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MICROLOCAL ANALYSIS 237

§5. THE VANISHING CYCLE SHEAF

1 51. Let M be a real manifold and f: M — R a continuous map. For a
b sheaf # on M, #%-1x+(F) | ;-1 1s called the (j-th) vanishing cycle sheaf
b of #. Here R* = {teR;t > 0}. This measures how the cohomology groups
of # change across the fibers of f. Its algebro-geometric version is studied

é by Grothendieck-Deligne ([D]).

52. Let (X, Oy) be a complex manifold. Let f: X — R be a C®-map and
consider the vanishing cycle sheaf #7%-1g+(0x) | s-1(0)- Let s be the section
. of £71(0) » T*X given by df. Then we have
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{  PROPOSITION 52.1 ([KS1] §3, [K2] §4.2). #%-1+(0x)| s-10) has a
i structure of an s~ '& y-module.

| Let P be a differential operator. If o(P) does not vanish on s(f ~10)),
} then P has an inverse in s~1&, by Proposition 2.2.3. Therefore we obtain

COROLLARY 5.2.2. If o(P)|sr-10) # 0, then
P: #%-13+(0x) | s-10) = K- 1@ (O0) | s-10)
is bijective.
53. More generally, let .# be a coherent Zx-module, and set
| F' = R#tomg (M, Oy).
‘é Then the preceding corollary shows that
R[ ;- ge(F )| po10) =0 if  s(f70) 0 Ch(lt) = @ .

Here Ch.# denotes the characteristic variety of /.

54. To consider vaniShing cycle sheaves is very near to the “microlocal”
consideration. In this direction, see [K-S2].

§ 6. MICRO-DIFFERENTIAL OPERATORS
AND THE SYMPLECTIC STRUCTURE ON THE COTANGENT BUNDLE

| 6.1. The ring &4 is a non-commutative ring. This fact gives rise to new
phenomena which are not shared by commutative rings such as the ring of
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