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238 G.J. FOX

2.3 Dirichlet L-functions

For x a Dirichlet character with conductor fx, the Dirichlet L-function
for x is defined by

rr Ï V^(6)L(s-,x) 2^-rr,
b= 1

for G C such that > 1. Note that L(s; x) can be continued analytically
to all of C, except for a pole of order 1 at s 1 when x — 1

•

Let t(x) be a Gauss sum,

fx

T(x) ^X(«)e27da//*,
a=\

where i2 — 1, and let

ro, «-» 1

I 1, if x(-D -1

Then L{s\ x) satisfies the functional equation

(7) I«.-«),
7T / \ 1 V 7T

where TG) is the gamma function, and Wx -<s

Tix) having the property
' x ' y fx

that II 1. Since T(s) has simple poles at the negative integers, L(s\ x)
must be zero for s 1 — n, where n G Z, « > 1, such that n ^ 6X (mod 2),
except when x — 1 and « 1. EG; x) can also be described by means of
the Euler product L(s\x) Tip prime (* ~~ X(p)P~s)

1

for s G C such that
SRG) > 1. Thus L(s; x) 7^ 0 in this domain.

The generalized Bernoulli numbers, BnjX, and the Dirichlet L-function,
LG;x), share the following relationship, a proof of this being found in [13] :

THEOREM 2.1. Let x a Dirichlet character, and let n G Z, n > 1.

Then L(1-n;x)

Thus we have a way to express certain values of a function defined in terms

of an infinite sum as quantities that can be found by a finite process.
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