Zeitschrift: L'Enseignement Mathématique
Herausgeber: Commission Internationale de I'Enseignement Mathématique
Band: 22 (1976)

Heft: 1-2: L'ENSEIGNEMENT MATHEMATIQUE

Artikel: THE LIE BRACKET AND THE CURVATURE TENSOR
Autor: Faber, Richard L.

Kapitel: 4. The Curvature Tensor

DOI: https://doi.org/10.5169/seals-48173

Nutzungsbedingungen

Die ETH-Bibliothek ist die Anbieterin der digitalisierten Zeitschriften. Sie besitzt keine Urheberrechte
an den Zeitschriften und ist nicht verantwortlich fir deren Inhalte. Die Rechte liegen in der Regel bei
den Herausgebern beziehungsweise den externen Rechteinhabern. Siehe Rechtliche Hinweise.

Conditions d'utilisation

L'ETH Library est le fournisseur des revues numeérisées. Elle ne détient aucun droit d'auteur sur les
revues et n'est pas responsable de leur contenu. En régle générale, les droits sont détenus par les
éditeurs ou les détenteurs de droits externes. Voir Informations légales.

Terms of use

The ETH Library is the provider of the digitised journals. It does not own any copyrights to the journals
and is not responsible for their content. The rights usually lie with the publishers or the external rights
holders. See Legal natice.

Download PDF: 23.01.2025

ETH-Bibliothek Zurich, E-Periodica, https://www.e-periodica.ch


https://doi.org/10.5169/seals-48173
https://www.e-periodica.ch/digbib/about3?lang=de
https://www.e-periodica.ch/digbib/about3?lang=fr
https://www.e-periodica.ch/digbib/about3?lang=en

e e

32 __

This formula is involved in proving that if H is (algebraically) a subgroup
of a Lie group G and if H is a closed subset of G, then H is a topological
Lie subgroup of G ([3, pp. 96, 105]). Specifically, it implies that { V in
L(G) ] exp (¢V) is in H, for all ¢ real } is closed under the bracket. The
formula also provides the following geometric interpretation of the bracket
[X, Y] on the Lie algebra L (G) of a Lie group G.

CoOROLLARY 1. If X and Y belong to L (G), then the curve

t —> exp (—\/;X) exp (——\/;Y) exp (thX) exp (\/;Y)
has velocity vector [X, Y] at ¢t = 0.

4, THE CURVATURE TENSOR

Now assume M 1is furnished with an affine connection (covariant
differentiation operator) p.

The curvature tensor R on M is the (é)-tensor (equivalently, the linear-
transformation-valued bilinear mapping) R defined by

R(X,Y)A =pxpyA —vyVxA —Vixn4
= (Fx> Py] = Vx4

for X, Y, and A4 vector fields on M. The relationship between this tensor
and the Riemann curvature (in a Riemannian manifold) may be found in
[4, pp. 72-73], [2, Chapter 9], and [5, pp. 125-127]. Here we shall show its
relationship to parallel translation.

Consider the figure again, and let 4 be any vector field on M. We shall
compare parallel translation along p, — p; — p4 with that along p, — p,
— p5. Then, by adding the curve o () = Y, X, Y_, X_,p; defined
previously (the dotted curve in the figure), we obtain a closed circuit. We
shall need the following.

LemMMA 2. (Taylor’s Theorem for parallel translation). Let X be a vector
field defined in a neighborhood of a curve y, let T = 9y’ (0), and for any
t in domain (y), let 7, denote parallel translation along y to y (¢). Then

k

X (y ()~ X (y(0)) = ZkZI%!VTkX + 0(n+1).
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Proof. Apply the real-variable Taylor’s Theorem to the function (1)
=10 X (7 (¢)) which has values in a finite dimensional vector space.

im To X (P (t+h) — 70 X (y(1)

f (t) = h-0 h
T X (D) =X (O
=Ty h]—+0 : ( ) ( ) = To Py X-

h
Inductively, £ (t) = 1o (P, "X) and £ @ (0) = pr"X.

THEOREM 2. Let X, Y, and 4 be C ® vector fields on the C * manifold
M with affine connection p. Let p belong to M and consider parallel trans-
lation of 4, around the closed circuit consisting of (in order) the integral
#  curves of =X, — Y, X, and Y (each parameterized on [0, ¢], # small), and
_ (backwards along) the curve o ()= Y, X, Y_, X_,p, 0 <<u <1t (see
5; figure). If 4 A4 is the change in A, produced by parallel translation around
; this circuit, then
AA =1*R(Y,X)A4, +0(3)
and hence |

limAA
t—>0_t“2" = R(Y)X)Ap

Proof. The calculation is similar to that for the Lie bracket in Theorem 1,
except that we must use parallel translation to compare vectors at different
points. 7; denotes parallel translation to p; along the arc to p; from the
location of the tangent vector in question. Elsewhere, subscripts denote
point of evaluation, as before. From Lemma 2, we have

P TRRE T gy B AR PR

2

(6) TlA4—A1ZtVYA1+§VY2A1+O(3)
2

(7) T0A1_AothXAo+—2‘VX2Ao+O(3)
12

(8) T2A3_A2=tVXA2+EVX2A2+O(3)
2

9 ToAz“A():tVYA0+—2‘I7Y2A0+O(3)

Apply 7, to both sides of (6) and (8), obtaining (6") and (8"), respectively.
Subtracting (8') and (9) from the sum of (6") and (7), we obtain (via Lemma 2),
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(10) ToT1 Ay — 0T, A3 = 1 [y, vy] Ao + O (3)

As before, let f(u) = o (\Ju), 0 <u <% Using f'(0) = [X, Y],
(from Theorem 1), we may, as in the proof of Lemma 2, show that

(11) T3 A4 - A3 - tz V[X,Y] A3 + 0(4) .

Now apply 74 to (11) and 7, 7, to (10). Taking the difference of the resulting
equations and then applying 75 to both sides, we obtain

AA == T3T411‘L'0T2A3 - A3
= (73 T4 Vixy1As — 737471 [VXa VY] Ao) + 0 (3)
= (V[X,Y] — [vx ry]) As + 0(3) = — *R(X,Y) A, +0(Q),

since the change produced by dropping the 7’s and switching to p; may be
absorbed in O (3). Thus the theorem follows since — R (X, Y) = R (Y, X).
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