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6(p~lq)0(C?)

and e((p-lqy+2)6>((C)"+2) )5'= '
0(1) 1.

By Lemma 5.4, there is a homomorphism a: F ^ T\/N defined on generators
by a(A) - 0(A) and a(B) 0(B). If p~lq ^ 1, then (p~lq)n+2 I, and so

a(F) is a proper quotient group of F. Since every proper quotient group of
F is Abelian by Theorem 4.3, 0(AB) 0(BA). If p~lq 1, then m,n> 0

and 1 0(C?) 5'6=U 0(C£+11) and hence 0(X^) 0((C„"!+/)"+3)
^((C"+i)m+1) ^(1) — 1. It follows as before that 0(AB) 0(BA).

Hence 0(A_1BA) 0(B), so 6>(A_1C) 0(BA~2C) by relation 4). Hence

0(BA~l) 1, and so 0(B) 1 by relation 3). This implies that 0(A) 1.

It now follows from relation 5) that 0(C) 1. Thus N 7) and so Tfi is

simple.

Corollary 5.9. T\ is isomorphic to T.

As with the previous section, the material in this section is mainly from
unpublished notes of Thompson [Tl]; [Tl] contains the statements of the

lemmas (except for Lemma 6.2) and the statement and proof of Theorem 6.9,

but does not contain the proofs of the lemmas.

Let V be the group of right-continuous bijections of Sl that map images
of dyadic rational numbers to images of dyadic rational numbers, that are

differentiable except at finitely many images of dyadic rational numbers, and

such that, on each maximal interval on which the function is differentiable,
the function is linear with derivative a power of 2. As before, it is easy to

prove that V is a group.
We can associate tree diagrams with elements of V as we did for F and

T, except that now we need to label the leaves of the domain and range trees

to indicate the correspondence between the leaves. For example, reduced tree

diagrams for A, B, and C are given in Figure 16.

Using the identification of Sl as the quotient of [0,1], define 7r0 : Sl —» Sl

§6. Thompson's group y
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Figure 16

Reduced tree diagrams for A, B, and C

We define elements Xn and Cn of V as before. That is, Xo — A,
A~n+lBAn_1 for an integer n > 1, and Cn A~n+lCBn-1 for an integer

n > 1. Define 7rn, n > 1, by tti and 7rn A_n+17riAn 1 for

n>2. Reduced tree diagrams from 7To, it\ tt2, and 7t3 are given in Figure 17.

It is easy to see for every positive integer n that tyq, ,7r„_i generate a

subgroup of V isomorphic with the symmetric group of all permutations of
the n+l intervals [0,1-2"1], [1 - 2"1,1 - 2~2], [1 - 2~2,1 - 2~3],...,
[1 — 2-n, 1 - 2_(n+1)] Furthermore 7r0,..., 7rn_i and Cn generate a subgroup
of V isomorphic with the symmetric group of all permutations of the

n + 2 intervals [0,1 - 2"1], [1 — 2"1,1 — 2~2], [1 - 2~2,1 - 2~3],
[1 — 2~n, 1 — 2_(n+1)], [1 — 2~(n+1), 1] for every positive integer n.

Lemma 6.1. The elements A, B, C, and ttq generate V and satisfy the

following relations :

Figure 17

Reduced tree diagrams for 7r,-, 0 < i < 3

1) [AB-\X2]=1;
2) [AB~\X3]=1;
3) C, BC2

4) C2X2 — BC3
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5) C\A-C\ ;

6) C]-1 ;

7J Trj1 ;

<§) ^1^3 7t~37Tl

9) (7T27Ti)3 1 /

10) X.7T, TTjX, ;

11) H1X2 — BTT27Ï\ ;

12) 7T2B B7T2

13) 7T1C3 C37T2 ; and

(tic,.)3 1.

Proof. Let // be the subgroup of V generated by A, B, C, and tto. To

prove that H V, it suffices to prove that if R and S are T -trees with n
leaves labeled by 1..... rz, then there is an element of H with domain tree

R and range tree S which preserves labels. Since H is a group and A and

B generate the subgroup F of V, we can assume that R S Tn- \. So

assume that R S Tn_ \. Each element of the subgroup of V generated by
Tro and Cn—2 has a tree diagram with domain tree and range tree Tn-\, and

this subgroup is isomorphic to the symmetric group acting on the leaves

of 7;_!. Hence there is an element of V with domain tree R and range tree
S which preserves labels, and H V.

It follows from Lemma 5.2 that relations l)-6) are satisfied. Relations 7), 8),

9), 13), and 14) follow easily from the viewpoint of permutations. Relation 10)

is true because the supports of tï\ and X3 are disjoint. Relations 11) and 12)

can be established by verifying that the reduced tree diagrams for the two
elements are the same; the tree diagrams are computed in Figures 18 and 19.

The group V\ will be defined via generators and relators. There will be four

generators, A, B, C, and tïq. We introduce words Xn, Cn, and nn as before.

That is, X0=A, Xn= A-"+1BAn~l for an integer > 1, C„ "~l

for an integer n >1, 7Ti C2
1

ttqC2, and nn — A~n+]-K\A"~l for
n>2.

Let

Vi (A,B,C,TT0: [AB-l,Xzl[AB-\X3],BC2(C1rl,BC
Cf'CCjA)-1, C3, TT3, ^TnCTT!^)"1, (7T27T,)3, 7r1X3(X37r1)-1,

S7r27ri(7riZ2)_1. ß7r3(7r2ß)_1, C37r2(7r] C3)_1. (?riC2)3)
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J 4 2 5

Figure 18

Reduced tree diagrams for 7nX2 and Btv27t\

Figure 19

Reduced tree diagrams for toB and Bttt,

We will prove that V\ is simple. Since there is a surjection from V\ to
V by Lemma 6.1, it will follow that V\ V and V is simple.

Lemmas 6.3-6.8 contain the relations we need among the 7T/'s, the X/'s,
and the Cfs. Lemma 6.2 isolates some parts of them that will be needed in
the proof of Lemma 6.3.

LEMMA 6.2. Let i be a positive integer and let j be a integer.

i) If 0 <j < i, then 7r/X;- X;-7T/+i.

ii) If j > i + 2, then 1xiXj Xy7rz-.

iii) If i > j > 0, then Cityj 7ry_ 1C/.
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Proof. We begin the proof of i) by proving that AB~X commutes with Xn

and 7Tn for every integer n> 2. For this let H be the centralizer of AB~X in

V\. Theorem 3.4 easily implies that H contains Xn for every integer n> 2. We

prove that 7in e H for every integer n > 2 by induction on n. For n 2 we
have 7T3 A~xtt2A, and the relator B-k2(-k2B)~x gives 7t3 B~xn2B. Hence

7T2 G H. Now let n be an integer with n> 2, and suppose that 7rn G H. Since

H contains 7rn, Xn, and Xn+\, An~xHA~n+x contains tt\ X\, and X2. Thus

the relator Bk2tti(ii\X2)~x easily gives w2 G An~xHA~n+x, and so 7rn+i G //.
This proves that AB~X commutes with Xn and 7rn for every integer n > 2.

We now prove i) by induction on j. If j — 0, then i) is clear. Suppose

that j — I and that i is an integer with i > 1. We have A_17T;A 7T/+i,
and the previous paragraph shows that AB~x^iBA~x TT;. These identities

imply that B~xiXiB — 7T/+i, which gives ii) when j — 1. Now suppose that

j > 1 and that i is an integer with z > j. We have w^+\X\ Xi7r/_;-+2>

and so A^+V^+iA^-U-^1^'-1 Hence

TCiXj Xj7ii+i. This proves i).

Since 71-1X3 X2ti\ 7^X4 A~xn\X2A — A_1X37TiA X4712. B-k2-k\X^

— ^1X2X4 ^1X3X2 X2n\X2 X2Btt2tt 1 BX^ix2iï 1 #7T2X4^1, and so

7T1X4 X47I" If n > 4 and 7TiX„ Xn7rj, then X37TiXn_|_i ^1X3X^+1

7TiXnX3 Xn7T1X3 XnX27T1 X3X„+i7Ti and so 7riXn+i B= Xn+i7Ti. Hence

it follows by induction that w\Xj Xpif j > 3. If ij are positive integers
and j > 1 + 2, 7T/Xy A-f+17riA,^1A-^1X^frflAf-1 - A-f+17r1X;_/+1A1"-1

A_/+1Xy_/+i7TiAi_1 — XjTTi- This proves ii).
We prove iii) by induction on j and i. We have C37r2 71-1C3. If

2 < i and C/7T2 tdQ, then X/Q+i7T2 C{k2 ttj C, 7r]X/C/+|

X/ttiQ+i and hence Q+ itt2 7TiQ+i. It follows by induction on i

that C/7t2 7T1 Cj if i > 2. If 1 < j < i and C(Kj 7t7-_iC;, then

CHI /.;/)'
1

/i-,4 ; Ci+iß-'^-Ä - A-]C,TTjB

A~lTTj-iCiB A~liïj-iAA~lCiB 7r;C,+). It follows by induction on j
that CiiTj 7Tj— 1 Cj if 1 < j < i.

To finish the proof of iii), it remains to show that C-{K\ — tt0Cj if 1 < z.

Since tt\ — CfX7roC2, C2tt\ — noC2. Suppose i > 2 and C-{K\ fr0C/. Since

C/A Cf+1 and 7nA Att2, Cf+17r2 QAttz QiriA ttoQA fr0C?+1.

But 7TiQ+i C/+17T2 so C/+i7TiC/+i C?+17t2 tt0C?+1 and hence

C/+17Ti 7r0C/+i. It follows by induction that C/7Ti 7r0Q if 1 < i.

LEMMA 6.3. If i is a nonnegative integer, then

i) 7if 1,
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ii) (7r/+17T,)3 1, and

iii) TTiTTj njiTi if j>i+ 2.

Proof 7ry 1 from the definition of V\, and since the ~fs are conjugate

to each other, nf 1 for / > 0.

(7T27Ti)3 1 is one of the defining relations. Lemma 6.2.iii) shows

that 7r;+i7r/ is conjugate to thtt, for every nonnegative integer /'. Hence

iTT/)3 1 for every nonnegative integer i. This proves ii).

We may likewise use Lemma 6.2.iii) to reduce the prool ot iii) to the case

in which / 1. Since ttitt^ 773771 773774 A"1 ttj— /\ ~}~\A 774773.

Since tt 1773 773771, tt 1/13X3 773771X3, tt 1X2 ~4 — X1772 rr j A/1 rr3 rr 1 "4

Xi7r47T27r 1 X]77377477i, and hence tt\~4 77477). It n >4 and 771 ~n ~n~ 1

then X3771 77,;_|_ 1 771X3 77/,_)_ 1 77 7TnX} 77,, 771X3 nnX\~\ X}~n.\7T\. It

follows by induction that n\~j — ~j~\ if y > 3. This proves iii).

LEMMA 6.4. If i and j are nonnegative integers. then

i) 77jXj XjTTj if j > i -I 2,

ii) 7T/X/+ 1 X/77/_j_ 1 77,

iii) 77/X/ X/_|_1 77/77/+ 1 «
anci

/vj 77/Xj Xy77/+1 if 0 < j < i.

Proof If i > 0. then i) is Lemma 6.2.ii). For / — 0 suppose that

n is an integer with j < n. Then ~()XiCn^\ ~{)CnXl. i Cn~ \X,.\
CnXj+\7T\ XjCn+ \n\ Xj7T()Cn+\ by Lemmas 5.5.ii), 6.2.iii), and 6,2.ii).

Hence ttoX7 Xjttq if j > 2. This proves i).

For ii), the case / 1 is one of the defining relations. Since 77[X: - B~z~\
Lemmas 5.5.ii) and 6.2.iii) give that ï()BC^ — 770C2X2 Cz771X3 C^B-y771

AC37ï27T\ — Att 1 tïqCz This implies that n()B A77177(,, which gives ii) when
i — 0. If / > 1, then conjugating the relation 771X3 Xj773771 by A1

1

gives
77/X/_|_ 1 X/77/+177/. This proves ii).

iii) follows immediately from ii) since each tt, has order 2.

iv) is Lemma 6.2.i).

LEMMA 6.5. Let n and k be positive integers with n > k. Then

i) C/jTT^ 77£_iC,;,

ii) Cn7rQ 7Tq • • • 7Tn — 1 C~

Hi) 6^770 i[n—\ ' ' ' tïqCh, and

iv) C^7T0 7T„_iC,U
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Proof, i) is Lemma 6.2.iii).
We prove ii) by induction. Since (it\ C2)3 1, (C27Ti)3 1. This implies

that CjjtiC2 7riCfl7ri, and hence that C\ir\Cfx C2TT\CfX7T\C2 by
Lemma 5.6.v). Hence C2710 C2{C2TT\Cfx) (C2^\Cfx)-K\C\ itqtt\C\,
which proves ii) when n — 2. Suppose that n >2 and Cn7To ttq • • • 7rn_iC2.

Then

l^TO — Ln7To — TTo * ' • TT^—jÇ^ — 7T() * ' * irn—\ CnXnCn-\-\

7Tq ' ' • 7Tn—iXn—iCn_^i 7TQ ' • • 7Tn—2Xn7ln—\7TnCnJr^

Xn7TQ • - • TTn—2^n—l^nCn_sri

and hence Cn+\ttq — ttq • • • 7rnC2+1. ii) now follows by induction.

iii) follows from ii) :

— (Cn7To)7ro — (7To • • • 7rn_iCn)7To 5

0 — (^"0 ' ' ' ^n— l) — Tit—l ' ' ' •

iv) follows from i), ii), and iii) :

0 — 6Tw(L&7Tf)) Cn(jTn—\ ' ' ' TTqCr) 7Tn—2 ' ' ' ^TÇ)Cn(j^T)(dn)

— TTn—2 ' ' ' ^oOo ' ' ' ^n— 1 Ln)Ln — 'TT«—1 LZ1

LEMMA 6.6. Let k, m, and n be integers with 0 < m < n + 2 and

0 < k < n. Then

i) if m <k, Cfirk 7i-k-mC,

ii) if m k-f 1:, Cf-ïïk TTo • • '7r„_i C+1,

iii) if m k + 2, Ctrk7r„_j • • ttqC"'- 1, an<i

iv) if m> k + 2, C-Kk irk+(n+2-m)

Proof i) follows from Lemma 6.5.i) by induction.

Now consider ii). If ft > 2 and m « k + 1, then by Lemmas 6.6.i)
and 6.5.ii) Crfirk CnCkirk Cn7r0Ckn 7r0 • • • 7rn_iC2C^ tt0 • • • 7rn_iC+1,
which proves ii) if n > 2. By Lemmas 5.6.i), 6.3.i), and 6.5.iv), C2B C2

— ^1^2 TTiClwo. Hence C2Btto tt\CI ttottottiCI m 7T0C27T0C2

7ToC27Ti by Lemmas 6.3.i), 6.5.ii), and 6.5.i). Hence C2B7r07Ti 7ToC2, and

so C2itqA ttqCA by Lemmas 6.4.iii) and 5.5.iii). This gives C27To 7ToC,

and hence Ctt0 C(7T0C)C-1 C(C27t0)C_1 7r0C2. This completes the

proof of ii).
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If n 1, then the assumptions of iii) imply that k 0 and m 2,

and so iii) becomes C\hq — ttoCi hence C2ttq « 7R)C. This was proved

in the above paragraph. If n > 2 and m k + 2, then by Lemmas 6.6.i)

and 6.5.iii) C?rj C\Cknirk — C^ttqC^ 7r/;_i • • • 7roC„Cj 7t,2_i • • • ttoCJ" 1,

which proves iii).
To prove iv), suppose that m > /c + 2. Then by Lemmas 6.6.i) and

6.5 iv) C>* C'r^C^TTkc;r"-30>oC* „_JC*+3

7rn_i_(m_^_3)C;;7, which proves iv).

For each positive integer n, let II(n) be the subgroup of V\ generated by

{tr0,... ,7Tn_i}, and let fl UneNIl(n).

Let X be the group of permutations of N with finite support. Then

X (so,sus2, • • • '(Sif for all z,

(SiSi+1)3 for all z,

(s^)2 for all z and all y > z + 2)

Furthermore, in every proper quotient group of X, the image of so is the

image of s\. Since II is a quotient group of X and ttq 7T\ in L, Ü is

isomorphic to X.

Following the terminology for F, an element of V\ which is a product
of nonnegative powers of the X; 's will be called positive and an inverse of a

positive element will be called negative.

LEMMA 6.7. If p is a positive element of V\ and it G n, then np p'ir'
for some positive element p' and some it' G EL

Proof Lemma 6.7 follows from Lemma 6.4.

Lemma 6.8.

I) If m, n are positive integers with m < n + 2 and if tt G 1T(/î), zTzozî

Cfir ir'Cf for some 7F G IT(rz) and some positive integer m' with
m' < n + 2.

z'z) For eac/z n G N, Fze subgroup of Vx generated by IT(rz) and Cn is
finite.

Proof i) follows from Lemmas 6.6 and 5.6.v). ii) follows from i) and
Lemma 5.6.v).
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Theorem 6.9. V\ is simple.

Proof. Suppose N is a nontrivial normal subgroup of V\, and let
9: Vi —* V\/N be the quotient homomorphism. Then there is an element

g G V\ with g 1 and 9(g) 1. By Lemmas 5.6.iii), 5.6.iv), 6.7,

6.8.i) and Theorem 5.7 we have g pirCfq-1 for some positive elements

p and q, some integers m,n with 0 < m < n + 2, and some element
7T e n(n). Then 9(nC) 0(p~lq). Lemma 6.8.ii) implies that 7rCJf has

finite order, say, k. Furthermore the subgroup of V\ generated by A and B
is torsion-free because it maps injectively to F Ç V by Theorem 3.4. Hence
either (p~lq)k 7^ 1 and 9[(p~lq)k) 1 or irC 7^ 1 and 9(ttC= 1.

Suppose that ttC 7^ 1 and 9(ttC) — 1. If m 0, then tt 7^ 1 and

9(tt) 1. This implies that #(710) 0(tti) and hence by Lemma 6.5 that
9(7TqC2) 9(C2ttx) 9(C2it0) 9(ttottiCI). But then 9(ir\C2) 1, so we may
assume that m > 0. Next suppose that m > 0. Then ttC% 7rXn+i_mC^+1
by Lemma 5.6.iii). Lemma 6.4 implies that there exists a nonnegative integer
i and 7F G ü(n +1) such that ttC Xp. Thus we are in the above

case in which (p~lq)k 7^ 1 and 9(fp~lq)k) 1.

In each case there is an element h e V\ such that h 7^ 1, #(/z) - 1, and h

can be represented as a word in A±1, B±l, and C±2. Let a: T\ —» V\/N be

the homomorphism defined by a(A) 9(A), a(B) 9(B), and a(C) • 9(C).
Then there is an element h' G T\ with h' 7^ 1 and a(h') - 1. Since

T\ is simple by Theorem 5.8, 9(A) 9(B) m 9(C) 1. Because 717 and

7Ty are conjugate via a power of A, 6>(7T;) 9(ttj) for all nonnegative
integers i and j. By Lemma 6.6.ii) with k — 1, m 2 and n 2,
0(7Ti) — 0(C27Ti) 0(77077^2) 0(7To7Ti), and hence 0(7To) 1. This implies
that the quotient group is trivial.

§7. PlECEWISE INTEGRAL PROJECTIVE STRUCTURES

The definition of piecewise integral projective structures is due to
W. Thurston. These structures arise naturally on the boundaries of Teichmüller

spaces of surfaces. The interpretations of F and T as groups of piecewise

integral projective homeomorphisms are also due to Thurston; we learned this

from him in 1975. Greenberg [Gr] used this interpretation in his study of
these groups.

Fix a positive integer n.
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