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A Rigorously Solvable Model
of a Magnetic Ion in a Superconductor

by J. Bernasconi and S. Strissler

Brown Boveri Research Center, Baden, Switzerland

(17. 1. 70)

Abstract. A magnetic ion, described by the Anderson Hamiltonian is coupled to a strong
coupling superconductor (kinetic energy is neglected). Exact conditions for the magnetic state are
derived.

Only a very small number of many body problems are solvable. An exactly
solvable model of a superconductor (the ‘strong coupling superconductor’) has been
proposed by Wada [1] and Anderson [2]. This is a very unrealistic model, but its
solution displays some of the simpler properties of a superconductor.

In this note we consider a magnetic impurity, described by the Anderson
Hamiltonian, which interacts with a strong coupling superconductor. We find the
exact solution of the groundstate and derive the condition for the occurence of a
magnetic moment. Again the model is very unrealistic, but it demonstrates how the
local magnetic state is incorporated into a many body state of the whole system.

For a single magnetic ion which is coupled to a large system only through the
chemical potential (electron reservoir), the Anderson Hamiltonian [3] reads

Hy= —E (ng, + ny)) + U ngy ng, - (1)

Here — E is the unperturbed energy of the magnetic ion, and U is the Coulomb
repulsive energy between electrons in the states |0 4> and |0, >. For convenience the
chemical potential y is included in E. The ground state of (1) is nonmagnetic if the
energy —2 E + U of the doubly occupied state is lower than — E. Thus the condition
for a magnetic behavior is simply

U>E. | (2)

In the strong-coupling limit (where the kinetic energy is neglected) the super-
conductivity problem can be solved exactly [3]. In this limit we can easily transform
the BCS Hamiltonian into the Wannier representation, so that
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vV
H=——2/chec e (3)
4]

N is the number of atoms.
Let us introduce the spin operators

SH=1c¢; ¢y, (4)

1

S; = el 5; = 2 (L — 75 — 1) .

Then the Hamiltonian (3) becomes

14
H=—— §- S+ 5
- 578+, 8

where S = 2 S#. Equation (5) has the exact eigenvalues

"
E=— = [S(S+1)—M-M], (6)

where S =0, 1/2, ..., 1/2 (N — 1). M has to satisfy the relation
n=N-2M (7)

with » = number of electrons.

In the following we show that the coupled system consisting of the magnetic ion,
equation (1), and the superconductor, equation (3), can be solved exactly for the
following nontrivial coupling:

P

it = = 2 (G 6 Coy oy F gy €53 €y i) (8)

10
where A allows the coupling between the magnetic ion and the large system to be
smaller than the BCS-coupling in the large system. The total Hamiltonian may now
be written as

V AV
H=— = 85— 8% — N (S=Sf +S; SN +US; S§ +E(2S;—-1), (9)
where S+ :ZS;':.
i%0

We will now derive exact conditions (in terms of the parameters 4, V, U and E)
for the magnetic instability of our model.

The Hilbertspace of the states of our system is the direct sum of the two subspaces
corresponding to Sy, = 0 and S, = 1/2 respectively. Therefore we can calculate the
two sets of eigenvalues of H separately:

() So=0:

v
B0 o

=

[S(S+1)-M2 - M) - E (10)
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where S =0,1/2,...,1/2 (N — 1). M has to satisfy the relation
n=N—2x(M+m) (1)

with % = number of electrons and  is the appropriate eigenvalue of S¢. For our
discussion we set # = N, so that (as m = 0):

v
E® = —_S(S+1)—E (12)
N
(b) S, = 1/2:
We have
14
H|M,m> =~ [S(S+1)— M — M |M m)
AV

- S (S =M+ 1) (S + M) [(é~m) (3~+m)]1’2 (M —1,m+1>

AV
j\fY

[(S — M) (S + M + 1)) [(; - m) (}4 + m)]’ (M +1,m—1>
+U(;_m)lM,m>—l—E(2m—1)|M,m>. (13)

From (11) we obtain M = 4 1/2 (since in this case m = 4 1/2 and » = N). If we set
M = +1/2, we have to diagonalize H with respect to the states |1/2, —1/2> and
| —1/2,1/2>. This yields

Vv 1 U
Eam — _ —_—l
. [s (S + 1) 4] +—
[] V 2 A’V 2 1 27 1/2
S _E4 A 14
jE[(z MZN)jL(N)X(S"*z)]’ (4

where S takes the same values as above. The lowest energy state of the set (12) is a
doubly degenerate magnetic state, whereas the lowest state of the set (14) is a singlet.
Thus the condition for the magnetic instability is

A=E® _EW . (15)

In the limit of large N this gives
A= —{[((U-2E2+(AV)"2—-U}=0. (16)

In terms of the parameters 2 £/U and 4 VV/U the boundary between the magnetic and
the nonmagnetic region is a half circle (see Figure):

(%%1)24_ (%)2:1. (17)
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The behavior is quite similar to the case where the magnetic ion is coupled to a
free electron gas [3, 4]. In both cases the magnetic state may be suppressed due to the
coupling to the large system.
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S
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Regions of magnetic and nonmagnetic behavior.
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