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Polynomial invariants of représentations of quivers

Stephen Donkin

Let k be an algebraically closed field of arbitrary characteristic. Recall that if an
affine algebraic group G over k acts on an affine variety Z then we get an induced
action of G on the coordinate algebra k[Z], given by (x -f)(z) =f(x~lz), for
x e G, fek[Z] and z e Z. We consider hère the space R(Q, a) of ail A:-représentations

of a quiver Q with given dimension vector a (a,, a2,..., aw). There is a

natural action of the product of gênerai linear groups GL (a) GL (ab k) x
GL (a2, k) x • * • x GL (aw, k) on R(Q, oc) and the purpose of this note is to describe

gênerators for the algebra of polynomial invariants k[R(Q, a)]GL(a)0 of the coordinate

algebra k[R(Q, oc)}, where GL (ol)0 is the centralizer in GL (a) of an élément 6.

In particular we show that k[R(Q, a)]GL(a) is generated by the coefficients of the
characteristic polynomials of products over onented cycles. In characteristic zéro
this is a resuit of Le Bruyn and Procesi, [4], Theorem 1. I am very grateful to Dr.
W. W. Crawley-Boevey for bringing this problem to my attention.

By a quiver we mean a quadruple Q (F, A, h, /), consisting of the vertex set

V {1, 2,...,«}, a finite set A of arrows and maps h : A -&gt; F, t : A-*V which
assign to an arrow a e A its head, h(a)9 and tail, t(a).

Let El9E2,... ,En be finite dimensional k -vector spaces and let E
Ex®E2®&apos;&quot;®En. Let a, =àimkEn 1 ^ i ^n and let a (a,,a2,..., aw). We
write GL (a) GL (£,) x GL (E2) x • • • x GL (En) and identify GL (a) with a

subgroup of GL (E). Thus GL (a) is the centralizer in GL (E) of a linear endomor-
phism a of E which acts as multiplication by ct on En 1 &lt;&gt; i ^ n, for distinct scalars

cuc2,.. .,cnek. Then R(Q, (x)=UaeA Homk(Em9 Em) is the space of ail fe-rep-
resentations of Q on the spaces Eu E2,..., 2sw. Now GL (a) acts rationally on
R(Q, a) by g • (&gt;&gt;Ja6 ^ (^/k«)^«^/7«))«^ for S (Si &gt; £2, • • •, g») e GL (a) and
(&gt;Oae,4 G ^(Ô&gt; a)- F°r an endomorphism z of a fc-vector space E of finite dimension

d and non-negative integer s &lt;&gt; rfwe let #5(z) dénote — l)5 times the coefficient
of td~s in the characteristic polynomial det (tl — z) of z (where /is the identity map
on E). In the case in which Q has only one vertex the following becomes the

description of generators of matrix invariants given in [3], §2, Theorem 1.
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PROPOSITION. The algebra of invariants k[R(Q, a)]GL(a) is gênerated by the

functions (ya)aeA h-&gt; Xs(ya, &apos; &apos; &apos; ya2yai), w^ere (aua2, ...,ar) is an oriented cycle
and s &gt; 0.

Proof. First suppose that Q is the quiver which has m arrows between each pair
of vertices, i.e. there is a positive integer m such that for each (/?, q) e V x V there

are precisely m arrows a € A with t(a) p and h(a) q. We write A as a disjoint
union A AlvA2\J- • &quot;uAm in such a way that for each (p, q) e V x V and
1 &lt; r &lt; m there is exactly one élément a e Ar with t(a) =p and h(a) q. We regard
End*. (E) as a GL (a)-module via conjugation and Endjt (E)m as the direct
sum End*. (E) © End*. (E) © • • • © End*. (E). Then we hâve an isomorphism of
GL(a)-modules (and varieties) 0 : R(Q, a) -+Endk(E)m given by (t&gt;((ya)aeA)

(y\,y2,&apos;.&apos;,ym), for OOae^e/?((?, a), where yr ?.aeArya9 for 1 &lt; r &lt; m.

Now the comorphism (/&gt;* : /rfEnd*. (£&apos;)m] ^A:[jR(g, a)] induces an isomorphism
k[Endk(E)m]GLM-+k[R(Q,(x)]GLw on invariants. By [3], §2 Theorem 2, we
hâve that k[Endk (E)m]GL(a) is generated by the functions (yl9y2, • • •, ym) ^
Xu^qxyty2yt2 &apos; &apos; &apos; ^q%l for r &gt; 1, qu q2,..., qr &gt; 0, u &gt; 0 and (/,, /2,. /r) an

r-tuple with entries in {1,2, ...,m}. Therefore k[R(Q, a)]GL(oc) is generated by
functions of the form

Z y\4 Z ^\
with r, (i,, i2,.. ir), and #,, ^2,. qr as above. However, aya cMfl)&lt;yfl for a e

so the above function is

M)^ Z CM

However, as is well known, a signed coefficient xu(z\ + zi)i °f tne characteristic

polynomial of a sum of endomorphisms zl9 z2, is a linear combination of products
of the coefficients of the characteristic coefficients in monomials in zx and z2. (Also,
this follows from the main resuit of [3], since the function (zl9 z2) i-&gt; Xu(zi + Z2) is

a polynomial invariant for the action of the gênerai linear group by simultaneous

conjugation on pairs on endomorphisms.) Hence the above function is a linear
combination of products of functions of the form

for ax, a2,..., ar e A9 s ^ 0. Now, for a9b e A9 we hâve ya e Hom*. (Et(a), Eh{a)) and

yb e Hom* (Et(b)9 Em) so that yayh is zéro unless h(a) t(b). Thus yUr • • • ya2yax is
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zéro unless h{ax) t(a2), h(a2) t(a3),. h(ar) t(ax). Moreover, yOr
• • • ya2yax

belongs to Hom^ {Et{ax), Eh(£tr)) &lt; End*. (E) and, for an élément z of Hom* (En E}\
we hâve %s(z) 0 for ail s &gt; 0 unless i =/ Hence k[R(Q, a)]GL(a) is generated by the
functions (ya)aeA ^xs{yar&apos;&quot; ya2yax), where (al9 a2,.. ar) is an oriented cycle
and s &gt; 0.

To conclude we make use of the elementary remark that if L M@N is a

direct sum décomposition of a finite dimensional rational //-module L, where H is

an affine algebraic group over k, then the restriction map k[L] -? k[M] is a split
surjection of //-modules and hence the induced map k[L]H-+k[M]H is surjective. So

now let Q be arbitrary. Let m be a positive integer such that for each (p, q) e V x V
the number of arrows a € A satisfying t(a) /? and h(a) — q is at most w. Let g be

a (complète) quiver on the same vertex set V with set of arrows A containing A
such that for each (p, q) e V x V there are exactly m arrows a e Â with t(a) p and

h(a) #. Let gr be the complément of Q in Q9 i.e. the quiver on vertex set V with
arrows A&apos; Â\A. We identify R(Q, a) with the subspace of R(Q, a) consisting of
the éléments (ya)ae â such that ya 0 for a $ A. We similarly identify R(Q\ ce) with
a subspace of R{Q,cn). Then /?(g, a) /Ê(g, a) ® /?((?&apos;, a) is a décomposition of
GL (a)-modules. Hence the map k[R(Q, &lt;x)]GL(«)-&gt;k[R(Q, a)]GL(a) is surjective. By
the case already considered k[R(Q, a)]GL(a) is generated by the functions
(ya)aeÂ *-+ Xs(yar &apos; &apos; • ya2yax)&gt; where (al9a2,. ar) is an oriented cycle in Â, and
5&gt;0. By restricting thèse functions to R(Q, a) we get that £[/?((?, a)]GL(a) is

generated by the functions (ya)aeA ^ Xs(ya, &apos; &apos; &apos; ya2yai)&gt; where (aua2, ...,ar)is
an oriented cycle in A, and s &gt; 0.

We now generalize this resuit to give generators for the invariants of k[R(Q, a)],
for the action of a centralizer in GL (a). In the case [V] 1 this is [3], §2, Theorem
2, and in gênerai follows from the Proposition above in the same way that [3], §2,

Theorem 2 follows from [3], §2, Theorem 1.

Let 0, eEndfc(£;) and let GL(Et)9i be the centralizer of 0, in GL(^),
\&lt;i&lt;n. Let 6 (eï,62,...,6n)eEndk(El)®Endk(E2)®--®Endk(En) and
let GL (a), GL (El)6l x GL (E2)02 x • • • x GL (Eh)Oh.

We recall, from [2], the notion of a good pair of varieties. Let G be a reductive
affine algebraic group over k. By a good filtration of a rational G-module M we

mean an ascending filtration 0 Mo ^ Mx ^ M2 ^ • • • such that, for each / &gt; 0, the
section Mt \Mt + x

is either zéro or isomorphic to a module induced from a one
dimensional module for a Borel subgroup of G. We call Z a good G-variety if the

coordinate algebra k[Z] admits a good G-module filtration. By a good pair of G

varieties we mean a pair (Z, 71), where Z is an affine G-variety, T is a closed
G-stable subvariety of Z and the G-modules fc[Z] and IT admit good G-module
filtrations, where IT &lt; k[Z] is the idéal of T. Recall from [2], §1.3, that if (Z, T) is
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a good pair of G-varieties then Z and T are good G-varieties. The main point about
good pairs, as far as invariant theory is concerned, is that the restriction map on
fixed points k[Z]G^k[T]G is surjective (by [2], Proposition 1.4a).

THEOREM. The algebra of invariants k[R(Q, a)]GL(a)e is gênerated by the

functions (ya)aeA h» Xs(dqhr(ar)yar • • • 0qhla2)ya2dqh[ai)yax), for (al9a2, ...,ar) an ori-
ented cycle, qx, q2,..., qr ^ 0 and s ^ 0.

Proof Let g+ be the quiver (V+,A+9t + 9h+) obtained from Q by adding n

extra loops, one at each vertex. Thus we hâve V+ V, A+ A uL, the disjoint
union oî A and L {/,, /2,..., /„}, / + |^ f, h + \A=h, and t+(lt) h+(lt) i, for
1 ^ ï ^ /i. We let a + a and take

+ ,a+)= FI

where S n/6 L
For any affine GL (a)-variety X we hâve

by Frobenius reciprocity and the tensor identity for induction (see also [5], (1.4)).
But we hâve the natural isomorphism IndgJ; $tf *: s fc[C(0)L by [2], Theorem
2.2a (iii), where C(9) is the Zariski closure of the GL (a) conjugacy class C(6) of 6.

Thus we get k[X]GL(&lt;x)0 ^ k[GL (ol) x C(ë)]GL(a). Explicitly, we hâve the isomor-
phism { : k[X x C(0)]GL(a)-^A:[Ar]GL(a), £( f)(x) =f(x, 0), for_/e k[X x C(0)]GL(a),

x e X. Assume now that A&quot; is a good G-variety. Then (S, C(9)) is a good pair of
GL (a)-varieties by [2], Theorem 2.2a (ii), so that (X x S, X x C(0)) is a good
pair of GL (q)-varieties, by [2], Proposition 1.3c (i). Hence the restriction
k[X x S]GL[&lt;x]-+k[X x C(6)] is surjective, by [2], Lemma 2.3a (or Proposition 1.4a).

Thus, for a good GL (a)-variety X, we hâve the surjective map tf : k[X x ,S]GL(a)-&gt;

k[X]GL™e9 rt(f)(x) =/(x,0), for/eAP&apos; x Endk(E)n]GL^\x eX.
Now take X R(Q, a). Then X x S R(Q +, a +) so every GL (a)0 invariant

oïk[R(Q,a)] has the form/|,/=,A(/),/eL, for some/e^(Ô + «+)]GL(a). But by
the Proposition k[R(Q + 9(x+)]Gh(lx) is generated by the functions (yb)beA+ i—?

Xs(ytt &apos; * * yb2ybx\ with (bi,b29..., bt) an oriented cycle. Specializing &gt;v to 0MO, for
/ € L, gives generators of the forai described in the theorem.

Remark. We now deduce that the Proposition is valid over Z and stable under
base change. The arguments are entirely analogous to those of [3], §3,1 so we shall
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be brief about the détails. Let ElZ be a free Z-module of rank oc(, 1 £ / £ h. Let
GL (a) be the product of gênerai linear group schemes corresponding to
£,,z, £2,z,. En,z- Let R(Q, a)z na6A Hom2 (£,(û),z, EHa)tZ) and let Z[/J(0, a)]
be the symmetric algebra on the dual abelian group Homz (R(Q, a)z, Z). Let

/ Z[/?(g, a)]GL(a) and let 7&apos; be the subring generated by the coefficients of the

characteristic polynomials of products, taken over oriented cycles, of éléments of
Homz (Em% z, EKa)t z),aeA. Let A {aY, à2,.. am } hâve cardinality m.
Then there is a natural multigrading Z[R(Q,oc)] ®(oeNmZ[R(Q,(x)]co, such

that a non-zero élément of the dual of Homz (Et{Qr)&gt;z, Ehia^z) has degree

(0,. 0, 1, 0,. 0) (1 in the rth position), for \ &lt;&gt;r &lt;&gt;m. This induces multi-
gradings on J, J\k[R(Q,a)] and k[R(Q, a)]GL(a). For œ e N%, the component
k[R(Q, a)L has a good GL (a)-filtration (e.g. by [1], Corollary 3.2.6 and the fact
that R(Q,(x) is a good GL (a)-variety). Furthermore, the formai character of
k[R(Q, oi)]œ is independent of the field k and détermines dim* k[R(Q, a)]2L(a), which
is therefore also independent of the field k. By the Proposition, the natural map
k ®z J&apos;u&gt; ~+k[R(Q, a)]2L(a) is surjective for every algebraically closed field k. It
foliows that J Jr and that the natural map k ®ZJ^k[R{Q, a)]GL(o° is an
isomorphism, for every algebraically closed field k.
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