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A GENERALIZED F@LNER CONDITION
AND THE NORMS OF RANDOM WALK OPERATORS ON GROUPS

by Andrzej ZUK

ABSTRACT. We prove a generalized Fglner condition. We present a method of
computing and estimating the norms of random walk operators on groups and grapbs.
We give explicit computations in several cases.

1. INTRODUCTION

Let us consider a pair (I',S), where I' is a finitely generated group and
S is a finite, symmetric set of generators (symmetric means S = S71).
For a finite subset A C I we define its boundary

OA = {v € A; there exists s € S such that ys ¢ A} .

A Fylner sequence is a sequence {A,}°2, of finite subsets of T such that
the cardinality of the boundary 0A, of the set A, divided by the cardinality
of A, tends to zero, i.e.

#0A,
: n— 00 O o
#A,
Fglner proved in [4] that the existence of such a sequence is equivalent to
amenability of the group I'.

One can associate with the pair (T',S) the simple random walk operator
P: P() — (D)

1
PIOY) = o< D _f(ys) for f e P(T).
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Let ||P|| be the operator norm of P acting on *(I'). In [8] Kesten proved:

THEOREM 1 (Kesten). The following conditions are equivalent :
@ [|Plf=1.

(2) The group T' is amenable, i.e. there exists a sequence {A,}52, of finite
subsets of 1" satisfying the Fglner condition.

In the next section we will prove a generalization of this result (Theorems 2
and 3), showing that equalities of the form ||P|| = A, with 0 < A < 1, are
equivalent to appropriate Fglner-like conditions. Section 3 is devoted to some
remarks concerning this generalization. In Section 4 we use the generalized
Fglner condition to compute the norms of some random walk operators and
in Section 5, using the same ideas, we obtain some lower bounds for the
random walk operators on graphs.

After completion of this work, we learned that some versions of a
generalized Fglner condition were obtained recently by S. Popa [12].

ACKNOWLEDGEMENTS. I would like to express my gratitude to A. Hula-
nicki and to L. Saloff-Coste for several interesting discussions and remarks on
the paper, and for suggesting the example in Section 4.4. I also wish to thank
P. de la Harpe and the referee for their several valuable comments on this
paper. This work was done with the support of the Swiss National Science
Foundation.

2. THE GENERALIZED F@LNER CONDITION

Let us consider a measurable space (X, F). On this space we consider a
Markov transition kernel P(-,-), i.e. for any x € X, P(x,-) is a probability
measure on (X, F) and P(-,A) is a measurable function on (X, F) for every
AcF.

Let u be a o-finite measure on the space (X,F). For any measurable
subset A C X we define its measure |A| and the measure |0A| of its boundary
OA as follows:

|A| = uA),

10A] = / / P(x, dy)dp()
{xeA} J{ycAc}
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