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50 R. GEOGHEGAN AND A. NICAS

because G7 is normal in G. In particular, s*(trans(C(g))) n if g e G\
There is a commutative diagram:

tf0(QG) ^ HH0(QG)

res ^ trans ^

K0(QG') 3 HHo(QG')

where res : K0(QG) -» ^(QG') is obtained by regarding a projective
QG module as a projective QG7 module; see [Bass] for details concerning
the finite index transfer.

Recall that HH0(QG) HH0(QG)h © HHq{QG)'h where HH0(QGYff
is the direct sum of the summands HH0(QG)C(g) corresponding to
the conjugacy classes not represented by elements of H. By Schäfer's

theorem [Sch, p. 224] applied to the normal subgroup H C G, the image

of T0: K0(QG)HH0(QG) lies in HH0(QG)h- Thus we can replace

HH0(QG) with HH0(QG)h in the above diagram and obtain the
commutative diagram:

^o(QG) ^ HH0(QG)h ^ Q

res I trans J, x n ^

K0(QG') - HHoiQG') ~ Q

(the right square commutes because H C G7 and because of the
observation made above). Write HH0(QG)h HH0(QG)cy) © HH0(QG)'^
where HH0(QG)# is the direct sum of the M0(QG)C(g)'s over

C(g) e c(H) - {C(1)J; also, HH0(QG') HHQ(QG')cm © HH0(QG')'.
Then trans(HH0(QG)C(i)) C HH0(QG')C(i) and trans(i///0(QG)^)
C HHq{QG')'. By Lemma 8.6, G7 has the WBP over Q, i.e. the composite

Kq{QG') ^ HHq{QG') -+ HH0(QG')' ^ Q is zero. The conclusion follows

from the above diagram.

9. Trace formulae for homological intersections

The goal of this section is to prove a "trace formula" (Theorem 9.13) for
the homological intersection of the graph of a map F: M x Y -> M with the

graph of the projection map p:Mx Y^M where Y is a closed oriented

manifold and M is a compact oriented manifold. This result will be

applied in §10 to complete the proof of Theorem 1.1.
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In what follows, all homology and cohomology groups will have

coefficients in a field F. Recall that we use Dold's sign conventions [D2]

for cup, cap and cross products.
Let M be a compact «-dimensional manifold with boundary 8M.

Assume M is oriented over F with fundamental class [M] e Hn(M, 8M).
Let V C M be an open collar of 8M and M' M - V. Let À C M x M be

the diagonal and let

(M x M, M' x 8M) 4 (M x M, M x M - A) and

(Mx M,M' x 8M) 4 (MxM,Mx8M)
be the inclusions. Since / is a homotopy equivalence of pairs it induces

an isomorphism /* : //* (M X M, M X 8M) - if* (M x M, M' X 8M). We

define the diagonal cohomology class DM e Hn (M x M, M x 8M) by

(i*)~lj*(TM) where

rM g (M x M, M x M - A)

is the Thorn class of M (see [Sp, §6.2] where TM is called an orientation
for M).

There is a slant product Hl{M x M, M x 8M) (x) Hj (M, 8M)
see [MS, p. 125]. The reader should be aware that the sign conventions

for cup, cap and cross products used in [MS] coincide with those of [D2]
but differ from those of [Sp]. A straightforward adaptation of the proof
of [MS, Lemma 11.9], where the case 8M 0 is treated, shows that
the fundamental class of M and the diagonal cohomology class of M are
related by:

Proposition 9.1. Dm/[M] 1 eH°(M).
For each k ^ 0, choose a basis {bj\j 1, ...,N(k)} for Hk(M). Let

{bj\j=s 1, N(k)}, be the corresponding dual basis for Hk(M), i.e.

{b* ,bkj) - 5 u (Kronecker delta). For k ^ 0, define dj~k e Hn~k(M, 8M),
7 =1, Af(&), by bk d"~k n [M]. The proof of [MS, Theorem 11.11]
carries over directly to show:

Proposition 9.2. DM £^0(- 1)* EfiVx
Let T be a parameter space (Y is not required to be a manifold).

Let F:Mx YM be a map. For a e Hg(Y), define /f-(a) e F by
F*{bkj x a) E^ + )/|(a)Z?f + ^.
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The Künneth Theorem allows us to write

k N(s)

F*(bk)£ £ x
s0 1=1

where co (k,j,s,I)eHk~s(Y).

Lemma 9.3. /*.(a) (- l)«*<co(A: + q,a).
Proof. We have:

fljia) (bk + q,F*(bk x a)) (Fa)k + q N(s)

X È (bS! x a(k; + q, i,s, l), bj X a)
5 0 /= 1

£ + g /V(5)

ä E È (-l){k + q-s)k(bst n bk, (ù(k + q, i, s, I) n a)
s 0 / 1

to (~ 1) **<©(£ + g, i, k,j), a).

Let F:M x y M x M be defined by F(/w, y) (F(m, y), ra) and let

p:Mx Y^M be projection. We define the intersection invariant of F
to be the degree 0 homomorphism I(F): H^{Y) H*(M) given by
7(F)(a) « p*(F*(DM) n ([M] x a)) e Hq(M) where a e Hq(Y).

Proposition 9.4. For any a g Hg(Y),
N(/c)

1(F)(a)I (-1)* E
k^O j=1

Proof We have:

x £/;-*) u (d]~k x 1)

/ k N(s) _
v

X X bj x(ù(k,j,su(rff'xl)
\*«0 /= 1 /
k N(s)

X X 1) u
s=0 1=1

Now (è* u d"~k) n [M] b]n(d"~k n [M]) b) n b) and thus

x dnj~k) n ([M] x a)
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k N{s) _

Z Z (~ l)(k-sîn{(bs,udj~k) n[M])x (œ(k,j,s,l
5 0 1=1

k N(s)

£ V (-. 1)U >: (/>; n bj)x(<o(A',j, s, /) n o.)

5 0 /= 1

Using Proposition 9.2 and the above identity, we obtain:

F*0Dm) n ([M] x a)

N(k) k N(s)

X (-!)* I Z Z (- l)(Ar_sH(U n ô,-) x (®(k,j,s, n a)
A ^ 0 J 1 5 0 / 1

Now p*((<ù(k,j, s, l)na) x (&J n ô* 0 unless k - s q. Thus

p*(F*(DM)n ([M] x a))

N(* N(k-q)
Z (-1)* Z Z (-\)"k<(o(k,j,k

A ^ 0 j= 1 1

Since " q 0 for k - q < 0, we can rewrite the above expression using the

index variable r k - q as:

P*(F*(Dm) n ([M] x a))
(9-5) 7V(r + ç) 7V(r)

I (-IK S E (- l)^r < co(r + qj, r, /), a>(Z?/n ôj**)
r ^ 0 y 1 / 1

Using Lemma 9.3,

N(k) _ N(k) N(k + q)

E (-1)* E iJnF^Jx a)= E (- 1)^ E E n +')
A- ^ 0 j 1 A ^ 0 y 1 t 1

iV(A) 7V(A + <y)

Z (-!)* E Z (- l)qk (a>(k + q, i, k,j),a) (bj n b1 + i)
A ^ 0 j — 1 / 1

Clearly, this last expression is the same as (9.5).

We define the diagonal homology class AM e Hn (M x M, 8M x M) by
AM= A*([M]) where A is the diagonal map A (a) (x, x) regarded as a

map of pairs A : (M, 8M) -> (M x M, 8M x M).
The homology class AM can be expressed in terms of a basis for

homology and Poincaré duality. Let {bk}, {bk} and {d]~k} be as

in the discussion preceding Proposition 9.4. Let ar}~k bk n [M]
eHn_k(M,dM),j= 1

Proposition 9.6. AM 1 )k^-k)ani~k x bk.
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Proof. Without loss of generality, we can assume that M is connected.
Observe

d"~* n a]-kdni'kn(bkn[M]) (d^~ku n [M]=(-l)("-*>*(ft^u df~k)n [M]

(- 1 )(n-k)kj}kn (d"~[M]) (- 1) <»-*>* ft* n ft*

(- 1 )<"-*>*8yft?

where ô/y is Kronecker's delta.

By the Künneth formula, we can write

am= ik>0i^i^ckjar
where c*- e F. We have

(d"r-'x b's)n AM (dp' x b's)nA*([M]) A*(A*«"' X ftj) n [M])
A *((dnr-'xjb's)n[M])

(- 1) <»-'>'A, ((ftju d"r-')n
(-1) A * (fti n « n [M]))

(-l)C-')'A«(&|ni;) (-l)<"-'>'8„ft? x b°.

Now, (d"'1x b's)na"~kxft*) 0 whenever I ± k and

{dnr~'xbls)n (aT'xb'j)(- x (ftpftj)
6,(5„ft? x ft®

It follows that c'f { — l),("_,)ôrs. D

Up to sign, the diagonal homology and the diagonal cohomology classes

are Poincaré dual:

Proposition 9.7. DM n ((M] x [M]) (- 1)" AM.

Proof. Observe that

(ft* x drk)n([M] x [M]) (- 1) <""*>* (ft* n [M]) x [M])

(- x ft*

Using the formula for DM given by Proposition 9.2,
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DMn([M] x [M]) E (- 1)* I X n ([M] X [M])
A: ^ 0 / 1

N(k)

E C-1)* S (~ 1)("-x b,
k^O i=1

N(*)

(-l)"E E (- 1) *<"-*>«?- X b,
k^O i 1

(- by Proposition 9.6.

Until now 7 has been an arbitrary parameter space. For what follows we

assume that 7 is a closed q-dimensionalmanifold which is oriented over F.

Let [7] e H„{Y)bethe fundamental class. Define Gr ->

x 7 x M and Gr (F): M x f-»Mx Y x M by {m, y, m)

and Gr (F) (m, y) (m, y, F(m, y)). Define homology classes

A Gr(p)*([M] x [7]) eHn + q(Mx YxM,Mx Y x QM)

B Gr (F)* ([M] x [7]) eHn + q(Mx

We define the intersection product A » B e Hq(M x Y x M) as follows. Let

51 : H"(M x 7 x M,8Mx 7 x M) Hn +q(Mx Y x M, M x Y x 8

82: H" (M x Y x M, M x Yx9M)-* Hn + q (MY x M)

be the Poincaré duality isomorphisms for the manifold triad (M x 7 x M;
M x 7 x 8M, 8M x Y x M) given by cap product with [M] x [7] x [M].
Then

Al (8f1 CÖ) u 82"1 (x4)) n [M] X [Y] X [M]

Definition 9.8. The graph intersection invariant of F is 0'(F)
(P\)*(Â * B) e Hq (M) where pp.MxYxM-^M is projection to

the first M factor.

Remark 9.9. The graph intersection invariant of F can be obtained

geometrically using transversality. Suppose F has no fixed points on

dM x Y. Then the boundaries of the embedded submanifolds Gr (p)(M x Y)
C M x Y x M and Gr (F) (M x Y) C M x Y x M are disjoint and so these

submanifolds may be made transverse via an ambient isotopy of the identity
which leaves a neighborhood of the boundary of M x Y x M (pointwise)
fixed. The set theoretic intersection of the perturbed submanifolds is a closed

orientable manifold of dimension q which we orient using the "intersection
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orientation" taken in the order: the perturbed Gr(j?)(F X M) first followed
by the perturbed Gr(F)(Fx M). By Proposition 11.13 of [D2, §VIII], the

resulting oriented manifold is a cycle representing A • B. Projecting this cycle

to M via p\ yields a representative of 0'(F).

The isomorphisms ôf1 and Ô2_1 can be described explicitly using the

slant product. Let (Z;diZ,d2Z) be a compact oriented manifold triad
and K dd{Z dd2Z. Since

(Z-QiZ,d2Z-K) X (Z-d2ZidlZ-K) C(ZxZ.ZxZ-A),
(Z-d2Z,diZ-K) X (Z-diZ,d2Z-K) C (ZxZ,ZxZ-A)

there are slant product pairings:

ff (ZxZ,ZxZ - A) ® Hj{Z - a2Z, H'~'(Z - 9,Z, d2Z -
H'{ZX Z, Z X Z - A) (x) Hj(Z - dtZ,d2ZH'~'{Z - 92Z, 0iZ-K)
By the existence of collars, the inclusions (Z — 92Z, d\ Z — K) ^ (Z,diZ)
and (Z - 0i Z, ô2Z - K) ^ (Z, 62Z) are homotopy equivalences and so we

obtain pairings:

H'{ZxZ, Z X Z - A) (x) Hj(Z, 8,Z) ^ H'~'{Z, 92Z)

//< (Z x Z, Z x Z -A) ® Hj (Z, 92Z) ^ tf'-z (Z, 9, Z)

Let m dimZ. The inverse to the Poincaré duality isomorphisms

6, : Hm-J(Z, 92Z) -+ Hj(Z, 9, Z), 8 ,(*)-= x n ([Z] x [Z])
ô2: HmJ (Z, 0! Z) -* Hj(Z, 02Z), ô2(x) xn ([Z] x [Z])

are explicitly given by 6^1 (j) (- TZ/y and b2_1(y)

(- 1 TZ/y where Tz e Hm(Z x Z, Z x Z - A) is the Thorn class

of Z (see [MS, p. 135]).

Proposition 9.10. 0'(F) 7(F) ([Y]).

Proof. Without loss of generality, we may assume Y is connected.

Let S: M x MM x M be the "interchange map", i.e. S(x,y) (y,x).
Now S*([M] x [M]) (- 1 )n[M] x [M] and so by Proposition 9.7,

AM DMn S*([M] x [M]) S*(S*(Dm) n ([M] x [M])). Hence S*(AM)
5*(Fm) n ([M] X [M]). Using the inverse to the Poincaré duality

isomorphism, we have TMxM/S* (AM) S*(DM).
Define F S o F. Then F S o F. Also note that p p[ o F where

p[:MxM-+M is projection to the first factor. From the definition
of 7(F),
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7(F) ([Y]) p*(F*(Dm)n([M] X [Y]))

{p\uK(F*S*(DM) n ([M] x [Y]))

(9.11) nF,([M] x [Y]))

(.Pi) * (T mx m / 5 * (Am) n F* ([Af] X [Y]))

X [Y]) X (Am))

where p['isprojection to the first "M" factor.

Let F : Mx Y x M->MXM x Y and

7" : M x Mx YxMxMx Y-^Yx Y

be the "interchange maps" given by and

/(mi ,m2,y,m2,mA,y')(mi, m2, m2, mA, y, y'). Let (/'x/')•
Then I*(TMxMX TY) TMxYxMand

9'(F) (Pi)#((Sf1(B) u SUC)) n ([M] x [Y] x [M]))

(Pi)»(8r'(S) n (67'(/l) n ([M] x [Y] x [M])))

(t,1)*(S1~1(F) n xl)

(9.12) (- l)9"(Pi)*((TMxYxm/B)nA)

(— l)9" (p\)*(Tmx yxm n G x B))

(- 1)<7"(X)*/*(/*(Fmxm X Ty) n (XI X 5))

(- l)?"(7'î)*(FMxftf x n 7*G x 5))

where //• and p\ p\ ° I are projections to the first "M" factor. We have

I'*(A) Gr(/?)*([Y] X [M])S*(AM) x [Y]

7i(5) Gr(F)*([Y] X [M]) F*([Y] X [M]) X [y0] + ß

where [y0] e Ho(Y) is represented by y0 e F and ß is a finite
sum of the form ß= £/^/x w,- with wz- e Hn.(Y), nt ^ 1, and

Uj e Hn + q_ n. (M x M, 9M x M). It follows that:

Iif{A x B) {-1)'<" + «»S,(A#) x F*([Y] x [M]) x [Y] x [y0]

+ E (-1) + S* (Am)XU, X[Y]XW,-.
i

Since TV n ([7] x i//) lies in homology of degree > 0,

(p\)*((Tmxmx7» n (S*(Am) x üf X [Y] x «,•))

(-D?(?-"i)(pt)*((FMxMn (S*(AM) x x ([Y] X «,))) 0
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Using (9.12),

9 '(F) (-1)*"(K)*0TmxmX 7Vn/*04 Xß))
(-1)«"(-1 )^" + O)(P4I)*((TmxmXTy)n(S* (AM) XA (m
X [M]) X [7]X C^oD)

(-l)H-l)Hp?)*((rMxMn(S*(AM)xF*(m x [M])))
x(Frn([7] x Ly0])))

(^)»((^XMn(S»(Atf)x^([y] x [M]))) x x [j0]))
(p[%(TMxMn * F*(IY]x [M])))

7(F) ([7]) by (9.11).

Combining Propositions 9.4 and 9.10 yields:

Theorem 9.13 (Trace Formula). The graph intersection invariant is

given hy:

N(k) _
e'tf7) I (- 1)* E b) n F*( x [7]).

k>0 7=1

Remark. It is easy to check that Theorem 9.13 remains valid over a

principal ideal domain i? in place of the coefficient field F, provided we

assume that H*(M\R) is a free i?-module.

10. Proofs of Theorems 1.1 and 1.5

In this section we prove Theorems 1.1 and 1.5 which assert the equivalence,
under appropriate hypotheses, of the four definitions of the first order Euler
characteristic introduced in § 1.

Proof of Theorem 1.1 (ii). Let M be a compact connected oriented PL or
smooth n-manifold with boundary (as well as being the underlying simplicial
complex of a compatible triangulation). Using Definition Ai, we are to show

that -0(y); the case of other coefficient rings R will then

follow immediately. Fattening if necessary, assume n ^ 4.

Let J: M x I ^ M be a homotopy from idM to a map j, such that the

graph of JIM x [ I > ] meets the graph of p |

M x [ i x ] transversely in

I % (M) I arcs ; this can be achieved by classical techniques of cancelling

unnecessary pairs of fixed points. Note that j will then have precisely
I %(M) I fixed points, all transverse and having the same fixed point index.
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