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A SPECIAL CASE OF KUMMERS CONGRUENCE 175

As in the case n even, it will suffice to take r = 3 (mod 4). Let
9°r denote the highest power of 2 dividing r + 1, and consider
27 T. For e, < 2, we get the exponent — 1; for ¢, > 3 it
follows that —12—(7' — 1) >e. Hence if k + 2 < ¢,, we get the

e

exponent %k -+ 2—e, while if £ + 2 >e, we again get —1

(at most). Consequently

A,
A,

lll

0 (mod 2°™¢Th+?) (k+2 <e) , (16)
0 (mod 2°™ ) (k+2>e¢). (17)

Hl

Comparing (16) and (17) with (13) and (14) we may. accord-
ingly state the following

TuEOREM. Let 28 < 2n < 2°7' and let 2% denote the highest

power of 2 dividing n or n — 1 according as n is even or odd.
Then A, as defined by (1) and (3) satisfies (16) and (17 ).
Applying the Staudt-Clausen theorem, it follows from (3)

that

_‘
A, ————_.' n—rm( )modp ,
r>0

where p = 2m + 1 1s an odd prime. It can be shown that
2 (p—11n)

Y yn-rm (rm> (’;:) p—1fn+k0<hk<m
0 otherwise.

In particular the prime factors of the denominator of A, are
simple and cannot exceed 2n + 1.

In connection with formula (4) above it may be of interest
to cite the formula [2, p. 189]
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4N n n+r+1 nin! L
| 1)2(7‘>n+r—|—1+2(2n—{-1)!—0'
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