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On the H23+ — H' 2]I Perturbation of the NO-Molecule

by I. Kovacs
Department of Atomic Physics, Polytechnical University, Budapest (Hungary)

(21. VI. 63)

Abstract. By taking into account the spin-orbit interaction the unusual doublet splittings
occuring in the H 22+ and H’ 2]7 states of the NO molecule can be interpreted theoretically in a
satisfactory way. In a higher approximation theory also leads to an understanding of the local
perturbation observed at the energy where the two components 2/7,, and 2/1;, of the H’ 2II state
Cross.

I. Introduction

A complete analysis of the (0,0) and (1,0) bands, lying at 1595 and 1538 A re-
spectively, of the H, H' — X band system of the NO molecule has recently been
published by HuBER and MIESCHER?!). Detailed investigations have shown that the
upper states essentially are 22+ and 2I/. They very nearly coincide and strongly
perturb each other. The result of the interaction is a large A-splitting in the 2/7 state.
The analysis showed that in the first approximation the interaction between rotation
and electron spin in the H 2X* state can be neglected, whereas in the case of the
H' 2]] state the spin-orbit interaction is so small that this state almost completely
belongs to Hund’s case b. Therefore, HUBER and MIESCHER entirely omitted the
electron spin from their theoretical interpretation of the H 22+ — H'’ 2[] interaction.
This proved to be successful. However, they didn’t comment on the finer details, such
as the nearly constant doublet splitting of about 1-3 cm ! appearing in the 2X% state
and in one A-component of the 2IT state (3/1,), and, moreover, on the weak local
perturbation occuring at small J values in two intersecting components of the 2//
state. In the present paper a full theoretical interpretation of the experimental results
will be given.

II. The H 23+ - H’ 2IT Interaction

Several cases of 22’ — 2T perturbations have already been dealt with in detail by
the present author in earlier papers?)?). Thus it was shown that /7 states lying in a
proper distance from the 2 state change only the value of the constants occuring in
the multiplet formulae of the 2’ state, leaving the structure of the formula, i.e. its
dependence on the rotational quantum number unchanged. For the experimental
physicist this means that in such a case practically no perturbation is observed. If,
however, the distance of two close lying interacting states changes rapidly with
increasing rotational quantum number (i.e. when the difference of the rotational
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constants B is large), the multiplet splitting will be different from what would be
expected on the basis of the usual multiplet formulae. This has been proved by a
number of experimental examples?3)?).

In the present case of the NO molecule the two interacting states H 22+ and H' 2[J
almost coincide and have equal rotational constants B. According to HUBER and
MIESCHER’s investigations, these two states are parts of a d-complex. The apper-
tamning 2/ state — for some reason or other - is relatively far removed, and, conse-
quently, its influence on the H and H' states may be disregarded to some extent. By
taking into account the spin-orbit interaction as well the terms neglected at the
separation of the wave equation, the perturbation calculation gives a determinant of
sixth order for the energies of the six components 227, 2/1 ,, 21, (N = ] — 1/2);
22, 2, 21, (N = J + 1/2). This determinant, however, splits up into the following
two determinants of third order only as a consequence of the symmetry properties of
the wave functions:

2'II(:l ‘ Wl - W’ H12 H13

21]42 Hy, W, — W’ Hyy = s ' (13)
22, . Hy Hy W,—W'

e (Wa—W'  Hg Hy

A1, Hy, Wy—W'  Hg | =0. (1b)
22 ’ Hygy Hy; We — W’ ‘

The unperturbed energies W, (n = 1,...6) have been calculated by HILL and
VANVLECK?) for any strength of spin-orbit coupling, but neglecting the coupling
between rotation and spin. For Hund’s case b one obtains: '

2]]11 W1=VVs=B[(]_%) (]‘}‘é)_l]-f—’;“(‘]/ij"i-cj
\ 2
217, szsz[(]Jr%)(]JF%)—q___;(JAJr_ij+C, ”
2
5w
25 . WB=B(]~%)(]+;).

(A = constant of spin-orbit interaction, B = rotational constant, C = W;; — Wy
for | =0.)
The matrix elements H;; are given by HILL and VANVLECK (formula 16):

H12:H4 =



Vol. 36, 1963 On the H? X+ — H’ 2[] Perturbation of the NO-Molecule 701

and by KovAcs?) (formula 29):

Hyg = W ﬁTf Mgy = ']+% E+4 31
18 = 72“(]%——;7 , 23 = ;“(J_Jg [ ek b/ (] £ 72)] )
3 o 1 (3b)
B VA i 1
Hys = 2(]+;) &, Hg= 2(]+;_) [5 477(]+2)]’
Huc' chz"

The constant & characterizes the spin-orbit interaction (for more detail see below),
and % is the constant of the rotational perturbation originating from the terms
omitted at the separation of the wave equation. If the form of the matrix elements
(3a) and (3b) is kept unchanged, the exact solution of equation (1a) and (1b) would be
very cumbersome, though these equations are most suitable for making numerical
calculations. We arrive, however, at a good approximation of the actual situation,
if we write

Hy,=Hyy=H;;=H; =0

thus leaving out of account all the interaction terms for which 4] = 0, but AN =
4+ 1 (N = rotational quantum number apart from spin). In this way the solution of
(1a) and (1b) becomes easy, and using the number N, appropriate to Hund’s case b,
mnstead of | we get:

. A
My Wy =C+ g T BINE+1) 1], (42)
l,,: W,
a2 ?l:,§§_§_1ﬁ+BZ\T(N+1)
C-B A 2 &
== 2““4N)+(;/2'+7“/8N(N+1))’
2,y Wy =C— 55 +BINWN+1)—1], (40)
2y W,r',l C-B A
- T AW +BA @)

2 ¥ Wél'"“ 2 ' : - —_— l (4d)
i]/( z +4(z\f+1))+(|/_‘2_’7]/81\”1\”“1))' I
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ITI. Comparison with experimental data

If the spin-orbit interaction is completely neglected, then 4 =& = 0 and the
equations (4a)—(4d) reduce to

Wy =Wi=Wi=C—B+BN(N+1), (5a)

C—-B C—B\2

J+8N(N+1),  (5b)

Wi, = W= Wi— +BN(N+1)+]/(

Wy —Wy—Wi= <

(N +1) — [/(92"1) L8N (N+1). (50
Thus the doublet splitting in the two /A-components of the /7 state as well as in the X'
state would vanish. This is the conception of HUBER and MIESCHER (see Figure 1 of 1)).
If, however, our intention is to interpret theoretically these doublet splittings, the
above exact formulae are just needed.

For small spin-orbit interaction one obtains from (4a-d):

A (N + é)
Avyp(I1) = Wy — W,= TN (N+1D) (6a)
AN+, +0
r ’ 2 —
Avlﬂ(nd) = W5 - W2 = T(ﬁ_(mlf) l/2 E ’ (6b)
1
A Do s
Avp(E) = Wg— Wy = - (+—2 U) + ]/2_5 (6¢)
121~ 6 8T T 2N (N+1)
where
C-B 1
= _E#_ NJF-Z')'
n )8 N (N+1)
It follows from (6b) and (6¢)
In(Z) = AnglIT) = A gy + 228 (7)

From Figure 3a of the paper of HUBER and MIESCHER it can be seen that experimen-
tally for not to small values of N the sum according to (7) is found to be independent
of N. (The deperturbed dotted curve for Av;5(2311,) has to be used.) Therefore

&= ; ]777 [1:5 — (—1-1)] = 0-92 cm~1.

Under certain conditions [cf. 2) p. 348, formula (40)] in a first approximation

1
—VZ---A Vi@ +1)

HuBER and MIESCHER's considerations indicate ! = 2, thus A4 = 1-06 cm~1 is deter-
mined. (C — B)/2 is known to be 4-9 cm~1.
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From equations (5b, ¢), assuming 4 =, - 0
Wp,— W)2=3232N (N + )+ (C — B)? (8)

results. When this equation (8) is compared with equation (3) in} uBER and MIESCHER's
paper 5 = «/2)/2 = 1-9 cm~! is obtained (¢« = 5-4 cm~1).

Thus all the constants occuring in the equations (6) are determined and the theo-
retical curves for the doublet splittings A »,, are drawn in Figure 1. The circles indicate
the experimental data. It can be seen that the constant doublet splittings of nearly
opposite size (1-3 cm~1), observed for N » 1 in 2[1, and 2% but not in %[/, are well
interpreted by the theory. The same holds for the rise of the curves for small N
observed in 2/], and 2IT,, whereas in 2X in accordance with theory no rise is observed.

AP,?(Z'}
-7 % o
en’l ag 0 0020 °,50
+0
A, ()
\KOQ\QO o o
0 1 ] (o] [@] P=N 1 F=Y -
5 70 © "5 9% " 02 N
o
A3, (T)
[o)
-7,0 = (o} le)
° 5 ° o 0 090,090 o)
Fig. 1

Curves Av,, calculated according to equations (6) and experimental values (O}, local perturbation
211,211, eliminated.

The behavior of the doublet splittings /v,, is even more evident, when the above
described X' — IT perturbation is eliminated, that is when the values Av;, obtained
theoretically from (6a—c) are subtracted from the actual (not deperturbed) experi-
mental data (full lines in Figure 3a of HuBER and Mi1ESCHER). Then we get Figure 2.
From this it can be stated that the 22+ state shows a small doublet splitting depending
on the rotational quantum number, which, on the basis of the formula Ay,(2) =
y (N 4+ 1/2) results in the value y = 0-022 cm™1.

The curves Av;, for the components of the 2/7 state represent the local mutual
interaction involving 2/, and 2/1,,. It is treated in the following section IV.
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Difference Av,y(obs.) — Av,y(calc.) between actual experimental and calculated doublet splittings.
2'—IT perturbation eliminated.

IV. The Local H’ 2II,, — H’ I1;, Interaction

When in section IT the equations (1) were solved the matrix element H,; and H
in the determinant (1b) were neglected. This omission is a good approximation as long
as the respective solutions W,(3/1,,) and W,(3[1,,) do not come too near each other.
In the present example of the H' /] state, however, they cross (or avoid crossing).

I(F+7)

Fig. 3
Rotational energy plotted as function of J (f+1). The dotted curves areW’; and W7 resulting from
the interaction where Wj and W7 cross eachother.
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Therefore H,; and H,4 can not be zero and have to be taken into account. With the
solutions W’ (equations (4)) the part marked by dotted lines of determinant (1b) can
be transformed to diagonal form and then takes the following shape:

1, VARSI L A |
2Ud1 [‘ HE:4 Wsl - W 0 ‘ =0, (9)
2y A o wi—w|

He = 85 Byt S lHuyt Hag= Supltlag + SeeHuss

: ; __H _—‘2
556:“565=]/5[1 1*] 56]]; 555456(;:]/"“[1_'» 1= A::i],

The form of H,;, H,s and H, was given in (3a) and (3b), while A, means the root-part
of (4d). Since Hyq and /g, because of the smallness of C, differ very little even at low
quantum numbers, it can be written in a good approximation:

1
Sse = — Se5 X Sgz = S¢g X 1/',2’ .
Hence the transformed matrix elements are
T ———
1 T J+ Fl ) J - 2
Hys = 5 m— E4+ A — | (10a)
T+ . 2 ( T+, )
& | §
)
Byl — 15 —a }f ——5c | ~ (10n)
2(J+ '
T+ ] ( 2) ]

Near the intersection of W, and W the element H,; — which is small anyhow — can be
neglected, and thus the solution for W" is:

W!;] l _ Wéﬂj i|/ 1 IV’, .‘i ‘H’r 9

(11)

)

from what

| WaCL,y) — W5 (3I1,) |

45 H. P. A. 36, 6 (1963)
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In Figure 4 a theoretical curve, calculated according to equation (12) is drawn,
whereas the circles stand for the experimental data of HUBER and MIESCHER. At the
point of intersection (J = 51/,) W; — W7 isjust equal to 2 Hy;, for which from (10a),
with the values of & and A already determined in section III, H,; = 0-87 cm™! is

calculated. This result agrees exceedingly well with the value found experimentally
(H =0-89 cm™11)),

-cm’
5 5
5 -
o)

i o

3 -

2F 9

T 28,
ll =
5% 0% J

Fig. 4

W'y (3I1,,) — W' (311 ;) according to equation (12) and experimental values (O).

Summarizing, it can be concluded that the unusual doublet splitting, found to be
quite independent of the rotational quantum number in the H 22+ state of the NO
molecule and also the nearly constant doublet splitting appearing in the d-component
of the H’ 2[] state are the result of the fact that, taking into account the spin-orbit
interaction, a perturbation of unlike value occurs between the 22 and 2/1,, as well as
between the 2, and 2/1,, components of the two states. Thus, the without perturba-
tion originally coinciding 22| and %X, components as well as 2/1;, and 2/1,, respectively,
are shifted from their original places by different amounts. The local perturbation
also, found between the 2/1_, and 2[/,, components of the H’ 2/ state, can be inter-
preted by the spin-orbit interaction, and the theoretically computed perturbation
matrix element shows an excellent agreement with the value obtained experimentally.

The author is deeply indebted to Prof. E. MIESCHER for suggesting the problem
and for adapting the manuscript.
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