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Multiple Cavity Molecular Beam Maser

by Paul Erdös*)
IBM Zurich Research Laboratory Rüschlikon, Zurich, Switzerland

(8. XII. 63)

Abstract: The theory of multiple cavity molecular beam oscillators is developed. It is shown
that the frequency stability of the oscillator can be increased to any required degree by coupling
empty resonators to the cavity containing the beam. The coupling constants are determined.
The beam intensity required to operate the device increases proportionally to the number of
coupled cavities, thus the frequency stability is ultimately limited by the maximum available
beam intensity.

Zusammenfassung: Die Theorie der Molekularstrahl-Oszillatoren mit mehreren Hohlräumen

wird entwickelt. Es wird gezeigt, dass die Frequenzstabilität der Oszillatoren beliebig
verbessert werden kann durch Ankoppeln an weitere Hohlräume. Die Kopplungskonstanten werden
bestimmt. Die Strahlintensität, welche nötig ist, um den Maser anzutreiben, nimmt proportional

zur Zahl der Hohlräume zu. Die Frequenzstabilität wird letzten Endes durch die verfügbare
Strahlintensität bestimmt.

Introduction

Molecular beam masers have been developed for use as high stability frequency
étalons. It is also intended to use them as primary time standards. For this purpose
the maser frequency must be stable to IO-11 parts or better over extended periods
of time.

Although the natural width of the molecular lines used to operate the maser
(e.g., an inversion line of ammonia) would permit a frequency stability of 10~18,

pulling effects reduce the frequency stability of the maser oscillator below the
required limit.

Bx 'pulling' one denotes the shift of the maser frequency due to the detuning
of the cavity, to the change in the number and velocity of the molecules entering
the cavity in unit time, and possibly to other effects.

These effects are, in turn, due to the changes in cavity temperature, in focuser
voltage, in source pressure, etc. To limit these changes, many physical parameters
of the maser have to be kept under severe control. Several laboratories are engaged
in the construction of high stability molecular beam oscillators1).

Hence, it is desirable to employ methods which generally reduce the dependence
of the maser frequency on these parameters.

*) The major part of this work was completed while the author was on leave at the Florida
State University, Tallahassee, Florida.
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It has been discovered2) that a twin cavity maser exhibits considerably less

pulling than a single cavity system, if the coupling between the two cavities is
unity. The twin cavity maser consists of two identical cavities coupled by an iris
in their common wall. The beam is directed through one of the cavities ; no beam
is sent through the other cavity.

In view of the success of the two cavity maser the question arose whether a
multiple cavity system would be even more advantageous to reduce pulling. The
theory of multiple-cavity systems is developed in sections 3 and 4. The results of
this theory answer the question in the affirmative, as shown in sections 5 and 6.

2. Description of the Molecular Beam Maser

The molecular beam maser, as developed by Gordon, Zeiger and Townes3)
operates on the following principle. A beam of molecules in an excited energy state
is introduced into a cavity tuned to the transition frequency between the excited
and a lower state. Interacting with the electromagnetic field in the cavity, the
molecules are stimulated to emit radiation. This radiation, in turn, stimulates
emission from other molecules. Hence, nearly monochromatic power is generated
in the cavity, part of which is extracted through irises to be used for the frequency
standard.

3. Theory of the Cavity Containing the Beam

Molecules of ammonia in the higher inversion state enter the resonant cavity.
Here their induced transition into the lower state takes place. The transition is
stimulated by the interaction with an electromagnetic field in the cavity. The theory
of this process was worked out by Shimoda4) et al., under certain simplifying
assumptions. It has been extended to meet exact conditions by Feynman5) et al.
The latter used the 'rotating coordinate method' introduced by Rabi et al.6).

In the following, a spinor formalism is applied to illustrate its use in the treatment

of two level systems. No new results are obtained in this section except a
difference in sign with respect to reference 5) and the inclusion of more general
types of interaction potentials than admitted by Feynman.

Consider a physical system capable of transitions between two stationary states
of energies Ex and Ez fE2 > Ex). The time independent wave functions of the two
states are fX and tpz, respectively. During the transition the system will be described
by the wave function:

fft) axft) ipx A- a2ft) ipz (3.1)

It is therefore appropriate to consider fft) as a spinor with the complex
components axft) and azft), referred to the two basis spinors fX and f2. The latter are
orthonormal, hence, well suited as a basic for the spinor space. Because it is required
that

/ fft) f*ft) dH \ (3.2)

it follows
I axft) |« + | azft) \2 1 (3.3)
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Since its magnitude remains constant, the spinor fft) undergoes a rotation with
respect to the basis yi and y>2 as time proceeds (see Fig. 1).

a2(t)

y L—*!*%
a, Iti

Fig. 1

Spinor representation of the wave function of the two level maser

The change of fft) is determined by the equation

H f i ft f (3-4)

where the Hamiltonian operator H can be written as

H H° A- Vft) (3.5)

H° is the Hamiltonian of the two-level system (which will be called 'the molecule'
subsequently) in the absence of external fields. Therefore

ff°Y>,= (-1)
where coo is defined by

ft coo

~2-fi', J 1,2,

Ez — Ex,

(3.6)

(3.7)

and the zero point of the energy scale is chosen at fEz — Ex)j2. Vft) is the operator
of the potential of the external electromagnetic field. It will be assumed that the
interaction of the molecule with the electromagnetic field occurs through its induced
electric dipole moment fi. Consequently

Vft) - /t • Eft) (3.8)

This assumption is physically realized in the ammonia maser. The method of
calculation is the same even if the interaction is different from the above, provided
that certain conditions (specified below) are fulfilled by the potential.

Expressing (3.4) in spinor form, we obtain

[H° + Vft)] a i ha (3.9)

where H° and Vft) are the two-by-two matrices representing the operators H° and

Vft) and a stands for the two component spinor a — I 1J. The explicit expression

of H° can readily be found by noticing that for Vft) 0; ax a\ exp(+ * &>o t/2)
and az al exp(— i coo tj2), thus (3.9) for Vft) — 0 reduces to

o-o (ai\ A°A (~ aA
Ua/ 2 \+at) (3.10)
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hence

f/n _ ffcoo 1— 1 0\ So» to-iX\H -"2-I 0 A-i) ~~AAa" (ai1)

az being the Pauli-spin matrix.
The matrix representing the potential Vft) will have the elements

Viuft) J f* Vft) fk d.H, i,k=l,2, (3.12)

as can be readily seen inserting (3.1) into (3.4), multiplying with ff and integrating
over the space coordinates. This matrix can be written as a linear combination of
Pauli matrices and the unit matrix ao,

V=V0ao+Vxax+Vvav+Vzaz. (3.13)

In order that the following method is applicable, we have to assume that
Vo 0. As will be clarified in Appendix B, this assumption means that the potential

induces transitions between the two states fX and fz, and no others. Thus
Vo 0 is no new restriction on the potential, but equivalent to our starting
assumption, that the system is capable of two linearly independent states only.
(It is not necessary, however, to assume that V z 0, as reference 5) asserts for the
results to be exact.) Inserting (3.11) and (3.13) into Schrödinger's equation (3.9)
we obtain

j a [Vx ax A Vy av + {vz - °*f) crz] a (3.14)

For example, in the case of dipole interaction (3.8), the diagonal matrix elements
Vxx and F22 vanish because the operator of dipole moment commutes with the
parity operator. Furthermore, it is always possible to choose the phases of fX and y>2

such that the matrix element VXz becomes real. We then define pi by

VX2 Vzi= - f fîfi- EfzdH - E pi (3.16)

and obtain

Inserting (3.11) und (3.17) Schrödinger's equation (3.14) becomes

ia=-[fiEft)ax + -^-0g]a. (3.18)

The quantity of interest is not the solution a of (3.18), but the induced dipole
moment p of each molecule, since the molecular beam will be considered as a

polarizable medium of polarization per unit volume given by

P 2> (3-19)
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where the sum is extended over all dipoles in a unit volume. The mean value of the
polarization in the direction of the electric field is

p I f* pi E f d3x pifa* a2 A- a* ax) — pt a* ¦ ax a (3.20)

The external electric field is assumed periodic and of the form

Eft) --= E0 costo t.
To obtain the expression p pt a+ • ax a, it would appear convenient to

perform a canonical transformation, which renders the Hamiltonian of (3.18) time
independent. Geometrically this is equivalent to the introduction of a rotating
coordinate system in spinor space in which the electric field would appear stationary.

It is easy to convince oneself that such a canonical transformation does not
exist. A useful approximation can be obtained by the following argument: in the
absence of the electric field it is ax ax exp fi t coo/2) and az al exp f— it coo/2),

a\ and a°2 being the initial values of ax and az. Hence ax and az are conveniently
represented by counterrotating vectors in two complex planes. It is advantageous
to introduce a rotating coordinate frame in each complex plane, rotating
counterclockwise with angular velocity co/2 und —co/2, respectively, through the equation

a^Ror (3.21)
with

R exp (if t az) (3.22)

where ar is the spinor as expressed in the rotating frame. As will be seen subsequently,
the canonical transformation R effects a reduction of the Hamiltonian to a time-
independent part and a rapidly oscillating part (which will be neglected), since in
the new coordinate frame the electric field will appear as consisting of a stationary
part and a part oscillating with the frequency 2 œ.

Inserting (3.21) into (3.18), Schrödinger's equation becomes

i~fRar)- HRar. (3.23)

Carrying out the differentiation, and multiplying from the left with R-1, we obtain

2~ °z °r A i ar R'1 H R ar,
or

'"¦ az) ar (3.24)ar \Hr 2

with Hr R'1 H R. Note the additional term œ azj2, which appears as a
consequence of the rotation of the coordinate frame, so that the system behaves as if it
had the effective Hamiltonian

Heff Hr + ~az. (3.25)

It is

Heff œ-W0 oz - pi £° coseo t e'iata' ax (3.26)

since
e-iataziz ax eimtazi2 e-imtal ^ (gee Appendix A).
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To evaluate the second term on the right, we use the identity cos fco t) e-""taz

cosco tfcosca t — i az sino t) 1/2 (1 -j- cos2 co t — i az sin2 ca t).
Hence

Heff ?A^A oz->^gx-AAA (cos2 cot-iaz sin2 co t) ax (3.27)

Since the time spent by the molecules under the influence of the electric field is

large compared to the period of oscillation 2 njco of the latter, it is adequate to
average Heff over a time T > 2 njco. The oscillating terms in Heff then average to
zero as compared to the constant terms, and we obtain

i ar (AryxL oz-ptE° ox) ar. (3.28)

Integration yields
ar U o° (3.29)

U exp_ a («L^f» az - -^Z ffs) (3.30)

Introducing (3.22) and (3.29) into the expression for the polarization (3.20), we
obtain

p aA M a° (3.32)
where

M piU* R? axRU (3.33)

Since all molecules enter the cavity in the higher energy state, the initial value
of the spinor is

2°. a° I) ¦ (3-34)

Therefore the determination of the polarization reduces to the calculation of
the matrix element

P Mzz. (3.35)

Using the rules set forth in Appendix A for the manipulation of exponential
functions of Pauli matrices, a straight-forward calculation gives

p aft) cosco t y bft) sinco t, (3.36)

aft) - T^T^Z sinz(Q m _ J^AA (1 _ cosü t) (3.37)

bft) A^j~ cos(ß /J/2) sin(ß */2) ArAA sinß /J, (3.38)

Q2 fpi E0)2 + fm - coo)2. (3.39)

In the calculations involving the cavities it is convenient to consider the electric
field as the real part of a complex quantity, according to

Eft) E° cosco t R [Eeft) ZZ (3.40)

17 H. P.A. 37, 3 (1964)
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and use Ecft) in the calculations. Correspondingly, the polarization has to be
considered as the real part of a complex quantity pc:

pft) aft) cosco t A- bft) sinco t R[pc eiat] (3.41)

This equation yields
pc a — ib (3.42)

4. The Theory of Multiple Cavities

Consider n cavities coupled to each other. The maximum possible number of
couplings is nfn — l)/2. Let there be an active polarization (due to the molecular
beam) in one of the cavities, called cavity 1. The electric field inside the system
of cavities is given by

E ft) Eeimt (4.1)

and the polarization in the first cavity is

P px eiat (4.2)

The figures of merit Çs of the cavities are assumed to be large, thus the tangential
component of the electric field in the walls will be small. The electric field will be
written as

n

E 27 ekfEk A- E\) eM (4.3)
A l

Ek 0 in all cavities except fe, where Ek is that normal mode of oscillation which
would exist if there were no polarization present, no coupling to the other cavities and

if cavity k had perfectly conducting walls. Ek is given as the time independent part
of the normal mode Elk:

E\ EkeimkA k 1, ». (4.4)

ex is the amplitude factor which is introduced since the Ek are normalized to

ÏE\dV=i, k l ,«. (4.5)

The polarization, coupling and wall losses are treated here as perturbations
and E\ is that additional field which has to be added to Ek in the cavity k to give the
correct field. Notice that

E\ <§ E*

in the interior of the cavities, with the exception of the irises coupling the cavities.
El is small, but nonzero in the walls, and may be large in the iris. Fig. 2 illustrates
the fields Ek and El for three cavities.

From Maxwell's equations c rot E — H and c rot if D as well as D
E A- 4 ti P follows

c2 rot rot E + Ë + 4 n P 0 (4.6)
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Ff IT E2

A

E3

i

(I) (2) (3)

Fig. 2

Schematic diagram of coupled cavities
E electric field; £' perturbing electric field; P polarization due to molecular beam

Multiplying through by Ex and integrating over the volumes of all cavities, we get
after utilizing common vector identities

co2lex A- 4 n / Ei • Pi dv\ — i excoic / Hx ¦ nx X E\ ds + w\ ex

i c cox 27 ei I Hx • nx x E] ds 0 ;

(4.7)

5 is the surface bounding the volume of the cavities. Similarly, multiplying by Ek
and integrating over the entire volume we obtain the n — 1 equations

co2 eie — i ek cojc c / Hfc • nfc X El ds + co^ ek

s
n ç.

— iccok 27 ei Hie ¦ nk x Ej ds 0 k 2, n
i i

(4.8)

The outward normal to the surface of cavity k is denoted by nk-
Using the results of the previous sections, where an expression for the polarization

was derived, it follows for a thin molecular beam:

4 n / Ei • Pi dv
nth Q:£"(«' coo — CO ©

coo 2 n
i&\ (4.9)

where

n number of molecules entering the cavity per second,
nth minimum number of molecules entering the cavity per second necessary for

self-sustained oscillation,
Qic figure of merit of cavity k,
QB 2 ti foìojv) L,
coo molecular transition frequency,
v molecular velocity,
L length of molecular beam within cavity.
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Furthermore we have set

0 (1 - sine/6)
92

and 0 (1 — cosò
02

where 6 Q t. Q was defined in the previous section.
From (4.7) we see, that the first surface integral corresponds to the wall losses

in cavity 1, whereas the surface integrals summed over in (4.8) represent the losses
of cavity 1 through coupling to the other individual cavities. Hence, integrals of
the second type define the transfer constants Mk

1

ZT

Mkt

— / Hi • m x Ei ds k — 1, n
cote J 1

s

Hk ¦ nie X El ds, Mu — A / Ht • m* fii
E'kds

(4.10)

The choice of the signs of Mu and Mac is evident from the fact that any energy
lost by cavity fe to cavity I by coupling must appear as a gain in the equation of
cavity I.

Inserting these definitions into (4.7) and (4.8) and rearranging, we arrive to

ei
/cox co \
\ CO (Ol I

etc

coi 1 ¦ 0>i v"f 7i ir— i ex — -r i — > ej Mi,
<» 6i °> jéi

co « ex Qb ® coo — co

cai no, ßi \ 2 ji coo
-i&\ o,

CO \ ¦ COlc 1 .-CO/cV-T „
co* / to Qk to fr'-i

k 2, n

I # h

(4.11)

(4.12)

Terms with (+ 1) as a coefficient correspond to gains, terms with (— 1) to
losses for the cavity fe.

These equations represent a set of simultaneous equations for the determination
of the electric field amplitudes ek and their respective phases (since the ek are
complex). To simplify the calculations, we restrict ourselves to the case of identical
cavities. This means

COk OJc }

\ k 1, .,«, (4.13)
Q* Q, J

where coc and Q are their common frequency and figure of merit, respectively.
Let us introduce a quantity a, proportional to the detuning of the cavities, i.e.

proportional to the deviation of the cavity frequency coc from the molecular
frequency coo:

OJc — COO

Assuming good tuning, i.e. coc — coo <^ coo, we have

oc Q (ry _ TL)V \ CO coc J

(4.14)

(4.15)
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Also, let us define a quantity rj representing the pulling of the oscillator, i.e. a

quantity proportional to the deviation of the actual frequency of oscillation co of
the electric field from the molecular frequency coo

It is convenient to set

Qb & co — coo

y ~ 2 n Çp coo

Kkl QMk

(4.16)

(4.17)

and refer to the Kk\ as the coupling parameter7). The Ku — Ktk.
To solve the set of Equations (4.11) and (4.12), we make use of the fact that the

choice of the phase of the electric field is arbitrary in one of the cavities. We choose

ex real,

en ei A- i el e'k, ei real; k 2, «
(4.18)

Expressing njntti from the real part of (4.11) and inserting it into the imaginary
part of (4.12), and separating real and imaginary parts of the remaining n — 1

equations, we arrive to 2 fn — 1) + 1 equations, which, written in matrix form read

(a - rj)

-Ku.
0

-K3X
0

tq KXz KXz — rj Kxs KX3

1 - a if23 0

a 1 0 Kz3

- K32 0 1 - OC

0 - KS2 OL 1

0 0 -Kn 0 Knz

¦¦¦ KXn

o

' • ' Kzn

o

• • • K3„

1

ei

4
4

4

<

0. (4.19)

It is necessary that the determinant of the matrix vanishes for nontrivial
solutions ek. This condition will be the required equation determining the pulling
rj in function of the coupling parameters Kki and the detuning a. Setting the
determinant of (4.19) equal to zero, and expanding it, follows

a Ax -A- Kj, Aj
n

Ax- £ Kt, At
J 2

(4.20)

where

Aj minor8) of column Kij,
Aj minor of column rj Kij,
Ax — minor of column fat. — rf).
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Expanding further, one may write rj as the ratio of two polynomials in a:

n— 1 iZn-1 v->
1

rj fa)

where

ïfl-l yTZ,,(2»i-l)!w=l v '
(2 m - 1) A\m~2(0) A- S «a tfm-\Q)

7 2

»—1

a2""2 + £2»-2 rr 1

(2 m - 2)
d«-»(0) _ j; *:,.,. zl,2"-2(0)

2m-l

(4.21)

^r(°)=^r(^)l«-o- (4-22)

It is our aim to give the coupling parameters such values as to make the pulling
rj as small as possible for a given detuning oc. Since a < 1, rj will be minimal if
in the numerator of (4.21) the coefficients of all powers of a—except that of a2"-1 —
vanish :

(2 m - 1) Al"1-2 fO) A- 27 Ktj A^fO) =0, m l,...,n-l. (4.23)
,-2

If the «(» — l)/2 coupling parameters Kij are so chosen that they fulfill these
n — 1 equations, the pulling will be minimal, and equal to

77(a) \ (4.24)

Am - £ Kij A](0)
j 2

It is possible to fulfill equations (4.23) by setting all coupling constants but
Kjtj+X fj 1, n — 1) equal to zero. This means that it is not necessary to
cross-couple the n cavities (i.e. to couple each one with every other one) but to
couple them to form a linear chain. Hence for minimum pulling it is sufficient to
demand

(2w-l) J2w-2(0) + KXz Al^fO) =0, m 1,.. n - 1 (4.25)

The pulling them becomes

v fa) — (4.26)
Ax(0) - KizA2(0)

or, using (4.14) and (4.15)

co - coo 2 n (2 ß)2""1

Qb 0 [Ai(0) - Ki2 Az(Q)]

l coç — cop \2n-1 /A 27)

5. Coupling of the Cavities and Power Dissipation
Once the coupling parameters are determined from (4.25) the electric field

strengths e« can be found in each cavity by solving the equations (4.19). The quantities

a and rj can be set equal to zero in these equations, since their influence on the
field strengths are negligible. The solution of the equations is then simplified by
noticing that all field strengths are real, i.e. e"h — 0, k 1, n.
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The power dissipated in a slightly overcritical single cavity maser has been
calculated in references 3) and 4). It is of interest to compare it with the power
dissipation in the multiple-cavity system. The ratio R of the latter to the former,
expressed in terms of the fields strengths, is

R Zetje\. (5.1)
» i

The power dissipation can also be obtained without evaluating the field
strengths from the relation

R -!%-. (5-2)

where ntnfl) is the threshold number of molecules for a simple cavity maser.

6. Reduction of the Pulling by Multiple Cavity Systems

Formula (4.27) shows, that if n cavities are used instead of one and they are
coupled so that the coupling parameters fulfill the conditions (4.25), the pulling
will be reduced by a factor of the order of

(2Q Wc~C"0)2""2-

On the one hand, to insure low power dissipation it is advantageous to use
cavities with high figures of merit ; on the other hand, since the reduction of pulling
requires

2 g œc~m < 1
* COO

Q should not be chosen excessively large.
In particular, we obtain for a single cavity

CO — COo 2 710 0 n COc — COQ ,a 1 n

for two cavities
K{2 1 (6.2)

co -coo 2tz0 1,2(2Q toe-coo y (g 3)
coo Qb © ' V coo /

for three cavities

K\z 4 (|/2 - 1) 1-657 ^3 3-2)/2 0-172 (6.4)

co — coo _
2 710 1 (on m» ~ to» \5 la =\

~~7oo~ r= ZbH 81/2 \ V
coo I ' { '
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The calculation shows that the two cavity system dissipates R 2 times, the
three cavity system dissipates R 3-67 times the power of a single cavity.

Appendix A

As was pointed out by Rabi, Ramsey and Schwinger6) the calculation with
exponential functions of Pauli matrices presents some difficulties because of the
non-commutativity of these matrices. Indeed, errors may arise from the use of
equalities familiar from the theory of functions of complex variables, which are
invalid for functions of Pauli matrices. For example, it is

eiax eiay ^ e*(a*+c7

Hence, for reference purposes a few relations are reproduced below, and their
proof indicated.

Let ak be a Pauli matrix normalized to o\ — 1 (i.e. without the factor 1/2), and
let us denote by a the vector with components ax, ay and az. (The exponential
functions of Pauli matrices be defined by their respective power series.) Than, if
t is a real parameter

eitak _ cost _|_
•

ak sin^ k _ Xi yt z ^ Y)

and if Si is a real vector with components Qx, Qy and Qz (magnitude Q), it is

eaa'a =cosQtAri~-sinQt. (A.2)

(A.2) can be most easily proved by performing an orthogonal basis transformation
in the vector space of Pauli matrices. Defining cri as a new basis vector through

cri Z- ß • a (A.3)

application of (A.l) yields

e,u-qo eita-ai cosQ t + iai sinQ t _ (A.4)

Inserting (A.3) into (A.4) the required relation (A.2) follows.
If the product of two exponentials is encountered such as, e.g.

expression (A.2) is inserted for both of them, and the product of the right hand
side terms evaluated.

The following relations (and those obtained from them by cyclic permutation
of the indices) are also used in the text :

eita* ax ax ea°* (A.5)

eü°k ax cr* Z"7* k y,z. (A.6)
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Appendix B

It is of interest to establish the connection between the method used in the
text and the geometrical method described in 5).

To do so, we turn to the three-dimensional representation of the spinor a and
of the Pauli matrices ax, ay and az. It can be shown9) that the spinor a may be
considered as the sterographic projection of a three-dimensional vector r. The
standard formulae connecting the components of a and r can be found in 9).

Let us refer the vectors in the three-dimensional space to the unit vectors e},
j 1, 2, 3. An infinitesimal rotation of the vector r through an angle dt Q about
an axis denoted by a vector ß

Sì=YQ,e} (B.l)
;' i

will produce a change dr in r, which can be expressed as:

3

dr dt Six r £ dt Qj e} X r (B.2)
/ i

The operators dt Qj e, X represent infinitesimal rotations about the /-coordinate
axis by the angle dt Qj. They can be expressed in terms of the spin matrices as

1/2 i dt Qj aj, when operating on some a10). Conversely, an arbitrary linear
combination of the spin matrices dt Qj Oj which operates on a will be represented by the
operator — 2i dt Si x, acting on r. Hence, the following correspondence is established

3

1/2 i dt Sì ¦ a 1/2 27 * dt Qi aj^dt Six (B.3)
t i

In the three-dimensional representation Equation (3.15) can be written as

dt Si X r dr (B.4)

and comparison of (3.14) and (B.3) yields

Si (- Vx, - Vy, - Vz + -21) (B.5)

In the particular example (3.17) one has

Si (pt Eft), 0, -f-) ¦ (B.6)

Since Equation (B.4) is the familiar equation of the precession of a top, then if
r is considered as the angular momentum of the top and Si is the driving torque,
the behavior of the system can be visualized by studying the motion of the top
itself.
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Correspondingly, the polarization can be expressed as p af • ax a rx, and
the problem is reduced to the determination of the projection of the vector r upon
the «-axis at time t.

It is seen from (B.3) or (B.5), that if the potential V contains a term Vo ao, the
three-dimensional representation of the Schrödinger equation is just as impossible
as the spinor representation. This is due to the fact that the two states fX and y>2

do not in this case form a complete set of eigenstates of the system; to the contrary,
the potential V will induce transitions to other states not taken into account in the
formalism.
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