler form of the moduli space of once punctured tori

Scott Wolpert*

A Riemann surface R of négative Euler characteristic has a unique hyperbolic
metric. Provided JR has finite area in this metric the Teichmiiller space T(R) of R
will be a complex manifold. The complex structure of T(R) is characterized by
describing the holomorphic cotangent space at R. A natural identification exists of
the holomorphic cotangent space and Q(R), the space of holomorphic quadratic
differentials on jR. Consequently a Hermitian structure on Q(R) naturally gives
rise to one on T(R). An example is the Petersson inner product. Given &lt;p,

define

-i —2

where À2 is the hyperbolic area élément of R. The corresponding Hermitian
structure on T(R) is that of the Weil-Petersson metric. The metric is invariant
with respect to the Teichmûller modular group and hence can be used to study the

geometry of the moduli space of JR. Ahlfors and Weil established that the metric
is Kâhler. We are concerned with the Kâhler form co of the metric.

A relationship exists between the geometry of co and that of the vector fields
derived from a construction of Fenchel-Nielsen. A Fenchel-Nielsen vector field
t(a) on Teichmûller space is associated to each closed géodésie a of R. In the

manuscript [10] the quantity co(f(a), t(P)) is evaluated as the sum of the cosines of
the intersection angles of a and 0. It is also shown that the vector fields t(a) are
Hamiltonian for co; co is invariant under the flow of t(a). The form &lt;o and vector
fields t(a) are the éléments of a symplectic geometry for T(R). The geometry is

natural in the sensé that co is invariant with respect to the Teichmiiller modular

group. The quotient of T(R) by the modular group is the classical moduli space of
R. The Kâhler form co projects to the moduli space.

The simplest example of the above discussion is provided in the case of the

once punctured torus. In the first section we describe natural global coordinates
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for the Teichmùller space ST of the once punctured torus. Thèse coordinates hâve

no apparent relationship to the complex structure of 3~. Teichmùller space in
thèse coordinates is a simplex and the modular group M acts as a group of rational

maps. An analysis of the action of M is given. The discussion is concluded with a

description of a fundamental domain À. In the second section the Kâhler form &lt;o

is calculated in the global coordinates and is found to be rational. Using the

descriptions of o&gt; and A the intégral JA to is computed. It reduces to that of the

dilogarithm. The final resuit is tt2/6, the area of the moduli space 3&quot;IM.

I would like to thank M. Gromov and T. J0rgensen for their advice and

suggestions.

The Teichmùller space

We begin with an exposition of the Teichmùller theory of the once punctured
torus. Our goal is to describe coordinates for the Teichmùller space, and to
describe the action of the modular group. The material was in part previously
considered by Keen, [3].

A once punctured torus is uniformized by a Fuchsian group F, F ci PSL (2 ;R).
We shall use the following normalized form for the présentation of F. Hyperbolic
transformations A,BePSL(2;M) freely generate F with ABA~xB~l parabolic;
the repelling (resp. attracting) fixed point of A is 0 (resp. &lt;*&gt;) and the attracting
fixed point of B is 1. In fact the group F can be lifted into SL(2; R) such that tr A,
trJB, tr AB become positive, where tr dénotes the trace of a matrix. We shall
consider F both as a subgroup of SL(2;R) and of PSL (2 ;R) without making the

proper distinction. The quantities x tr A, y tr B, and z tr AB uniquely
characterize the above description of F. The transformation ABA~lB~l is

parabolic. An elementary argument shows that the commutator ABA~XB~X has

négative trace and consequently tr ABA~lB~x -2. The équation
tr ABA~1B~1 -2 is équivalent to the identity x2 + y2 + z2 xyz. This is the

unique relation satisfied by the triple (x, y, z).

THEOREM (Fricke Klein [2], Keen [3]). The Teichmùller space V of the once

punctured torus is the sublocus of x2 + y2 + z2 xyz satisfying x, y, z&gt;2.

It will be necessary to consider two other coordinate Systems for SF. We begin

by introducing the invariants a, b and c where a x/yz, b y/xz and c z/xy.
Teichmiiller space is now the sublocus of a + b -f c 1 satisfying a, b, c &gt; 0, a

simplex. The third coordinate system will be introduced in the next section.
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Distinct triples (x, y, z) and (x, y, z) may describe conjugate Fuchsian groups
and thus isometric punctured tori. We wish to better understand this phenome-
non. It is the direct conséquence of the non-uniqueness of a choice of generators
in the présentation for F. The automorphism group of F will be used to study the
différent choices of generators for F. Let G be the free group with generators A
and B. The automorphism group Aut (G) of G has generators, a, P and U where

A~l P(A) B U(A)
a(B) B P(B) A

an
U(B) B

&apos;

[4]. A représentation of Aut (G) in GL(2; T) is obtained by letting Aut (G) act on
G/[G9 G]«Z©Z. Choosing the cosets of A and B as generators for G/[G, G] we
hâve under the représentation

-
We shall be concerned with Aut+(G) the preimage of SL(2;Z)&lt;= GL(2;Z).
Dénote by Inn (G) the inner automorphism group of G. The essential properties
of the représentation are given in the following theorem of Nielsen, [4].

THEOREM. Let G be the free group on two generators. Then

Out+ (G) Aut+ (G)/Inn (G) « SL(2; Z).

In fact, by the représentation

the classical generators of SL(2;Z). By définition the Teichmiiller modular group
M for 3&quot; is Out+ (G). The modular group M does not act effectively on 3&quot;; the

kernel of the action is I ± I f. Accordingly PSL(2; ï) does act effectively on

?T. It is this action that we wish to understand, in particular to describe a

fundamental domain.
For clarification we note that the upper half plane H also provides a coordi-

nate System for 3~ where the action of M^SL(2;Z) is by fractional linear
transformations. We shall describe the map from the (x, y, z) coordinates to the H
coordinatës. To the triple (x, y, z) the point reH is determined as follows. First
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let F be the Fuchsian group associated to (x, y, z). Corresponding to the com-
mutator sub-group [F, F]c=F is the abelian covering H/[JT, T] of HIT. The
covering surface H/[F, F] is planar and conformally équivalent to C-L for a

Euclidean lattice L. A conformai map of H/[r, F] to C - L, equivariant with
respect to 17|T, F] and L, exists such that the cosets of A and B in ri[Ff F] are

conjugated into the generators of L. The lattice L is normalized such that its

generators are r and 1 with reH. The quantity t is the image of the triple
(x, y, z).

We now wish to focus our attention on the principal congruence subgroup
F(2) of level 2 in SL(2;Z), where

Dénote by PF(2) the image of F(2) in PSL(2; Z). By an elementary argument the

indices satisfy

[SL(2; Z) : F(2)] [PSL(2; Z) : PF(2)] 6.

We wish to characterize the preimage of PF(2) in Aut(G). Let Ji2 be the
subgroup of Aut (G) generated by px ail2, p2 (r and p3 PaU2P. Under the
représentation of Aut (G) in GL(2;Z)

1 0-1
0

-2\
1/

&apos;2

\ 0

0\
1/

and

Dénote by J/fe the intersection ^H Aut+ (G). Now the représentations of pl9 p2
and p3 each hâve négative déterminant; consequently M2 c ^2 is the subgroup of
words in p1? p2 and p3 of even length. Under the représentation of Aut (G) we
claim that M% &lt;= F(2), and that M2 surjects onto PF(2). Indeed the représentations

°f Pu P2 and p3 are each congruent to I jmod 2, the inclusion M2&lt;^r(2) is
V0 X/ /l 2\ /-l 0\

immédiate. The images of p2pi and p2p3 are respectively I and I 1

the lifts of the generators of PF(2). We shall establish below that Mi acts

effectively and thus conclude that the natural map M2 —? PF(2) is a bijection.
First we shall consider the action of M^ in the (x, y, z) coordinates. We begin

with the action of pl9 p2 and p3 on the generators A,B of F

Pl(A) B~2Al p2(A) A&quot;1 P3(A) A
Pl(B) B p2(B) B p3(B) A^B1
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There is natural induced action on the traces of the generators of F. Recalling that
x tr A, y tr B, z tr AB we hâve

Px(x) yz - x p2(x) x p3(x) x

pi(y) y p2(y) y p3(y) x2-y
px(z) 2 p2(z) xy - z p3(z) 2

The following identity has been used: given C, DeSL(2;U) then trCtrD
tr CD + tr C~rD. The above triples satisfy x2 + y2 + 22 xy2, x, y, 2&gt;2. For
example consider the triple (pi(x), Pi(y), pi(2)). By the quadratic formula 2x
y2±(y222 —4(y2-f 22))1/2&lt;2y2 hence y2 —x is positive. From the définition of
Aut (G) there exists a unique normalized Fuchsian group F with generators Â, É
satisfying |tr Â| yz - x, |tr Ê\ y, |tr ÂÉ\ z and tr Â, tr B, tr ÂÊ &gt; 2. Necessar-

ily we hâve that tr Â y2 - x, tr B y and tr ÂB z. The description of the M2
action is complète. We also give the action of pl9 p2 and p3 in the (a, b, c)
coordinates

/ \ t / \ ca / \ ba
p1(a) l-a p2 1-c KJV &apos; 1-b

Pi(b) t^- P2(b) t^ p3(b) 1 - b
\ — a \ — c

/ \ ac / \ * / \ bc
l

We shall now describe a fundamental domain for the action of M^ on 3T.

Consider the domain 4c3&quot;}4= {(a, b, c) g ^ |a, fc, c ^5}; 4 will be a fundamental
domain for M2. Indeed this is an immédiate conséquence of the observation that
the function E(x, y, 2) x + y + 2 achieves a unique minimum on the orbit M^ip),
p g 3&quot; at the unique point of the orbit in A. We shall make the argument in several

stages. E is the sum of positive traces from a fixed group F; the set of traces of
éléments of F is discrète. The minimum of E on the orbit M^ip) exists. For the

remaining arguments we require the following elementary formulas

E°pr£_lx Eop2-E 1z E°p3-E 1y^
2y2 2 y2 2xy 2 xy 2x2 2 X2

Now if qeJliip) represents a minimum then necessarily E(pj(q))&gt;E(q),
3. In particular the formulas (1) show that the coordinates a,b,c of q are each

bounded by |, hence q e A.
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First we shall establish a convexity property of E along the orbit M^iv)- Let
wn- • • h&gt;! be a reduced word in pl9 p2 and p3 (note that p, pJ~\ 1&lt;j&lt;3). Then
we claim the finite séquence JB(s), ECw^s)),..., E(wn • • • w^s)), seïï is strictly
convex. Consider the alternative: n&gt;2 and r- w, • • • wx(s), j&lt;n exist with
EW^Etw,.! • • • w1(s)) E(wJ(r)) and J3(r)&gt;E(wJ+1(r)). Letting the coordinates
of r be (a, fe, c) then the inequalities E(r)&gt;E(Wj(r)) and E(r)&gt;E(wJ+1(r)) com-
bined with (1) establish that two of the inequalities a&gt;|, b&gt;\ and c&gt;5

necessarily hold, contradicting (a, b, c) e 9~. The convexity property is established.
Consider now q9reA points of the orbit M2(p). Using (1) we observe that
E(pj(q))&gt;E(q), E(pj(r))&gt;E(r), l&lt;/&lt;3. Now thèse inequalities and the convexity

of E imply that either q~r or pk{q)-r for some fc, 1 &lt; k =£ 3. In the latter case

E(r) E(pk(q))&gt;E(q) and E(q) E(pk(r))^E(r); the définitions of E and Pk

show that actually q r. In conclusion the minimum of E on an orbit JC2(p) occurs
at its unique intersection with A.

We observe in closing that Ji2 acts effectively. Otherwise a nontrivial reduced
word wn • • • wl5 n&gt;2 exists with E(wn • • • wx(q)) E(q), qeâ contradicting the

convexity of E. The subgroup M^^M-i necessarily acts effectively; the natural

map M2-*Pr(2) is a bijection. As a conséquence we hâve that the index
[PSL(2;Z): JM£\ is 6.

The Kâhler form

Our goal is to dérive the expression for the Weil-Petersson Kâhler form co in
the (a,b,c) coordinates and then intergrate &lt;o over the fundamental domain A.

We begin with the formula evaluating &lt;o on the Fenchel Nielsen vector fields in
terms of the hyperbolic geometry of closed geodesics on a Riemann surface. Then
we proceed by a change of variables to obtain the desired formula. Finally the

intégral of o&gt; over A is considered.
We consider only Riemann surfaces R with a hyperbolic, constant curvature

—1, metric of finite area. A déformation of the metric .R is defined by the

following construction. Our point of view throughout is that a fixed topological
surface underlies the conformai structure of R. Let y be a simple closed géodésie.

Cut R along y, rotate one side of the eut relative to the other, and then glue the
sides together in their new position. Perform this déformation continuously such

that the distance between two points, one on each side of the cut, is measured by
the time elapsed. A tangent vector of this déformation is an infinitésimal twist
t(y). Our approach centers on the Fenchel-Nielsen tangents t(y). An important
invariant of the hyperbolic metric on R is l(y), the length of the unique géodésie

in the free homotopy class of 7.
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In the manuscripts [8,9,10] the geometry of the quantities cj, t(a) and i(j3) is

investigated. The fundamental formula is o)(t(a), -dl(a). An immédiate
conséquence is that the vector fields t(a) are Hamiltonian for the symplectic form to.

Indeed a symplectic geometry is associated to the quantities o&gt;, t(a) and l(a). We
shall only require the following two formulas. Dénote by a # |3 the intersection
locus of the geodesics a and /3 then

and

cosOp
pe&lt;x#0

where Op is the intersection angle at p measured from a to |3 [9,10].
Let T(R) be the Teichmiiller space of R and s its complex dimension. It is

classical that free homotopy classes yu..., y2s can be chosen such that the

lengths /(y,), 1&lt;/^2s provide local real coordinates for T(R) near JR. We begin
with an expression for (o in thèse coordinates.

LEMMA.

*&gt;=! Wk]dl}Adlk

where the matrix (W]k) is the inverse of the matrix (t(yj)l(yk)).

Proof. We abbreviate r, for Ky,) and l} for l(yj) and use repeated indices to
indicate summation. By the chain rule ^(5/5^) tp 1&lt;/&lt;2s and hence d/di,

Wjrntn. Now we calculate

Ij&lt;fc

J&lt;k
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Using the équation coC^, tn) tmln we proceed

&lt;»=IWjmWkntmlndljAdlk
,&lt;k

IéWkjdlJAdlk,

and the calculation is complète.
The volume form dV of the Weil-Petersson metric by définition is (l/s\)&lt;os

(l/s\)o) a • • • A(o. ST has complex dimension 1; &lt;o is the volume form of ST. Note
that the Kâhler metric on ?f ~ H is not complète and thus is not a multiple of the

hyperbolic metric, [7]. We now argue that in the (x, y, z) coordinates

_
À&gt;x Ady
xy-2z

and then in the (a, b, c) coordinates

da Adb
û&gt; —-—•abc

By définition if F represents a point of ST with generators A, B then

x tr A 2 cosh 1^2

y tr B 2 cosh J2/2

z tr AB 2 cosh Jab/2

where Z* is the length of the appropriate géodésie and x, y are local coordinates

for ïï provided xy-2z^0. Applying the above lemma we hâve that

a&gt; (t1l2rldl1Adl2

where t1l2 cos6, and 0 is measured from A to B. The following diagram
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indicates the geometry of the geodesics corresponding to A, B and AB

JAB/2

where the lengths are for the sides of the triangle, [7]. By the law of cosines

_
cosh IJ2 cosh i2/2-cosh Ub/2

~ sinh IJ2 sinh l2/2

and thus

sinh IJ2 sinh l2l2
03 ~ cosh IJ2 cosh 12I2- cosh W2 1A 2*

Now dx sinh IJ2 dlu dy sinh l2l2 dl2 and on substituting we obtain

4 dxAdy
ù)

xy-2z

the first expression.
The second expression is obtained by the rational change of variables. Begin-

ning with the formulas x~2 bc, y~2 ac and z~2 ab we hâve —2dx/x
db/b + dc/c and —2 dy/y da/a + dc/c thus

4dxAdy_dbAda dbAdc dcAda

xy ba bc ca

or using a 4- 5 4- c 1

4dxAdy a + fe —c-_£

xy abc
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Finally we obtain

a + b-c Jf daAdb
daAdb=a ^ daAdb

abc(l-2c) abc

which is valid throughout ST since &lt;o is real analytic.
We are ready to consider the co intégral

4 J J
dadb

ab(l-a-bï

Using the description of A we hâve

ri/2 a» au ri/2f1/2 dadb f1/2 f1/2 /l 1 \ dadfc
J1/2_b ab(l-a-b) Jo ha-b ^ l-b-a/b(l-b

J.l/2 2 1

fc(l-b) &amp;l-2fe

and substituting u 1 - 2b yields the common dilogarithm intégral

We complète the calculation by considering the index of M^^PSLiliZ). The
form (o is M2 invariant and à is a fundamental domain for M^. Using the

previously computed indices

L ù) TT2

1 f 7T2

the area of moduli space for the once punctured torus.
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