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DENSITY RESULTS

ON FAMILIES OF DIOPHANTINE EQUATIONS
WITH FINITELY MANY SOLUTIONS

by P. Ribenboim

In this paper, we shall consider families of diophantine equations, each

having only finitely many solutions. Due to relations between the solutions of
these equations, it is possible to deduce density results.

For the convenience of the reader, we first gather the required facts

concerning uniform density and asymptotic density of sets of natural numbers.

The second section consists of applications of Faltings' theorem. We work
with families of homogeneous polynomials satisfying very mild conditions,
which imply that the associated plane homogeneous curves are smooth. The

key for the application is an easy lemma by Filaseta. The density results

obtained are interpreted and discussed in special cases, which concern
differences and sums of powers.

The final section is about applications of a theorem of Schinzel and

Tijdeman. We discuss the density results obtained, in face of Erdös' conjecture
that there do not exist three consecutive powerful numbers.

1. In this first section we explain the concept of uniform density,
following very closely, for the convenience of the reader, the recent paper of
Brown and Freedman [B-F].

For t, k e N, t > 0, let Ik)t ^ {m e N | k -f 1 ^ m ^ k + t}
and let {Ik, 11 k e N}.

For each subset E of N>0 and te N>0, let öt(E) (resp. o,(is)) be the
largest (resp. smallest) integer 5" such that there exist infinitely many k e N
for which # (E n Ikit) s.

So öt(E) lim sup # (E n Ik t)
k

ot(E) lim inf # (E n Ik t)
k
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Thus 0 ^ qt(E) ^ àt(E) ^ t.

Also, if 0 < t < u, then qt(E) ^ qu(E) and àt(E) ^ àu(E). For
0 < t, 0 < w, we have

qt + u(E) ^ qt(E) + qu(E)

ö,+I#(£) ^ ot(E) + Gu(E)

the proof being easy.

ot(E)It follows that lim^oo exists; it is denoted by p(£) and called
t

the lower uniform density of E.
We give the proof since it is less obvious. Let t, u > 0; we write

t qu + r, with 0 ^ r < u. Then t ^ qu, hence by the facts quoted,

qt(E) ^ qqu(E) ^ qqu{E).
So

qt(E) qqu(E)

(g+ 1

Then

^ v • 9 au(E)
lim mf ^ lim mf • -

1 — oo t q —* oa q \ U U

Since this holds of every u > 0, then

o,{E) ou(E)
lim mf ^ lim sup

t t u u

and the limit exists.

ö, (E)
Similarly, lim,-^ exists; it is denoted by |x(E) and called the upper

t
uniform density of E.

Clearly 0 < \i(E) ^ jl (E) ^ 1. If \i(E) p(£), this number is denoted

by \i(E) and called the uniform density of E.
The lower asymptotic density of E is

#(£*0/0
S (E) lim inf —

t — 00 t

the upper asymptotic density of E is

# {E n I0tt)
ô (E) - lim sup

t
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We have (1(E) < 6(E) < 6(E) < p(E).

If 6(E) 6(E), this number is denoted by 6(E) and called the

asymptotic density of E.

It follows that if E has uniform density jli(E), then it has asymptotic

density, and they are equal: p(E) 6(E).
The following example illustrates the fact that a set E may have asymptotic

density, but not uniform density.
00

Let EU /(2n + o2,4n + 3- Then, an easy calculation gives \i(E) 0,
n0

fi(£) 1, while 8(E)
00

If E' is the complement of E in N>0, that is E' U I^n^An +1 » then

M;(E') 0, p(E') 1, 6(E')
Thus, it is possible to have a set E and its complement with

p(E) p(E') 0, or also p(E) p(E') 1.

Since öt(E) - t - qt(E'), then p(E) 1 if and only if |x(E') - 0.

It is also easy to see that if E has asymptotic density, so does E', and

6(E) + 6(E') 1.

Still following Brown and Freedman, we indicate some easy properties:

1) If E ç E and v e {p, p, 6, 6, p, 6} then v(E) < v(E).
2) For any sets E, E ç N>0 and ve{p,5,p,5}, we have

v(E u E) ^ v(E) + v(E)

e) Suppose that the arithmetic progressions At {at + kdt | k ^ 0}
n

(for / 1, 2, ...,«) are disjoint subsets of N>0. Then A U At has uniform
1 0

density

" 1

M-W t
i 1 di

The following lemmas from [B-F] will be used:

Lemma 1. Let P be a finite set ofprime numbers and NP the set of
natural numbers not divisible by any p e P. Then NP has uniform
density

v(np)= n (i
p)
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For the proof, see [B-F].
If n > 0 and E c N>0, let En {m e E | n divides m).
Lemma 2. Let E be a subset of N>0.

i If P is a finite set ofprimes, such that jji(Ep) 0 for every p e P,

— / 1 \
then \i(E) < n (i-1);pep\ p)p

ii) If P {pprime | n0 < p} (for some integer n0) and \i(Ep) 0 for
every p e P, then \i(E) 0.

Proof. For the convenience of the reader, we repeat the proof given by
[B-F].

i) Since E e u Ep u NP, then p(2}) ^ jl J u Ep u iVpj ^ Y,peP\~*>(EP)
P eP \p eP ]

n (i-1)-
P)

s known, tf

n (i-1peP\ Pj

+ n(7Vp)

ii) Let e > 0. As it is known, there exists s such that if P {p prime | n0

^p < s} then Yl (l - —) < s. By (i), \i(E) < s. This shows that

\i(E) 0.

We shall also consider asymptotic densities of subsets S of Nm (where

m ^ 2). The lower (respectively upper) asymptotic density of S are defined

as follows: ^# S(M)
S(S) liminf —-

M-+ » Mm

# S(M)
ô (S) lim sup

M- 00 Mm

where S(M) {fo, sm) e S | 1 ^ Sj ^ M for each i 1, m).
Clearly 6(S) ^ &(S). If £>(S) 6(5), this number is called the asymptotic

density of S and denoted by 6(5).
At the end of this paper, we shall use a density relative to a sequence of

natural numbers; the densities considered up to now are relative to the

sequence {1, 2, 3,...}.
Let 0 < co(l) < co (2) < • • • be a sequence of natural numbers,

let E ç N>0. If t ^ 1, let

qnm(E) liminf # (E n {co(A: + 1), co(k + 2),..., co(k + 0})
k

© (E) lim sup #(£n {co(k+ 1), co (k + 2), co (k+ 0}) •

k
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The following limits exist

ot,a(E) _ oltU)(E)
pm(.E) lim |J.a>(£) lim —

t — 00 t t -> CO t

and are called respectively, the lower (upper) uniform density of E, relative

to co. If |lx co (EI \X(o(E), this number is denoted by p^^) and called the

uniform density of E relative to co.

The relative densities satisfy the same properties indicated for the densities.

In particular, we note that if E' is the complement of £ in N>0, then

PcoCE1) 1 if and only if PcoOE") 0.

If p is any prime number, let EP}(Ù E n {co(pn) | n ^ 1} and if P is a

finite set of distinct primes, let NPt(ù N>0\ U {(ù(pri)\n ^ 1}. Then
peP

nro(^,ro)= n (i--) •

peP\ PI
Finally, we shall also need:

If pco(Epf(a) 0 for every prime p, then Pco^) 0.

We leave to the reader the verification that the density relative to co satisfies
indeed these properties.

The following lemma is well-known and very simple to prove (see [P-R]
which has a proof of a special case):

Lemma 3. Let P be a set of t ^ 1 pairwise relatively prime positive
integers, let m ^ 1, Af > 1 and let RP,M,m {(kx, k2,..., km) | 1 ^ ki ^ M
for every i, and there exists n e P such that n\kl9n\k2, n \ km).
Then

# (Rp,M,m) ^ Mn mMm~' x 2'

2. In this section we shall use the theorem of Faltings. Appealing to a
clever idea of Filaseta [F], we obtain an extension of previous results (which
were also derived using Filaseta's argument) by Granville [Gl], Heath-Brown
[H-B], Powell and Ribenboim [P-R] and Brown and Freedman [B-F],

Let / e Z [X,Y,Z] be a non-constant homogeneous polynomial, denote by
C(/) the curve of zeroes of / in P2(C).

For every 1, let /„( X,Y,Z) f{X", Z").
The following lemma - which I acknowledge gratefully to J. Top - holds:
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Lemma 4. If the curve C{f) is smooth, the following conditions are
equivalent:

1) For every n ^ 2, the curve C{fn) is smooth.

2) There exists n ^ 2 such that C(fn) is smooth.

3) Conditions (a) and (b) are satisfied:

(a) C(/) contains no point with two coordinates equal to 0;

(b) at each point of C(f) with one coordinate equal to 0, each

one of the partial derivatives relative to the other coordinates does

not vanish.

The proof, which is a simple exercise, is omitted.
Note also that if C(/) is smooth, then / is absolutely irreducible. Indeed,

if / gh3 with gy h non-constant polynomials in C[X, Y, Z], the plane curves
C(g), C(h) must have at least one point of intersection, and at that point, the

partial derivatives of / gh would all vanish.
Let f e Z[X, Yy Z] be a non-constant homogeneous polynomial such that

the curve C(/) is smooth and satisfies conditions (a), (b) of the above lemma.

fl if deg(/) > 1

Let n0 <

[3 if deg(/) 1

If n > n0, the genus of the curve C{fn) is equal to

[n deg(/) - 1] [n deg (/) - 2]
^ i

2

Here is the lemma of Filaseta:

Lemma 5. Under the above hypotheses and notations, if n > n0

there exists an integer N(ri) > 1 such that if k > N(n), l, m ^ 1 and

f(xkn, yln, zmn) 0, with x, y, z relatively prime, then \ x | < 1.

Proof. Since n > n0, the curve C(/„), which is smooth, has genus

greater than 1. By Faltings' theorem, there exist only finitely many triples

of relatively prime integers (*/, j>/, Z/), such that fn(Xi,yi9Zi) 0. Let N(ri)
max/{ I*/1, Iyt |, |z/|}.
If x,y, z are relatively prime integers such that f(xkn,yln9 zmn) 0, then

fn(xk,yl,zm) 0. Hence there exists i such that xk xi9yl yl9zm Z/,

and so | x |k ^ N(n) < k. This implies that | x | ^ 1.
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In particular, if it is assumed that k > N(n) and / > N(n), then | xy | ^ 1.

Similarly, if k, l, m > N(n), then | xyz | ^ 1.

Let

F {k ^ 1 I if x, y, z are relatively prime integers

such that /(xk, yk, zk) 0, then | xyz | < 1}

Proposition 1. The set F has uniform density p (F) 1.

Proof. Let Fr be the complement of Fin N>0; we show that p(F') 0.

For each prime p> n0, the set F'p {k e F' \p divides k) is finite.

Indeed, if k np, where n > N(p), by lemma 5, k e F, so k $F'.
By Lemma 2, p(F') 0, and by a previous remark, p(F) 1.

In particular, F has asymptotic density 0(F) 1. The proposition may be

applied to many polynomials, and was known in special cases.

1°) The proposition is applicable to / aX + bY - cZ, where a, b, c are

non-zero integers.
In particular, if a b c 1, the proposition concerns Fermat's last

theorem. Noting that if / X + Y - Z, then f(xk, yk, zk) 3= 0 when k ^ 3,

xyz 0 and |x|, \y\ or \z \ is equal to 1, then proposition 1, in this

particular case was given by Brown and Freedman. The proof that ô(F) 1

was given, independently, by Granville [Gl] and Heath-Brown [H-B].

2°) f= X2 + Y2 + Z2 + XY + YZ + XZ. It is easy to verify that the

proposition is applicable.

3°) /= X3 + T3 + Z3 - aXYZ, where a ^ 3,-1. Again C(/) is

smooth and satisfies the conditions (a), (b) of the lemma 1, and the proposition
holds.

4°) More generally, let g e Z[Y, Z] be a homogeneous polynomial of
degree d ^ 1, g(Y, Z) a0Yd + alYd~lZ + • • • + ad_x YZd~l + adZd.

Assume a0ad ^ 0 and also that the polynomial Zdg is irreducible; hence

Ydg is also irreducible. Let / cXd - g(Y, Z) (with c e Z, c ^ 0), so /
is a non-constant homogeneous polynomial. In view of the above hypotheses,
the curve of / is smooth and the conditions (a), (b) are satisfied, so the
proposition is applicable.

We shall now indicate other density results. For every k ^ 1, let Dk
{(/, m) I 1 ^ /, m\ if x,y,z are relatively prime integers such that

/(xk,yl,zm) 0, then |x| < 1}.
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We note at once that F c {k\Dk± 0}; indeed, if k e F, then

(k, k) e Dk. By proposition 1, the set {k | Dk ^ 0} has uniform density 1.

We are tempted to believe that the subset {/r| 8 (£>*) 1} has also

uniform density 1. However, we can only prove weaker results. For each

a, 0 ^ a < 1, let Ha {k \ S(Dk) ^ a} and Pa {p prime | a < 1 /p1}.

Proposition 2. If 0 < a < 1, then for each s > 0

»(Ha) < n (i-1).
n0<pePa + E \ PI

In particular, the set H0 {k\ 6(Dk) 0} has uniform density

»(Ho) 0.

Proof. We show that if pePa + & and n0 < p9 then [i((Ha)p) 0;

n (1_i)"
PePa + E \ Pi

by lemma 2, this implies that »(Ha) ^
no<p i

It suffices to show that if n0 < p e Pa + E and if k > N(p) (as defined in
lemma 5), then kp $ Ha; thus (Ha)p is finite and therefore ^((/fa)^) 0.

So, we show that if n0 < p e Pa + e and k > N(p), then &(Dkp) > a.
2 2a + 8

Let L0 be sufficiently large, say I ^ If k > N(p) and(—v1^0+1/ 2(a + s)

pL < M < p(L + 1), where L0 ^ L, for every l,m ^ 1, if x, y, z are

relatively prime integers and f (xkp, ylp, zmp) 0, then |*|<1; thus

Ml 2

>L2. So(Ip, mp) e Dkp. Hence # Dkp (M) ^

#Dkp(M) L2 1/ L0 2a+ 8 8^^— I I ^ ^ a + -M2 /?2(L + l)2 p2 \L0 + 1/ 2p2(a + 8) 2

Thus, ?>{Dkp) > a. Since limE-0 ü f1 °> then H(#o) 0.
n0<pePE \ P J

We may also state the last assertion as follows: the set H'0 [k ^ 1 | 8(D*)

>0} has uniform density equal to 1.

We give explicitly some applications.

First, let f X - Y + Z. Now Dk {(/, m) | no difference yl - zm, with

non-zero relatively prime integers y, z is equal to a kth power (different from



DIOPHANTINE EQUATIONS 11

0, ± 1)}. Then, with uniform density equal to 1, we have &(Dk) > 0.

Here it should be recalled that according to Tijdeman's theorem [T], there

exists an effectively computable constant T, such that if 1 yl - zm (with

y, z ^ 1, l, m ^ 2), then y3 z,l,m < T.

If / X - Y - Zy then Dk {(/, m) | no sum yl + zm, with non-zero y, z
relatively prime, is equal to a kth power}. Then, with uniform density 1, we

have d(Dk) > 0.

We continue with density results for other sets. For l9 m ^ 1, let Eyym)

{k ^ 1 I if x,y, z are relatively prime integers such that f(xk,yl,zm) 0,

then \yz\^ 1}.
Let

/ {(/, m) I 1 ^ /, m and 8(E(itm)) > 0}.

We note that the set F, previously defined satisfies the inclusion

F c u E(l<l,m)
1 ^ l, m

Indeed, if k e F, then k e E{k>k).
Let

hi2)

(25
— if deg (/) 1

1 o

1 if deg (/) ^ 2

As usual, Pi2, p23,/?3 5,... is the sequence of primes.

Proposition 3. With above hypotheses and notations,

6A<2>
8 (7) > 1 > 0

Proof. Let s^3 and

P |{4> 9,Pi,...,ps}ifdeg(/) 1

l{2, 3,p3 ps} if deg(/) > 2

For each n ePs,letN(n) be defined as in lemma 5 ; let

Ns max{nN(n) \nePs)andlet M > Ns

We consider the sets: Rs,mR {(/, m)| 1 f l, m f M and there exists
n Ps such that n 11 and n|m),SStM I, m),
Ts,m T {(I, m)\ \ I, m ^ M and min{/, } <

Clearly # (T) M2 - (M- Ns)2 <
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Now we show that S ç I(M). Let (/, m) e S, let n e Ps be such that n

divides / and m, so I ni', m nm'. We have ^ Ns < I, m, hence

N(n) < I',m'. We wish to show that §(£"(/,m)) > 0, thus (l, m) e I(M).
For this purpose, let u lcm(l,m), hence n divides u. Let r0 be

sufficiently large, let rQu ^ t, so there exists r such that r0 ^ r and ru ^ t
< (r + 1 )u.

If 1 ^ k we write ku k'n. If x, y, z are relatively prime integers such that

f(xku,yl,zm) 0 then f(xk'n,yl'n,zm'n) 0. By lemma 5, |yz|< 1. This

shows that ku e £(/, m) for each k ^ 1. Hence

#£(/,m)(0
>

r2
> 0

t2 ^ (r + l)2w2 ^ (r0 + l)2«2

for every t ^ r0w. Hence 8(ii(/>m)) > 0 and (/, m) e /(M).
So # i? ^ # S + # # /(M) + 2MNS. By lemma 3,

#R>M2

Therefore

# /(M) „ / 1 \ 2NS +2s
>1 ^ 11 1- n (i--M

«2;

Â(-à)

M2 n\P, \ n2) M

2(Ns + 2°)
1 - M

because

We recall that

fi -
1 \ *

Given e > 0, we choose s sufficiently large, so that

6 h '1 \ 1 6> J- I1 \ 1 6
-<*<» n \l--2) + -<—2

i 1 \ Pi J Ps ft
+ 8



DIOPHANTINE EQUATIONS 13

Let M > 2NS(NS + 2s), hence

2(^ + 2') 1

M

Finally

#JM>1
M2

6/z(2)

- s, for every 8 > 0
71

6A<2>
> 0.Hence §(/) ^ 1 -

71

With the same method, we can prove a similar density result.

Let C {(k, l, m) | 1 ^ k, l, m and if x, y, z are relatively prime integers

such that f(xk, yl, zm) 0, then | xyz \ < 1}

Let

Proposition 4. With above hypotheses and notations,

h (3)

5(C) ^ 1 > 0
C(3)

Proof. We proceed as in the preceding proposition. Let s ^ 3, let

Ps {Pj I 1 < j ^ s) if deg(/) ^ 2

or Ps {4, 9,p3, ...,ps} if deg(/) 1

For every n e Ps there exists N(n) > 0 as in lemma 5.

Let Ns mzx{nN(n) | n e PJ and let M > Ns.
Consider the sets:

R {(k, l, m) I 1 ^ k, ly m ^ M and there exists n e Ps such that
n I ky n I /, n | m}

S {(k, l, m) e R \ Ns < k, /, m}

T {(/kf U m) | 1 ^ k, l, m ^ M and min{&, /, m) ^ Ns)

Then R ç S u T and # T M3 - (M- JVJ3 ^ 3M2NS.

1 if deg(/) ^ 2

Let C(3) ET_,
72
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We show that S c C(M). Assume that (k, I, m) e S, let n e Ps be such

that k nk', I nl\ m «m'; since k, l, m > Ns nN(n) then k\ /',
> 7V(n) and by lemma 5, f{xk,yl,zm) f (xk'n, yl'n, zm'n) 0 with x, y, z
relatively prime; then | xyz | < 1, thus (£, I, m) e C(M).

Hence

#7? #S #r #C(Af) 37V,
+ <g 1—7 + —f

M3 M3 M3 M3 M

On the other hand, by lemma 3,

#R rr I 1 \ 3x2*
— >i - n 1 - —M3 nePs\ M

Given e > 0, choose 5 such that

h0) ,mA / i \ i ^(3)
< h(3) n 1 t I H— < + e ;

C(3) A i \ P J Ps «3)

Let M > TV,(3 x 2s + 37V,), hence

3 x 2s + 37V, 1 1

< — ^M TV, ps

and finally

#C(M)>#R 3NS>1 t~t / 1\ 3 [2s + 7V,]

M3 ^ M3 M " nePs \ «3I M

>
s I 1 \ 1 M3)

1 _ A(3) JJ (i --| — >1— 8

y-1 I Pj) Ps «3)

hW
This shows that ô(C) ^ 1

CO)

The particular case where /(X) aX + bY - cZ (with a, b, c =£ 0) was

established by Powell and Ribenboim [P-R].

3. The aim in this section is to establish the following density result. For
the proof we acknowledge gratefully a useful suggestion by Andrew Granville.
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Proposition 5. Let d ^ 1, let & be the set of all
homogeneous polynomials f e Z[X, Y} Z] of degree d, satisfying the following
conditions:

a) There is no triple (x, ys z) e C3, {x, y, z) ^ (0, 0, 0), with two
coordinates equal to 0, such that f(x,y,z) 0.

b) There is no triple (x, y, z) e C3, (x, y, z) ^ (0, 0, 0), with exactly one
coordinate equal to 0, such that f (x} y, z) 0 and the partial
derivative of f with respect to another coordinate vanishes at
(x, y, z).

c) There is no triple (x, y, z) e C3, (x, y, z) =f= (0, 0, 0), such that

9/ 9/ 9/— — and — vanish at (x, y, z).
dX dY 8Z

Then the set 0* has asymptotic density equal to 1.

Proof. Before the proof of this proposition, it is convenient to introduce
notations.

Let 00— 00d be the set of all homogeneous polynomials f e Z[x, Yy Z]
having degree d.

Let {/e 00d\f satisfies condition (a)}. Define 0^
similarly, so 0 n 0^b) n ^(c).

Let 0 00 \ 0,08^ and define ^(c) similarly.
Thus 0 fflw u 08^ u 08<<c\

For each subset S of <^and integer N > 0, let S(N) {/ e S | the absolute
value of each coefficient of / is at most equal to N}.

Let Id — I {(/, j, k) I 0 ^ U j, k,i+j + k d}. So # / -C")
is the number of monomials X'Y'Zk,oftotal degree d. It follows that

(ä+2\

#Zf{N) (2N+ 1) - 1

(since the zero polynomial is not in 00).

rove tb

# 08{N)

# 0{N)To prove that lim^^oo =1 is equivalent to prove that
# 00(N)

limN œ 0.
#00{JST)

For this purpose, it suffices to show:
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# 3S^(N)
1°) lim^» 0,

# 2V{N)

#(^W\^W)(A0 „2 lim 0 and
#38f(N)

3 lim 0.
#2>?(N)

Each polynomial f e may be written as / Y,IaijicX'YjZk with

aijk£ Z

Proofof(1°). Let #£>z {/e ^|/(1,0,0) 0} {/e ^r|a100 0}.
Define similarly 38%]z,k^)v,so38^ u ^£>z u 3ê^]z.

(d+2\-\
Since # 3S^]Y(N) # 3ê^]z(N) # ^(ya>z (27V + 1)

'
- 1, then

(d+2\ _I
9

I -1 ztt K*)(N)
< 3(27V + 1) and limN-*=» — 0.

# 33P(N)

Proof of (2°). Let {/ e ^ |/(x, 0) 0 and — (x, y, 0) 0
0X

for some non-zero x3y e C}, {/ e ^ |/(x, j, 0) 0 and
0f— (x, y, 0) 0 for some non-zero x, y e C}. Define similarly &{x]z> ^{z]x>

@y]Z> @Z?Y- So ^(ô)\ ^(ö) £ ^x,V ^ ^y,x u ^x,z u ^(y,z ^ ^?z
U k^y.

(d+2)-
Now observe that # ^^Y{K) ^ (27V + 1)

2

Indeed, let / e jr(7V), so there exist xjeC,xj^0, with

[(*dooXd + + • • • + ßi^-i^xy^-1 + ûWo.)^ 0

\dad00xd-1 + (d- 1 )ad.hl0xd~2y + • • • + aud.YQyd~l 0

Let J — A{(<i, 0, 0), (d — 1, 1,0)} and consider the mapping

(P : / ^ (ßijk)oj,k e J '

Since the matrix

x^ xJ_1jp \

tfx^-1 (d-l)xd~2yj
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has rank 2, then <p is injective. Hence

# ^ 1)

This implies at once that

(T)-

and lim a

# iß w \ SB W) (AO < 6(27V + 1)

#i@w\@^){N)

(';•)-

0.
#^(N)

Preliminaries to the proof of (3°). For the convenience of the reader, we

begin recalling facts about the resultant of two polynomials.
Let A be an integral domain, let m, n > 0, let

/ a0Xm + a1 + • • • + am6A[^f]
g b0X" + b.X"-' + • • • + bn e A [X]

with a0b0 ^ 0. By definition, the resultant of /, g is

a0 «1 dm 0 • ;\
<3o53O am - 1 Qm 0

Res(/, g) det
bo b\ bn 0 0

oO bn-1 bn 0 0

(the square matrix has n rows with the coefficients at of / and m rows with
the coefficients bj of g).

This definition is completed by putting Res (f,b0) b (when m > 0),

Res(tf0, g) an0 (when n > 0).
We shall require the following fundamental property of the resultant:

If /, g are non-constant polynomials, then /, g have a common zero in
some field containing the field of quotients of A, if and only if Res(/, g) 0.

If the coefficients of /, g are in A Z [ Y, Z] it is easy to estimate the degree

in Y, Z of Res(/, g). These and similar considerations follow without
difficulty from the very definition of the resultant.

Let (aijk)(i,j,k)eI be a family of indeterminâtes, let F £ZkdF
be the generic homogeneous polynomial of degree d. Let F{ —

dX
dF 8F

F2 — F3 — ; they are homogeneous polynomials of total degree and
dY QZ
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also separate degree d — 1 in X, Y, Z with coefficients in Z[aijk\aj,k) ei-
Considering FuF2i F3 as polynomials in X, of degree d - 1, with

coefficients in A Z[a/7^]7[7, Z], let G, Res(iy, where {/,/, £}
{1,2,3}. So G/ E A and more precisely G/ £ G^VZ5 (sum for

0 ^ z-,51, r + 5 (tf-l)2) where G^ g Z[a/)m>„](/>/?I>;W)6/, each G^
being homogeneous of degree 2{d- 1).

Viewing Gi,G2,G3 as elements of B[Y] of degree (d - l)2 where

B Z[aijk] [Z], let Ht Res(Gy, Gk), where {/, j, k) {1, 2, 3}. Then

Hi Hir°Zr with r (d - l)4 and H(rl) e Z[al>m!n]. It should be noted that
is not identically zero; in fact, H(rl) is a homogeneous polynomial in the

indeterminates aimn of degree 4 (d - l)3.
We shall also use the following notation. If PeZ[a/m„] [X, Y,Z], if

ä (a/mn)i> let P(a) e Z\X3 Y} Z] be obtained by substituting aimn

for aimn

Proof of {3°). The set ^(c)\(^(c) u ^(è)) is identified with the set

ö7 {a e Z#(/) I there exist x, y, z, eC,
x, y, z not all equal to 0, such that Ffa) (x, y, z) 0 for / 1, 2, 3}

Let

<%' {d {aimil) g Z#^ I there exist y, z e C

not both equal to 0, such that Gfa) (y, z) - 0 for i 1, 2, 3}

Again, let

{Â g Z#(/) I there exist zgC,
z 0 such that Hfa) (z) 0 for i 1, 2, 3}

Note that ^ " is identified with

S7 {â (almn) g Z#(/) I Hfa) 0 for / 1, 2, 3}

If 5" is any subset of Z#(7), if TV > 0, let S(N) {(ßimn) g Z#(/) | | aimn |

^ TV for each (/, m, «) g /}. By the fundamental property of the resultant,

ç <g' ç iT', hence also ^(TV) ç <g\N) Q «"'(TV), so

u 0fW))(N) ^ mV'o'iN).
Since the polynomials HUH2)H3 are not identically zero, some

indeterminate a/oyo appears in the polynomial HXH2H3. Let
J I\{(i0Jo, k0)}. Given arbitrarily any family (aimn) {i,min) e j with

g Z, | aimn I < TV, there exist at most 4(<i-l)3 integers aiQj0ykQ, with
1

aioJoko I ^ N, such that the family a {aijk) is a common zero of
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(T)->
HuH2,Hi. Thus # T0 '(N)<4(d-l)H2N + 1)

Hence

# (^ <c> \ <"> u SS <*> (AO
Alim — u •

This concludes the proof of the proposition. D

4. In this section, we shall apply the following theorem of Schinzel and

Tijdeman [S-T] :

Let fe Q[X] with at least three simple zeroes (resp. two simple zeroes).

Then there exists an effectively computable constant T(f) > 0, such that if
x, y, z are integers, | y | ^ 2, z ^ 2 (resp. | y | ^ 2, z ^ 3) and /(x) yz, then

M, \y\,z ^ T(f).

Let / e Q[AT], let a ^ 2 and for every h ^ 1, consider the polynomial

fh~ — f e Q[X]. Next, consider the exponential diophantine equations
ah

(for h ^ 1):

(£*) f(X) ahYz

Let z ^ 2 when / has at least three simple zeroes, or z ^ 3 when / has

exactly two simple zeroes. Define D^]f {h ^ 1 | there do not exist integers

x, y, with y ^ 2, such that /(x) ahyz}

Lemma 6. G/ve« /, a, z satisfying the above hypotheses. For every
h ^ 1 there exists an effectively computable integer e - e(f, a, z, h) > 0

such that if h' ^ e, then h'h e

Proof For each h ^ 1, let Th T(fh) > 0 be the effectively computable

constant associated to fh by the theorem of Schinzel and Tijdeman.
Let e e(f, a, z, h) be sufficiently large, namely

•-(fiSH-
where TZih max{Trh | 0 < r ^ z}.

Let h' > e. If there exist integers x, y such that y ^ 2 and /(x) ahh'yz,
let h' lz + r, with 0 < r ^ z. So /(x) arh(alhy)z and therefore

rrÄ« rz>Ä ;
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so / ^ [log ^ "1 Then
I h log a J

Hence, if h' > e then h'h e D^f.

Proposition 6. For every a ^ 2, z ^ 2 (if f has at least three simple
zeroes) or z ^ 3 (if f has exactly two simple zeroes), p(.D^f) 1.

Proof. Let D' be the complement in N>0 of the set Let p be any
prime, let e e(f, a, z,p)> 0 (as given in the preceding lemma). If h' > e

then h'p e D^f, hence h'p$D'. Therefore the set D'p is finite, hence

Ix{D'p) 0. By lemma 2, p (£>') 0 and we conclude that

H(ö^) L D

In particular, 5(D{^f) - 1.

The above result may be applied for the polynomials Xm - 1, when

m^ 2; it sharpens what was proved in [Rl] about the polynomial X2 - 1.

To conclude, we wish to discuss Erdös conjecture about powerful numbers.
r

We recall that a natural number n J] PV (with distinct primes pt and
i 1

et ^ 1) is a powerful number when each et ^ 2. It is equivalent to say that

n a2b3, where a ^ 1, b ^ 1 (and a, b are not necessarily relatively prime).
Erdös conjectured (see [G2], [Rl]):
(E) There do not exist three consecutive powerful numbers.

This conjecture implies the following conjecture:

(Ei) For every m ^ 2 and even x ^ 2, the integer x2m - 1 is not
powerful.

Indeed, if x2m - 1 (xm +1) (xm — 1) is powerful, since

gcd(xw + \,xm — 1) 1, then xm + 1, xm - 1 are powerful, and so is xm.
It is noteworthy that Granville [G2] showed how to derive from (Ex) the

difficult theorem of Adleman, Heath-Brown and Fouvry (see also [R3]):
There exist infinitely many prime exponents p for which the first case

ofFermat's last theorem is true (ifx, y, z ^ 0, xp + yp zp, gcd (x, y, z) 1,

then p divides xyz).

Let fm(X) - 22mX2m - 1; for simplicity denote D^m D^f
The conjecture (£*1) may be rewritten as follows:
For every m ^ 2, 3 e n D^m.

a ^ 2
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By proposition 6, we have seen that \i(D^m) 1 for each a ^ 2, m ^ 2.

For each a ^ 2, let {m ^ 2 | 3 e D^m).
For each m ^ 2, let {a ^ 2 | 3 e

Supporting the conjecture (i?i), I note that from the theorem of Schinzel

and Tijdeman it follows that p(Qß) 1, because Q'a n Np is finite for every
prime p ^ 3 denotes the complement of Qa).

Concerning the sets Rm, we can prove the following proposition about
relative density:

Proposition 7. Let co (n) n2 for every n ^ 1. Then, /or every
the uniform density of Rm relative to co is equal to L

Proof. Let R'm denote the complement of Rm in N>0. We shall show that
VaiR'm) °-

It suffices to prove that, for every prime p, the set

{R'm)p,co R'm n \n^\)
has relative density equal to 0. In fact, we show that (R'm)Pj(û is finite.

Given p, let T(p2, m) > 0 be such that if x, y, are integers x, y ^ 2, and
(2x)2m - 1 (p2)3y2 then x, y < T(p2,m). Let n be such that
T(p2, m) < n3. If co(pn) e R'm, then 3 $ D%{pn) m, which means that there
exist integers x, y ^ 2 satisfying (2x)2m - 1 (p2n2)3y2 (p2)3(n3y)2. So

n3y ^ T(p2,m) < n3, hence \y\^ 1 which is contrary to the hypothesis.
This shows indeed that \iu(R'm)P,u 0 for every prime. So, Pco(^^) 0,

hence M-©^) 1.

5. In this final section, we give yet another application of the theorem
of Schinzel and Tijdeman, using the same method.

Let f e Q[X] be a polynomial of degree <2^1; assume:

1) /(0),/(l),/(- 1) are not proper powers.

2) / has some simple zero t e C, t ^ 0.

For each m ^ 1, let fm(X) f{Xm). Thus, if tu tm e C are the mth
roots of r, then fm has at least m simple roots.

Let

(Em) fJX)

For convenience, we say that a triple of integers (x, y, z) with ^ 2,
z ^ 2 if m 3 or z^3 if m2,isa non-trivial solution of (Em) if
f(xm) yz.
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According to the theorem of Schinzel and Tijdeman, for every m ^ 2 there
exists Cm > 0 (and effectively computable) such that if (x, y, z) is a non-
trivial solution of (Em), then \x\ ,y,z< Cm.

Lemma 7. With above hypotheses, if m ^ 2 and k > Cmi then

(Ekm) has only trivial solutions.

Proof. Let k > Cm, let (x,y, z) be a non-trivial solution of (Ekm). So

f(xkm)=yz, thus (xk,y,z) is a non-trivial solution of (Em). Hence
I xk I < Cm < k. Then | x | < 1 and therefore /(0), /(1) or /(- 1) is a proper
power, which is contrary to the hypothesis.

Let F {m ^ 2 | (Em) has only trivial solutions}.

Proposition 8. p(F) 1.

Proof. Let F' be the complement of the set F\ it suffices to show that
0.

For each prime p, kp e F for each k > Cp, according to lemma 7. So

Np n F' is finite. By lemma 2, \xÇFr) 0.

Actually, the complement of F is finite, if / has at least two simple
zeroes.

We note the following interesting application. Let a, b, c be non-zero
c a c

integers, such that and ± are not zero, nor 1, nor proper powers.
b b b

a c
Let / —X The above result is applicable to the polynomial / and

b b

yields :

The set of m ^ 3 such that there exist integers n ^ 2, and x, y, with

y ^ 2, satisfying axm - byn c} has uniform density equal to zero.
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