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On a Recent Paper of Amrein, Georgescu and Jauch
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Albuquerque, New Mexico 87106, USA

and A. G. Gibson
Department of Mathematics and Statistics, University of New Mexico,

Albuquerque, New Mexico 87106, USA

(14. II. 72)

Abstract. Condition (D) of a recent paper of Amrein, Georgescu and Jauch is shown to be a
consequence of their conditions (6) and (A).

In a recent paper [1] on quantum scattering theory W. 0. Amrein, V. Georgescu
and J. M. Jauch were forced to introduce an objectionable assumption. They
conjectured that their assumption, which they called condition (D), is in fact a consequence
of their conditions (6) and (.4). The purpose of this paper is to prove that their
conjecture is true.

Suppose, therefore, that Jt denotes a Hilbert space and that the following assumptions

are true.

(6) H0 and H H0 + V are self-adjoint operators on a common dense domain

DH DH<) ®

and V is symmetric on a domain Dv => Q)

(A) For all ipzJt the strong limits

s-limF*(7ri/. i/.± ß±!/»
r-> too

exist where V, e~lHt, Ut e~iHot.

From these assumptions two preliminary results follow.

Lemma 1. If conditions (6) and (A) are satisfied, the equation

Qj-ih s-lim Q.ib,

where

o

Qei(i € j dteftVtUtxf>,
-co

is true for every \jj€^.
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Proof. This is proved in Theorem 0 of [1]. Q.E.D.

Lemma 2. If condition (6) is satisfied, then for every zeC, Imz =£ 0, the operators
H(z — H)~l, H(z — H0)~l, Hn(z — H)~l and H0(z — Hn)~x are defined and bounded on Jf.

Proof. This is an easy consequence of Lemma 1 of [1]. Q.E.D.

Using these two results the following theorem can be proved.

Theorem 1. If conditions (6) and (A) are satisfied, then for every e>0the operators
Q+ and Q( map Qi into Qi. Moreover, there exist non-negative constants et, ß and y such
that the inequality

\V{Q+-QA,W«t\Hrf\ +(ß + ey)\\ifl\\ (1)

is true for all ipe3>. Finally, the equation

s-limV(Qi_-Qf)t(,= 0 (2)

is true for all tptQl.

Proof. Let ifi be an arbitrary, but fixed, vector in 3l.

Because H0 and U, e-,Ho' commute on S>, the equation

o o

QeH0d) e f dte«V*UtH0,p € j dteetVfH0Ut>p (3)

— OO —00

holds for all e > 0. Existence of the Bochner integral in equation (3) is implied (Theorem
3.7.4 of [2]) by the strong continuity and boundedness of the operator V*A7t.

It is also true that Qfifje@ and that the equation

o

HQeip e j dteetV, HUtip (4)
— oo

holds for all e > 0. To prove this one observes that Utifie@ and hence that the vector
VfHUtifj HV,17,1p is well defined. If z is a fixed complex number with nonzero
imaginary part, this vector can be written in the form

Vf HUt d) Vt B(z) (z - H0) Utip=Vt B(z) Ut(z - H0) ip,

where B(z) =H(z — Hn)~i. The operator B(z) is, by Lemma 2, defined and bounded
on all of Jt. It follows that the operator VfB(z) U, is continuous and bounded on Jt
and hence (Theorem 3.7.4 of [2]) that the Bochner integral in equation (4) exists.
Theorem 3.7.12 of [2] and the fact that H is closed now imply that Qeipe2> and that
equation. (4) is true.

Equations (3) and (4) imply that the equation

o

(HQe - Qe H0) e j dt e" V, (H - H0) U, if, (5)
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is true for all e > 0. A consequence of Lemma 2 of [1] is that this integral can be evaluated
by partial integration, with the result that

(HQt - Q( H0) xp ie(Q( -1) if,,

where I is the identity. It now follows from the boundedness of Qe, \Qtifi\ < \\ifi\\, that
the inequality

\\(HQ(-QeH0)lp\\<24tp\\ (6)

holds for all e > 0.
Lemma 1 implies that the vectors Q(H0ip converge to Q+H0ip as e -> 0. Inequality

(6) therefore implies that HQ(ifi converges to the same vector Q+H0ip as e -> 0. Because

(by Lemma 1) the vectors Qeip converge to Q+ip, it now follows from the fact that H
is a closed operator that Q+ipeÇ& and that the intertwining relation (HQ+ — Q+HQ) d) 0
is true.

Because (0+ — Q€) xp is now known to lie in 3) for every e > 0, one can speak of
the vector V(Q+ — Qe) </» (H — H0) (Q+ — Q\ ip. If £ is a fixed complex number with
nonzero imaginary part, this vector can be written in the form

V(Q+ - QA ip C(l) (i - £0(O+ - Qt) f
The operator C(Q V(£ - H)~l (H - H0)((, - H)~l is, by Lemma 2, defined and
bounded on Jt. Hence, there is a positive constant B, independent of e, such that the
inequality

I V(Q+ - Qt) ,A|| < fi|| (t - H) (ß+ - QA ^|| (7)

is true for all e > 0.
The intertwining property implies that

(£ - £0 (0+ - OJ «A (0+ - Û.) (I, - H0) ip + (HQf - Q( H0) d)

and hence that (using inequalities (6) and (7))

I V(Q+ - QA 011 < B{\\(0+ - Q()(r - H0) ip\\ + 2€||i/r||}. (8)

The fact that for all e > 0 the vectors Q+ip and Q(ip lie in Çd has been established.
Inequality (8), together with the previously used inequality |Oci/r|| < ||i/f||, implies
inequality (1) with a 2fi, j8 2fi|£| and y 2B. Equation (2) is implied by
inequality (8) and Lemma 1. The theorem has thus been proved for a fixed ip. Since
ip was arbitrary, the proof is complete. Q.E.D.

The final result of this paper is the following (cf. Theorem 9(a) of [1]).

Theorem 2. If the conditions (9) and (A) are satisfied, then for all e, > 0 the equation

00

s-lim f dte~eV[U* V(Q+ -Q()U,+ UtV(Q+ -Q.) 17,]è 0 (9)
«210 J 2 2

2t O

is true for every ifjefS.
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Proof. Inequality (1) of Theorem 1 implies that the integrand in equation (9) is
continuous and bounded in norm by the function 2e_£''[a||£?'0iA|| + (j3 + e2y)||0||].
This function is Lebesque integrable for all e^ e2 > 0, with the consequence that the
Bochner integral in equation (9) exists (Theorem 3.7.4 of [2]) for all ex, e2 > 0. Equation
(2) of Theorem 1 implies further that for every /e[0,oo) the strong limit as e2 -> 0 of
the integrand is zero. The Lebesque-dominated convergence theorem for Bochner
integrals (Theorem 3.7.9 of [2]) therefore applies, with the result that equation (9) is
true for all e, > 0 and all i/re®. Q.E.D.

Equation (9) is precisely the condition (D) of [1]. The conjecture of Amrein,
Georgescu and Jauch that conditions (6) and (A) imply condition (D) is thus proved.

A generalization of [1] and this paper to multichannel scattering is relatively
straightforward. A detailed report on these calculations, as well as some new results,
appears in [3].
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