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Some Elementary
Researches in the Mathematies
of Life Insurance

By Osamu Sumitsuji, Osaka (Japan)

Summary

i o
[n this paper approximation formulae arve devived for the present value of
El‘tll‘llllll,y, the net premium and the mathematical reserve, They may be helpful to
estimate the monetary functions in absence of complete commutation columns as
well as the effect of variations in the underlying mortality or the interest. They
are also of interest for actuarial studies in the domain of substandard risks, ‘

[. Approximation Formulas

[. The equated time of Payments.

Let the various sums be Sy, Sy, ...,8, | due at the end of

Moy Myy oooyn,, vears respectively, and n the equated time. Then
n—1 n—l
P o . 0 B
U d-—l‘ls]' 2 b )‘br’
0 0
henee |
WY ¢ . N\NY ¢y
no= (lnlﬁr lll___.,hr{ ’)
)
5 A ) .
: n,N, 0 L n:S,. l‘] n,S, 0\ . |
N S ' 9 g ' NI Fterms mvnlvmg
- — — "7 higher power of 9,

where 0 —= In (L +17) and 7 is the ordinary intevest.

Henee, as a first approximation
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s n < 18 well known
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In this formula, if we put S, =85, =

fn,l —— ]_’ ,b'é, = 21 ey n

ot =N —1,
clearly we have Z R n—1
NS, T
> niS,
NS,

therefore we obtain

L~ ) g
( NS, ) n®— 1

— 04 02(...)-
G B 21
) = M ;
n—1 n2—1
sz 2
(i) ~ N
Example: 2 = 89, (i = 20,1885 true value,

iy ~ 20,1935 by formula (2).

Stmitlarly @, . and 4, ;- are expressed as follows:
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A:z::n| £~ ‘UEJ ((;)
n—L n_—l, n—L o
l‘] l.u -t :\_‘J (Q‘t + 1) Z.z: |- ¢ Ej l_,: It
‘Nif'ﬂh H‘! . Q _ o (S { Q . 0 7 .
Ly 2 | L, . |

When # is large, approximations (4) and (6) are not so good, but
I case of estimation of 4, or d,.,; at new interest rate 4, when the
value of Ay ord

oo @b interest ¢ is known, they are usetul. The proce-
dure is as fellows: I'rom

.m
U

A n —

we obtain the exact value of m. Then we write

n—1. n—1 , n—‘[ 9
1 \ ]
..\’..J l\r—H [L (Qt * 1) Z-!f ke ..\_J l.u k¢
g 0 015 I "
zf, 2 l:z: l.u : J
and we have A e T
n—1 n~‘1 n—1 y .,]
1 ¢ Al =
-‘\;Jlxli f- ¢ (5’ .\_..l (ztfl) ZJ'H .\/_JZ.L'I'[- I 7 5\ 2
l.:.‘ 2 l l.!) l_,¢ / j ) ;
This result is excellent in usual,
T = X ~ 4. . ~ ) ¢
lixamples: (.8.0. Table, 4= 2,5%, ' =3 oL,
a’) *'l':m::m = 0,5170,
29
hl
P lE}O 1
0 =
Do = 97,250,
Ly
29 29
1 : \
>__J (2’5 3 1) l:m |- ,\_J l:m )
- —\ | = 88,182,

Lyo Ly
a — 0,0644 ,
8! &2
/ 97,250 — O 38,182 — " .
hence Ay 551~ g3 Ha0N — - R ( a) 0.0644 — (,4556

brue value of Ay, g5 = 0,4556.
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b) Agy
N
24 b0
0
g
N N )
D@t by Db
0 (T
Ly oy
a
' rasaiz— O 192,036 — ) 0,1374
hence A, ~ o= o W% _(,s, R ey

!
true value of A,

— 0,4138,

88,249,

192,086,

0,1374,
0,3532,
0,3532.

Now we introduce new notations q, i, q,.5and q,.,; which denote as

# n— 1
e n(p v
i P i 2

nr(n —1)

- (1___

n(n—1) 2n— 1)
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Ordinarily q,., < ¢, < (.- But when
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£

We Imay assume ¢, ;i ~ Qo] ~ Qoal
approximately
n—l1 n—1
A\ N2
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n l ~ 2 {1 6 q-"””/ ! n—1
N N
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x and n are not large,

2 (2n—1)

In such a case we may write

n—1

2
ZJ by, n2—1
) n;l 12
’0 Tt (7)
an:c:n\) (8)
) Bé,m—n)
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The value of q,.,; is easily obtained from the mortality table >,
column. Here we show some of them: C.8.0. Table, n = 10 and 30,

{IlO:ltJI - 0,()020 3 quBOI = 0,()025,
(s0: 0] = 0,0041, I30:30] = 0,0063,
qso;[o] — ()50146 3 qSO:ES-('}-’ == 0;0215 .
la) = L4),
2. The approximations to { )’L 1 and ()i
('L‘.r:}l—i A xin|
Here we denote
d S,1—Spn—m—1DN_,
(I(!-).. = s ] = — e = ( ) o -
ain—1]| (M T ]).p
A d 1 R,—R,  ,—nM, +nD,,
[ A) .= — s i : :
la),
Now we begin with ( : ) ' where
Uiﬂ
[ ) = — ¢ e = v Q0% o3+ + (n- 1) gl
(,0', n—L| = ds n| =¥ e ’ )

a) Differentiate (2) with respect to d, and we have

d ( n—1 n2—1

B S T (3|ﬁ:-;,,32(_“)>(,(.m,

hence we may write ordinarily

_('Z(J’);Hl |, n—1 (1 o n+1 "L) .
(.in} 2 \ 6 /

b) Carring “the equated time of Payments™ method directly to
(la),~, and d,, we have ordinarily

nm—1) ot

([a’)—n—ﬂ - 0 v o3

(n—1)(n—2) _ 3
55 RN (),

n—1 _ n2— 552
(g == MU 2 TR
therefore

1 ; n—1 nrl (e n—1/ n+1 .
( CL)n,———ll ~ T - -} T J A s 1 o 'L) .
2 2 )

uia \
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In the same way, differentiating (3) and (5) with respect to 0
and using (7) and (8) respectively we have, when @ and n are not large

(la), ., n—1 / n+1 )
= S~ 1 VRS S/ ) I IR {
('f:,x: n| 2 (\ b (l’ | Wt ‘)/ ( )

( [‘h’l).y n| / n—1 ne ‘
A i - (1 - 9 ([»c:nl o 12 on q-’””’l (L,l: 3n q.lr:n} ~
Tin "
r (’TL o éi::n ) (3 é‘u:}i}m B ’n’) : ( )
W e = — _..___.flll
zin| 3

(l(‘t).x: tn—1 \

1)

When x and n are not large, another approximation to

win|

1s obtained as follows:

(Ia’);r in—L| ]—),L -1 l).a: L2 .
— = (I1— V. + n, [ —g¥png)+

e VndJ %

Here we may assume

t n—=t\ .
1— Vs = 1— (1- )1,
Lo "L 2

and assume though roughly

i 2
(D, (1) (11)
[ ([ a’)x : pFl} '3
where
, * nmn—1)2n—1) /3 i
(P0) i) = ) oy Toeni ™~ ( )»( )'(1"_' "“Jr'm)” o
o do® 6 4

(using the “equated time of Payments” method).

Hence we have

o) Uy | 0
: -y o Tin o
i - o~ by g —1— n i 6 (e o
by in)
AN ATy J ‘
therefore (Ia), .51) B3 (12)
(;l'_t.:,ﬂ 1»| ﬁ(r::ﬂ - i i

n 6 xTin :
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Fxamples: C.8.0. Table, 1 = 2% %.

(Ifl').’}[) : 29_1“ — 12,0“,‘:8 ,
30 30]

by formula (9) = 12,166,
by formula (12) = 11,919,

(I/[):w:iﬁ)‘lA — 926,111,
4"’-30:30I

by formula (10) = 26,055.

3. Tnterest rate and Net Level Premium.

Hero P, ;; and r,

rn

rate 7 respectively ¢, and

| represents Net Level Premium at interest

API:N] = P;::ﬁ] =2l

zin|"

a) Clearly we have

d 5 d A*J::M L Ax;m ((I‘[“);U:n] - (Ia’);r:n—ll )

. A

P, =
do =) dd d’.r:ﬂl divz'ﬁdl

ain| Uy in|

Carrying (4), (6), (7), (8), (9) and (10) to the right hand side of this
relation, wo have ordinarily

d 0 n-1 ".f L »
- d(jl cin] T on D= (1 -+ g(’b)),
\V}IGI’_'Q . / 5 . 4 5
ne _ é, . i 4 3y
() = 4—mn1) -+ 1— J""l_) (1___ .L.n]_ .
+) 24 ( ) ( n 7 6

Therefore when 4 —1 18 small, we may wribe

AP, ~ ?lb (u . —fun;!l) (1 +é 'b- ;,,, )) (13)

and when & ( %;rb ) is small, simplifying
i 7 #tL BE
API:,le -(’U' 2 —p 2 ) (14)
n s
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Exampled: €.8.0. Table, 1=25%,; % =8%.

true value by formula (13) by formula (14)
n =10 “"APm:m} = (,00239 0,00240
— APy, 157 = 0,00287 0,00238 0,00231
~—AP50:10| = (,00232 0,00231
n = 20 —AP%:W = (,00201 0,00202
—“Apzm;zm == (00196 0,00195 0,00192
_Apﬁo:zﬂi = (,00181 0,00183
n = 30 “A-Plo;szo'\ == 0,00178 0,00178
-—AP30:30| == 001 TY 0,00172 0,00165
_AP50:3'ti'[ = 0,00158 0,00157

For the m payment n year endowment, in the same way as (14),
we may write
/ Zempt o e +1>

1
A P~ (U' 2 —p 2

m- z.n| m

b) Another approximation formula to AL, ;; is obtained as follows

. L a ., } (a)y )
s —— - . i . - -nT :".”"IU“ o
zin| i, 7 ‘ dd ! (“x : 5([)2

Henece, when Av = 4" —1 18 small, we have

T . (Ia)x:r:——1|
AA[)I"T' ~ o (’U—~ V(d:c:ﬁ})‘z ) (15)
On the other hand, clearly (see Appendix)
n-1
Z (tV;E:Jﬂ + P,c:;) + 4 tV.r:rﬂ + Al)m:{i}) 'Dx—H v
— AP, & = e, A, (16)
‘ 'ZV:L' _ Nx Fn

where AV, ... = V. . — V.

! . . .
s eons V. with interest rate o/, and

n—1

d ‘??_, (tV.v:riﬂ\ _}‘Pz:ﬁ'i) ’I)x-kt

do " N,—N_,, 1)
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I'rom (16) and (17) we see the error committed in using (15) 1s

n—1

N AV, + AP, ) D,y v

0 : M.
N —N

T xTtn
I . ~
To evaluate this error, from (17) we may write

n—1

}6:, (sz;ﬂ‘f' PM'D 'Dw It d

Differentiate this relation with respect to 8, and write

d? d

i — e G = gl

déz win| - HYain? ds ('L;t:nﬂ — a’x:’ﬂ:

for the sake of brevity, we have roughly
s d d
Y V. a1 D
ap Vet gy L) D
D

x

L 1
1 a‘:(tz)n| LL.(L )ﬂl 2 1 afz :)ii__l i3 n 1

- B 2 = —Ua.5 ]Nax n ehzss )
2 1) a,. -n Ay . nj 12 2

Tin|

(from (9) and (11), assuming that & and n are not large).

Hence we obtain

[ , n 1
— AP, e (»u ( Vzin 2” )v Aiv— (12 e 2>??2 (49 (18)

\ (”.L n l)

For ordinary life, en passant, we may write

— AP, ~ (u-— ((([.La); ) v A1 — (182 +- : ) v (A)?, (19)

x
1

where é, = L _



© Bxamples: C.8.0. Table, 1 -—=2,5%, 4 =2389%,.
— APy 4 = 0,00172,

/ [ .
('u— (La)s. “'> p i — 0,00179

(”30 .30’

ol 1) 2 (A0)2 — 0.00007
19 g )7 AN =0, :

hence by formula (18) = 0,00172,
—4F;, = 0,00131,

s ] )
('U A __a’)“f> v A7 = 0,00188,
(figg)?

1
( an ., \ o (A4)2 = 0,00009,
12 2,

hence by formula (19) = 0,00129.

¢) From the mean value theorem, we have following approxima-
tions:

d .
(Z(S Il.m] ,Un
él l)l 'iT AI)};L ) 3 Whel‘() Pn'] = -,
| Cl l) (_l_n‘i
ds "
(
1 nrt ds =l a4 ([ﬂ),..,,_;l]
ALy ~ A( v 2 ) e, WO B e i et
n n+1 ‘?7.”72}1' dd (ax:”—})
oOn

(see Appendix).

Now we notice the following relations:

d 1/ az d
AP .= P A P P e (AD2-
:cnl ((Z{S T n)v v }“ ((lsn &€ 7’1‘ (Z(S .’L.ﬂj)u ( ,l’) *_4

5 1 : 1 ( d? p d P )
- N _N W T g\ gseleml gy el

/
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4. Interest rate and Premium Reserve.

Differentiate the following well-known relation with respect to o

B 1
1 AVa
.\FJ '[).'E-l~f .‘_?)J C/.r: |-t
V., =D - ,
I gt i n [).H ; l)mlll
and we have
-1 t—1
1 \
d 4 (Z \ ‘_\_; D.r.lr! \ (iV:n:n] { la: nl) D
o= ( Lp )7 T
d(S t"ainl \([() X )E‘ [)Ill [)-T‘ L1
Henee . 3
d “d D (55“|..0_I(V4F1)271)D
d(S th:n‘[ = (dé l):r:n‘i) d‘.‘r:ll D = 1— n—1
/ Trt ey %‘J (, Vma] + Ly i) Dy

Therefore when  and n are not large we may write roughly

d v /o d p ) . D.r, 1 t ) %0
— o~ Y Yl 1—
(.l(ji zin | (d(j .L.R‘- Tt 1):“_,;( ’n‘ y ( )
Hence, when A1 and ¢ are small, we have
AZ) r [)1" ‘/.1 [
A V 1 —~ .’L':n|”.’lt:ti [);c y (\‘ - ", ) (21)
Or more simplifying
.’7 t \
4 tV.L‘:u| AP.L ;ﬂt (1 - 'TL-‘) L (22)

Example: 0.8.0: Table;, 1=925%. % = 3.
by formula (21) = 0,01349.

A better approximation is obtained as follows. The following rela-
tlon is well-known:

1 ( > d

d _ ,
Ale:n"} == (d(j th:nl.)vA'L"J"Q \\daz' ‘VC:M“.(Z(S la: n) v (A’t‘) = .
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The coetficient of v (41)? of the right hand side is estimated approxi-
mately as follows:

d Voo A (la)x:n—l'{ B ([a’).r‘f‘t:ﬁ:!——l]> - ¢
dét zin| i i

Tin z:in| Byt tin—t]

” 2) =(1) S(1) 2 a(2)
d? V . q‘z:rH in—t| ( a.(n tin— t| 9 a’.p He: n—t| G’Sr )n| + 9 ( (LS: )n[) . {'Lr:)nl) ~

g ! | T . .. B
da ar:n| (bJ:—H:rh![ “1,[ Lin—L| a’x:nl a;z::n| zn|/

tin—1 £(2n—t 2 —
L {n_m- o ‘i)]
6m 2 12

Therefore we have (from (9) and (11)).

A tVa::n—| ~ (d(s thn_fh v A1+

1 t(n—t)
2 6n

n—2t+ 3+

E(2m—t oIn—t .
= )i(l“ 7;2”)}”%4@)2- (23)

Example: C.8.0. Table, ©=2,5%,, + = 39%,.

— A Vi = 0,01386,

4 | ,

(— 15 Vusan) |0 4 = 0,01360,
by formula (23) = 0,01336.

¢) Approximation, derived from the mean value theorem. Clearly
we have

as" " O (i
A le_;‘mI ~ A 4177:;] S — - = AtV;l_' ot -
| / V- ‘” "( ([a')'HI - ([a’)n—t 1|>

TN AL &
do ' " (i (i 0]

n—t |

d V. — .a;z:—}-_t__:_n—-tl ( ([a)x n— 1| . ([a')ch ;—m>

zin| a’z,!! n~l|

n|

5. Mortality rate and Net Level Premium.

Changes in mortality assume many different forms, but here we

deal only two forms ¢, = (1+ B)q, and ¢, = q,+ ¢, where B and ¢ are
positive constants.
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Pirst of all, we derive an approximation formula which is used in
our Study It we define ¢, ;; in the same way as q,.;;, clearly we have,
when g, = (14 B)q,:

~1
Bl T e
( o M) =1+ (1—=1+pa) +(1=A+MHa) A =A+H g )+ ...
=t pepet o Bl @ ) e 2 200
+8{D qq—3 Dqqq+ =D qq9— ..} +
On the other hand, from the definition of q, ..,

n(n—1) -
(—=1) gt (=gt = Qe+ 2009 - -

Hence, when ¢ and g are small, omitﬁing >'qqq and higher pro-
ducts of ¢, wo may have

nil\n-l , . on—1 n (n—1)
( 9 (lo,-:ﬂ)f””(l— 9 qx:ﬂ)‘—ﬁ('"'g'" Qe — 2, 49) + 8 X qq.

’ —1 1—(1—g)"
Assuming that = (1— ng fb,-;;) - , (1—q) ,
q

now we assume though roughly

n—2
q~ q:c:ri] (1 + 3 B .qu::r'e“l

- n(n—1) (n—~2) 2
g~ 6 Qs m(l 3 (" —2) qz.) -

and

Then we may have, when g is small
, n—2 2
Qe ~ (1+ ) (I;x;:ral[]' —f1 5 qm](l tg (n—2) @70 (24)
Iixample: C.S.0. Table, § = 1009%,.
o) = 0,0068,
Gioroo = 001174,
by formula (24) = 0,01177.
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When g, at 2009, mortality rate is known, of course, “Inter-
polation’ method is useful to estimate the value of (. &b mortaliby
rate ¢, = (14 f)q,. Therefore, it is desirable to append the living
number column of 200 %, mortality rate, to the ordinary mortality table.

(1) ¢ = (1+P) g,
When ¢, = q,+ Aq,, we have clearly (see Appendix)

n—1

\‘D tU‘dqcyl(]‘ t-1 a:nl)

, [) ¢
.r n| — = AP 'c n| — N N ] (25)

*'ztn

P,

zin|

where P, is the Net Level Premium and , V... the Premium
Reserve at mortality rate q,. Therefore when Aq, = Bq,:

—

b1

; Osc Sy (1 ﬁt-i-IVx:m)
AB, i~ - : 26
z:in| ﬁ NI—~J_V ( ))

xFn

(agsuming that f 1s small).

From (26) some approximation formulas to AL, ;; may be derived.

a) When €, (¢ runs over from 0 to n—1) is about constant we
may write 1 11
APx:ﬁ] ~ ﬁI); nl ™ 18 <

nl,

@--n

2 2

(applying the “equated time of payments” method to P, Al

b) When n is not large, we may assume

t+1
1+1Vx:n‘\ ~ 2,
n
hence we have
, 1 ' R,—R
Apx:fl] it ﬁ AT AT (‘ZW:::_ E - H")'
N,—N - n
¢) Here we derive another formula. Clearly
My ) = L AT e
Cyin| e o Uy.n) Uy n)

where d,.; is caleulated on the basis of the mortality ¢, — (14 f)q,.
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If we agsy i i, ;
€ assume G o) = By} (G — G
bhen we have

AP, n| =/ F [_)'r-fa-' Pn “| %”\ ) R
il ﬂ( T I) Uy~ IB zin, ((Ln| m:n')

From the definition of z,, il applymg the “equated time of pay-

ments” method to )y g and i, -, we have, when f is small,

Ln .LN’

3 ( Qm:iﬂ 1) 1 ()-L | 6": in|
zin) T, T )
" ﬁ (Iz:n] ﬂ n_(’z i

hence
((lx W 1>
ﬂl ﬂ ,
Q;v:n‘
AP.T.:M e :B (P:r,:-nlu_upng) - ) - o (27)
a5 (Ja::n] o __—
Ay~ | —1 (an]_"a’w:m)
Qe n

Formula (28) is a well-known mterpolation formula, but it should
be noticed that when 3 1s small

.. /q:’c;nl ) { 7 (q;:n ) - . }
Ay — 1)~ }8 Qgin|— = ({Ln ()
‘((Jx:-rﬂ / ‘ Qx:u] | )

For, if not so, we can not obtain (28). This notice is useful in case

of Premium Reserve. q' = q,+ ¢ (i1)
dx 7 Ha *

From (25) we have

n—1
.\_‘J‘Dm +1 ”/j(]“ 1(1 t |—1Va::1ﬂ)
p 0 ) -
Al:z::n[ - le__ Na:ri-n
Pubting AQ Lifi = c, n—1
Al
/\;_1 1)1 i (]‘ t |-1V D
D S
Al Tin| cv —Z\'Tg; . -Ng;,[,n
(assuming that ¢ is small).
t-+1 : : ;
@) Putting ,, \V, ;= " in this approximation, we have, when
T and n are not large g5 v
. e —MN " \ '
AP, — ~ (1— B T ') 2
z:n| cv \ (N Vz: Hz) ( )
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b) Another approximation is obtained as follows. Clearly
n—1
1 T lV.n:;i']) g

n— n—1

> UDz-H t HVm:nJ - %‘J Dz—H (Pw:ﬂ"' le:WD _*%‘J Oﬂf(

—

Therefore  n-t n:l ,
Z;D:ci—l(l t|—1 l) ])xl—!(l-l--le:nJ'd!-HV:U:;I)
AP, ;= 6v— e K] T
N N NI— NJI +n
n—l1 n—lL
( Zcxru(lmt—HVx:n\) ZDzH 1: n]) )
~ C\V-} — e - R
N V:Hn N Nr +n

(agssuming that ¢ is small).

Using (17), (25) and (26) we have
d P:c n| P:c:;?f' -l !
(v * 71(3 II n| £l f>0 lﬁ- | I) o 2()‘J Dl‘ 4 (! - lV m| T HVW”’I)
d 5
clv+ déprvfl+ (erTl_l 7T|) ’

where the mortality rate of P, 5 is ¢, — (1+ f) ¢, and we assume thate

is small (see Appendix).

Iixample: JP Table,

AP.B m ¢
(30)

1= 4%, ¢=0,0078.
APy, 51 = 0,00504,
by formula (29) = 0,00485,
by formula (30) = 0,00499.

6. Mortality rate amd Premium Reserve.

When q, = q,+ Aq, we have easily (see Appendix)

n—1

n—1
Ej(l Va: n)Aq'cH PR E(I_t-l-lv )AQa: gtV
AP.E;I[ = - ' = —!) - e
: . N L - N —N,..
= l':Wl !
>_0|(AP )D t—zo_l (l_t—HVx:-ﬂ) Aqpy Dy v
R R D T ———
zt , ]_ VI
i1 where [, N’ and
Z (AP xi—t 2 (I— .V Aqxt tDu v are caleulated on tl'
= . basis of q, = ¢, + Ags

- ' r
D:H—t
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Therefore we may write ”\-1[ N r-tVﬁ]) C,,,
P, .-—Ps = T
T:n| nj N Nz .
and henee when 0, = (1 f)q, and B is small (see Appendix).
n—l
AI)‘.C:;{] = ﬁ (P‘J::N| 1)“") - N ‘BN ( CL b (t -1 ﬂl Vzn[))
zin
ﬁ n—1 'V )
~B(P, . —P (YCJ,. Va— . V) 31)
ﬁ( zin| nl) N N " T)-J +l(‘ Lin| 41 [ (
) 0 = (1+ ) ¢
In this case, we have
1 L , -1 ,
517:(::?}] V;z| == [\ ( Tin| 7|) ‘I)JZI!—_{\_] Cznt(l h_x--.*-tVr:h_f)}’
Dz e L0 i
I =i ,
tV;:,}i'i‘th,_ﬁ'l — [E (P,;;"J ,;; nl;) ]) ﬁ :_J C'J:'I-!(l _"Hle;r:ﬁ-E)’;
‘ D:: e L0 0
hence easily -
‘V;:Eihlvx:ﬁ] = {(I);:ri] 1: n|) ﬂ (l ein| "|)} (tx” Dm#—‘t o
g
— D {_\__, O'“ t (tri—lVﬁ] tHVr nL) +B(V. zm| Vn!) ’
theretore =g L9
A KL‘ n| 2 ﬁ( & n, tT/:‘l'i) 7{4 (82)
=, -1 t
!ZC@TI!(H[ n| H—J.VL n) ,\_;])Irt \ (mH( T/HI le n)l
+g) 0 0 T — _ .
Nm__NJ:{—rn I)J:H.' ])Il-f
From (32) we see that the simple approximation 4,V nl ~ BV, wR =V a]
18 not always good. Really, in case of |V, I W] 1t may result in f(ulme
(i) gy = g, +¢
In this case, wo have
4 'V N 1 t— t:;l | 1
L 1:7” == [)x__l’ t >—‘ AP.’E nII) ‘}[.).J (1 - t.|_[Vg;;7T|—A t'f*iT/:r:N]) I)LE‘Ft U == (32)
t—1 - l_f_-‘l p
- D GUE (1 ‘ag,HVa::rTI) [)x:-i-t T])x—H(t—HVx:h]-‘_ﬂtrHVz:ﬁ])
z ] Gy i - - —C D ,
" 1)1:_“ [):c—H 1)m~|—t
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Now, carrying the following relations a) and b) to the right hand side

of this equation,

-1 t—1 -1
U\(_’)11Dxl-£ lHV:c:n ,\le)a, bt (JVz:n'[_}— Pa:n|) ‘}O_‘J Oa:r}—t(l_"t }Al‘Vz:n‘l
D, D,,, - D, a
d fd 5 .. ]),t: tV:;:n]—th:n\ P;:::n'l_—l);u:n! 4 D,;
= d(j tVJ;:u'g—(dé [a::n|) a‘x:t\ Dr y + 8->0 ﬁ I =Y) ﬂ Uy ¢ ]) L

b)

(where , V. and P, Iepwsent Premium Reserve and Premium re-

spectively at mortality rate ([1: = (14 8)q,), y
' d P’ P :j Dz—u (t +—1Vx;7‘:'\—t—1-1Vx;rT|
y zin| J,.N )*I‘("L‘ 0 o

= /U‘I_ ,[). ':‘i"
| ( el T g N,—N,,,

AP
dd

r:n

(where q, = q, + ¢, but P, »j calculated at mortality rate 4. = (L+B) s
see formula (30)), we obtain, when ¢ i3 small,

d ViV
- z:n| T a:nl 0«
AV~ ( = Vo + ga0 4 ) (33)
We see easily when { << n in (33)
d V,-— V...
V, + t"xin t"x:n| < 0
do =T e g
from follwowing four relations
n—-1 -1
1 2
d .\TJ (th:M—*‘Pw:n“\) ch -l D :[,J([Vx ’ .E nf) ])Lft
V.o=— : B
da! z:n| VNx___'Linrn Lol [)xil ])x“l
n—1 -1
, NIt NS c.
tVz:nlm— lVa::n" B TJ (1 L I.V.’L‘:NJ) C’;v: -t (‘!‘ | ])l T} (1 ] L-iyx:nl) Ft
() - - g ] T '
" ﬁ Nx_erlﬂ l)m e l')w{--t
tf“l 141|. 7 {1
v _\__; D:I-H H-le:n? = ::_J ]).’E !-l(th:M 5 [);r:n) —L (1 Y’ }-IVr:rll) Ca:!-t
0 0 0
and !Vz:m = ¢ |~1V-_c:n :

Approximation formulas in this paragraph are also of use in case
of two independent mortality tables, particularly if the value of ¢, of

)

2
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one table (denote ¢, table) is near to the value of ¢, of another table
(denote q, table). Here we show some of them.

/

I " .
. Uoi bpi— 6
a ! z:n| " Wy . Tmin] zin| . &
a) Ogin) — O] ~ ( ----1) (”m'%”wszul) = (”n:““x:n])-
Doin / ’n'_(’.:. 0
3 Wi
b 4 ‘win| T Cuinl n
) A“’”H _____ Ax:‘ﬂi -~ 3 (‘/[:v:n'i_uv )
—Cy .y
¢ )! D)
) o al Lo ™ BE g —5)) where
' af ool
ﬁ ~ 8.1::n|_ﬂ e.u:n] ) - o (’.E n (’E:ﬂ.
3 ;! 4 N—&yi
Eponi— b .
: n zin| x:n| .o Tin|
(n——e;vznl) 1— (1 + a3 (n—ez:n}))
n g SN )
1
(when g, .1 gy ~ 1).
Hero é,.,, d,, A al and ZéL . ave calculated on the basis of

the mortality table ¢, and é,. L P A < and P, .y are calculated on
bhe basis of the mortality table ¢,.

Il. Inequalites

7. Some well-known inequalities.

(1) ([-A).u:nf S ([“).xr:n'—jlj ,

A, n Uy on]

(‘\‘.'h(!ll ("j'.'l::HI - (‘iwi.t:n—tw b= 15 2; “ ey ?’L-—-]_) .

I'vom the definition of (IA4},7y e have

([A) . . _

ey DA Do A L

A e wlehl g, el Seblm ity e o i Dy =
Tin| l).u A:c:n} l)a: "[,-;;;:u| Da:

when ¢ > . .
On the other hand ( #:n| i "”)
I)’II ) 0 ar,s | 2 n 2'

(la D G 16
) z-l Yo plin—-1] Attt o K] + .0 < d‘x:h[’

x:n—ll_ o
xin| 1).5 a ]).z: &

xin win|
m (when a’:r:;:?l > gy :h:t_j) .
Iherefore we have

(,[/'l)_“;{ s (Ia),uzufﬂ

“.".i} i

(when @, ;> gy mi)s t=1,2, ..., n—1).

- ’
Uy |
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I'rom this inequality we obtain, when

d D . A'x:;ﬂ ( (IA);c:n_;___ ([a‘)'r:n—l' )< 0
i % Hasa i '
(Iau):c:n_ﬁli_ ~ ([a):r Fein—t—1|

. ’

o IR
ddo (i

z:n| /

(i)

a’x::ﬂ (ty Ftin—t| (t == 1: 2; sy n_l) d
Clearly
o o i 2 ; 2, B [T %
Gpom) = 1+ 0,0+ P, 0, 1 O2F o DDy oo Py et 0 by s
o s g o ¢ B
(IG')I:N—-H - aa::n—l} t vaa’x F1:n-2| SEETE pxp;c-o—l LR pz |-!ﬁllu ([a):rrH:ndifll’
la), . - Ia). . ,.—7 1
hence ( ‘)..r.n—l . ( “)Il-!.ﬂ—t—l - — _
e Upptin1] Uy n st in—t |

'{a’:t:n—lla’;z Ftin—t + PV a’x—}— 1 :n'—2|a'a:-}-t:n—‘t |+ § @ ([(L)I,H -t p;-: v (Ia‘)a: ¢ i1 " }
g . . . _ i
Therefore, when G, ;..o > Gy ping) > Gy pyinmiyy fOr 0 S5 <8

and 1<y <n—{t—1 we have
(La) (La) —
rin—1| ztlin—t—1|
. = X )
Uy Ut tim—t |

Hence we obtain under the same conditions

d Vo e (i:cf-t:ri—ll ( ('[(.t-)x:n--l} o ([a‘)z!-t:n—l—u> <0.
a

7¢ T xin| . .
dd ”'a;:nl x:in| by Flin—t|

8. Steffensen’s inequality.

Let f(v) be a constantly decreasing function and let gp(v) and (»)
satisfy the following conditions

v Y

e v

= ; (34)
Al Al

i) 2w0)

for all y, where « << 9 =< B and all of them are integers. Then with
the exception when (34) always hold equality, we have

B p

Do i) Dy fe)

B P (35)
> ) Dy
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r . . . . i
I'his inequality is useful in our study.

(l) ([a’)r:n—n . n__'_ 1 .
(.i'.t:rr} E
In (34) if we put « =0, f=—=mn—1, @) = 1, p(») = », then for
V<<n-—1 we have v

_J(])(V) y+1

0 —
n—1 o ’
= n
D)
0
v
N (v
n—1 = = ’
= n n—1 n
RN (»)
0
o g . 'D:c-!-v
Therefore from (35), putting f(») = . Te have
T
d.c:?ﬂ (la’)x:nwll
w T om :
(n—1)
2
i o ,
N consequence Bl (18)5;0m1) (36)
_ . ) )
2 ”’x:vi]
In the same way we have n—1 (L a)n—l]
2 (i"[ -
) la),—q; _ (18);.0
—1 z:in—l1
(i) ( N aiium
Uy a‘z:ﬁ!
When m < n casily we have G (|
P o e
”’:r:nj ”‘:.'::m[
Therefore, in (35) putting f(») = —» we obtain
([a);r:.'r-l! b, (Ia')?"‘lf
- e o ~f ,
(yn | n |
1 , :
) Gy ]
Vit d’n' dz N X ;
(lll) i } > Wt ’l‘ ’ (’L’ = q,) .
ty | Ay . n|
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The following inequality 1s clear,

dn— dm"
e e
Ugin|  Uz:m (n >>m).

Therefore we have when 7 >
R - ,
9 (i ) |

a"ﬁfl (. "

v .

) in (35) ) .

v y

v

Now clearly when 4" >t for any positive number ¢, (t<n—1)

(i a =
Bl e (87)
Ly

.. —
and ;f"”- >1,

s, n|

(n=2).

Hence we may choose &/, k such as

= o . n—k
by n | a’n—l\:’| s 1—w
/ — . a’n—.’c] - 1 )

Uy i) ot v
Uy . |
s _ ’
Cpim] a‘n—k|
and n—é,.. n
7. s e B | ], i mn (11" ).
¢ 6

When k i3 given at interest rate ¢, we have the approximation
formula to d,,,, at new interest " as

ol .
a0 N
. . - . ) )
Gy~ By~ -y where k= K+~ = (' —1).
' om—k 18
We notice from iz
V .'-i ) M I "7‘7 ’ -’ .
Uy Cy sl (’b > ’L) ,

putting ¢" =1, 1+ = 0, we have
3 éz:ﬁ] "
U] > in e
Ud)z:a)

(iv) = .
5 A:r.-n] 5 AI:,T[ 5y ?)31:.?’4‘
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Easily we may choose s, (O < 8), such as
] aﬂ—sl

When 4" >4 using relations

D, , .
= 5’" ‘a’:r—i—t:ﬂ—ti é ’Ut[,'l,”‘_'s"_:f'], (t == 0, ]., ey n—l).
X
we have by < s (i' >1),
N consequence Gim) ey
I N
ax'ﬂ] a’”—ﬂ
and A;:;,;‘] > "
hence clearly we see k< s and
14), .,
,,(v,,,,,)f" "]__. < Mn—3~8
Az
A)zn)

4.7 € ..
Therefore we have p W = Ao B0 50, (Eyin) > n—35).

m & .
The value of s is obtained from

N8
Aa:::rT =v .

——(1+ )Pr:n|(aq >(1 F7’) zin| @, q (1 }%)P K

a:n (i, q

where ¢" >+ and (]x = (1+8)q,>q,-

V) (1+)P,

(37, q7)

Under the conditions that q, ,(1—,,,V,.;) decrease constantly
and [/;nl 2 2. Al for 4 >1, we have the above inequality using
Steffenson ] moquahty Here we show 1t:

n—1
ﬁ_JD.LHa’ Dq:z: ( t}-iV )
P — — P = L : B
T ! 2 i = -
n|{i’, ¢") zin|(t 'I) (l,a,:?'z’] (i, ') ])a ' q")
n—1
1 ey
B>, \ ])a, Fehg) U Qato i~ IALVJJ:?THi.q))
~ ) e
wa ol (@, q") ‘Dm @, q"

(see Appendix).

Now clearl i
arly o it ot Q.70 v : '
w: (@ q') ~ "Ju.tl(t,q’)r’ (7/ S = O, 1, ___,fn,_‘.]_),
Uy im0, )
where (1,q) represents the calculation basis.

13

;c:n|(1,’,q)
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Hence using (35), we have

n—t
B ‘\71, D,y (@ q") V' (L— }-1%:&}(;‘,(;))
| Gy i1, g1 Dw(’t“-q’) -
v JB \‘ D, +tlg) Y Aey (L—, |-1Ku:ii’|(i,q)) i
&  wigaee Deey 0 (Peaiti,gy — Do) -

Therefore we have our inequality. Moreover, we may write usually
. 9
roughly speaking for about n < )

1)

wnlli,g) Pa::n] (. q" < Px:n'\(i,q) o Px:n-\(i’,fl) :

9. Jensen’s inequality for the convex function.

. . (0 .
Let @(f) be a continuous function such as 2 @(t) exists and >0
A2
Then = 3
2P, D Pt
1 L ¢
2 2 < 5 j (38)
\‘ /] \1 /]
> P ; p
s T where By Ps 335 P 250«

Applying (38) we have easily following well-known inequalities:
a) As d,., 1s convex in respect to 7, when 9 > and ' —g =1 —1,

ﬁ’.c:ni(j’) Uy > by, nl@n ~ ".l;x:n](i) d

or Uyni(j) — Wain < ”x nle) " Cein i -
\1 .ga f'”r 2 S'r ny \1 S, ”
e ) % G 0.t
b) s T g 9% . fhevelors m< =T -,
\1 S‘, \1 Sp
2 © £

where n 1s the equated time of payments.

¢) As A, is convex in respect to 7, elearly A, > 0", and hence easily
(i, < d;  we obtain.

d) P, 1s convex in respect to 2 when

”J’»H:ﬁ:—(i > a;rrH—}rl:'n—t'—l\J (t = OJ 1’ 2’ I (A 2) .



We noticed in paragraph 3

twll d 1% | d P ) D
&0_1 (dé thain| (Z(S‘ :z::m‘ x -t 1 (Z [) 1 dz

_ i B .
N,—N,,. 9 dy "9 ag "
. d
['herefore, when V<0, (=129 ...,2—1),
dé t"x:n|
_ -
easily we have dén‘ Py =0
Hence we obtain P, - — Prain <Peniy — Lo

when 7" >4 and §'—j = ¢ —q.
Ve.n 18 convex in respect to 7, when 0<{<<T

{ n—1 n .
(ordmauly ig larger than 9 (1 -+ g '1.)),

and after then in [T'<<t<<n] becomes concave in respect to 1.
The reason i3 as follows:

Now the following relation is clear.

(-l 1—1
Y < . )
d d \TI I)'H't .\%J ( Vn:n! + ['I:;,I) 'Z)T'H
VLE'J' = Px'n ‘l‘

Using this relation and its differential, we havo
o

& d \
- Vi — - Vo) =
((263 tr gt )

N S
; ; T} ,’1 rn —}_ l)'r'n) l)
| ( a? P d P ) T H + "()_J((lﬁt . dé [, 'ﬁc".'l
ast " oas Jord Dy
Hence i
. N'D o
i L@ 4. d 2 Pary
S tV;r'n\ — ( 7o P;r-n"""_ P.r:nr; + Px:rﬂ __
do® ' 2 \dot T dd o dd / Doy

1 1/ d 1
- ' N [ 5 vV P
Dy ( T (dd Ve g Lot g (Ve 1[))]



On the other hand clearly

__1_ (%zp o _d_ P _) o \dd dé
2 d o zin| as z:n| NZ;NI;”7 o,
and n\—11 s b
d pds (f Tin o :c:‘ﬁ'{) ot
Pg=——— R
dé N,—N,,,

d d
—(da ot e s (zT/;;a-l"Pﬂ;f)> =
Dm——lr 1 d .
B ‘_(\I)} - da t-}-1T/:;;ﬂ‘“" Zl (fI/;::ﬁ]_}_ p:c:rﬂ)>
xt Y

is about } at t = 0, and then constantly increases till the maximum

n—1 n .
at £ ~ —5 (1 + 8-1), after then decreases constantly till about

ds

Therefore from the theory of the mean value when ¢ < T

Vw1 < 0)-

at t=mn—1, (ussuming that

,

) n—1 (3
(T is larger than (1 + . z)) we have

2
d2
5= Vo =0
do®
and when T <t < m In consequence
& , d
— V<0, (we assume ——,V _.;<<0]).
s ' ( s ' " )
Really, it is easy to verify q2
o en n—l‘Vx:Jﬂ < 0.
do?

The estimation of the value 7' is difficult, and experiences tell us
in case of ordinary interest rate T ~ 0,8 to 0,9.

, (a)z:n=1)
G

(i) “z:{ﬂ ~ (’U ) Cig:n] , (n; 2).
a.___— 0]

—n |
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In (38), putting ¢(t) = (U)

we obtain directly this inequality _
([“)m:ﬂ_—ﬂ

. b (1) e -

. !
G‘;r | v

Therefore from (36) when ¢ > 1

n—1
o o\ 2
zin| <
= <( ) . m=9). (40)
Ayon) v
In the same way, when 7" > 1 we have
(TA) o3
- ’ n—s ('; o
‘4;5-7'1' v Az v v \Yxin|
I < it < .'U’ < ’U’- *
Ax:h'} (VA
1 i D . o L D .y .
(11) Pz:n—k-m [ I:r:n | > I CHO 1 xin|? ('lr = ’b) 3

where P;:;l-‘ represents Net Lievel Premium ab interest rate 4/, and m is
& positive integer.
As ' >4 we may write the obove inequality in the following way :
I):c:n Fm *P;:::n F-m | L Px:-r'{; s P‘:::ﬁﬁl :
In case m — 1 using (40) L‘,{LSi[y we hiLVG
)

) ! ; D A D A
1 1.’1::?! |-1\<I;L‘:n|_ l;c:n\‘

onkl

Therefore generally we may have the inequality (ii).

1— V.- 1—V . 11—,V
(lll) thzm| ~ T bm| ~ Vo ’ i -~ . 41
1, — t'V;,‘:nT {j== tht:n Fm 1— tV,L ( ) ( )

Where V. represents Premium Reserve at interest rate ¢/, and m 18 a

Positive integer.
1 v
Al —1) and (40) we have when ¢ >3

USIng ur } v
Pe

Al —

i silf ” si
... t | (4] (43 5]
Tin| z b ln-1] )1 z-1:n|

W 7 wl "

. n . l:n—1 Qi1 U +1:n]
n \ T _ b
consequence 1 1V_,cmi_ 1— le:_,,_,_, 1

1— le:n l_lVa::n—IJII
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m 5 L !
T'herefore 1— gV  1— Vi o

: >
1_£Vx:n'\ I“tV

b

wnf1
and generally we have when 4" > the mnequality (ii1).
I'rom (41) we obtain the following inequalities whon ¢ >1:

. - . !
u’a:: t-+1] “’x:m A ('La:rl—t:m b1
Ll > ”._.l iy ?
Qb 111 Qpmrtitl Ceptimpn
" o .
4 o a....
zitH1] b1 z:2l4-1 ]
_.J-_ - 7-.777 V > sl ’ (42)
Upop 17 Qppiign oty
a’x:l?l[ Upppe)  Upag
" T e .t
ettt Y] Uy 57
(IV) El-—le:ii-\(f[_')'> lmth:rH—ml(fl’} 7 1_¢V$('I’) ) (43)
l—tV’L‘:;ﬂ l—th:n}-m[ 1_th

This inequalities is held, under the conditions

1< Po o Part - Port - Poitr

#L
P Pt Pyt Pattrt
Ifor the proof of (41), the inequality
o n—1 i i _
min| Yzt ling . . -~
(-I -')> Wl ’ (Ib’>tl’: ’”’ég))
vy Upn] Uy 1:m]
plays a leading part, and now the inequality
pzrkl pl:—FrZ p:r:+3 L pa:rkn—l a:r:rﬂ U‘J:riAl:n'
I ! . ! ! V > . ) e
pr—kl pwz P;z:rl—3 Tt pz+n—l ”‘m:n‘(q’) tly Flinl(gh)

18 the basis of the proof.

t 13 troublesome to prove (43) directly, but the following two
inequalities are proved easily, under the given conditions.

v a Pk oo Poiom (.L..,@}
palsl-lpr;FBT.zl:.S ..I‘f|.2”°1,> ain . (44)
Pat1Puy3Pris -+ Patom—t “wm'(q’)

where when n is even . o0 1 = Dpinis

when n 18 odd Py, 9t = Prrnas
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p::‘:—kz pT~|-4 p:;:—}‘ﬁ e p:::—wm S U‘z +1: n| 7 (45)
PrioPryalere -+ Patom ot 1:7] (g")
where when n is even p, ., = p. .,
when n 18 odd p,,o, = Pyiny
Therefore we have (41) under the given conditions, and the
inequality (4 (43) is proved in the same way as (41).
Hero we notice that, when ¢ > ¢ ordinarily

1—,V, :
L8~ 1 fsheld, but
1— ¥,
1— V. .
r@) — 1 s assured not at all under
11—V the given conditions.

From (43) we have under the same conditions

1) B a.. ‘
zil1] zAbimA1] zim-t4-1|
ua::!le(r]’_\ “.L FlimL)(q") u’x:m+t-|—1\(q’)
Uy 11 . ('I".v-+-t:t—!-l| = "aa::zwl} .

Critrtifgn ortttti@) Uo:2ti1](g7)
(Lz:t-l-i\ - a:fo:'t] LS - W0y ]
Uritr(e) Yeretien Yzt

On the other hand clearly

Pait iy
p v )
Pt “’.1::3'[ (q')

Piyo (pp 0y
s ‘

! .
T);v ] ”;);l 1:3}((1’)
Pra: a, -2:3
Ij"”.> 2230 and so on.
P -3 “x-!—2:.’-75mi (q"

I . . .o, .
Lherefore, if we assume (43), reversely we have the two inequalities

(44) and (45) above mentioned.
(v) P _p

:l:nf«m Tin+m|

(]-épf re plll << pj:|-£\<..'>.
\ Pu P:H Prye /

>P n(q") Pr:'iz“!'
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Clearly, under the given conditions

&a"'2_| a’a:+1'rT eint1

R R ,
ax 21(g") a z+1mm|(g)) ("’:c:n+l-ltq’)
hence we have p:c pxrl-l R prrn—l = a’x:nl “;r'n ]—l
Pz Pz = p:r—} n—1 Ugom Hq") a:a: int1(g")

I'rom this inequality easily we obtain
Px:-n—H!(q’) Px 1“—1[>1xn|(q _"pa::rTI’
and generally, under the given conditions
P:r:rﬁ-'m|(q’) _P:r:?z,f}—m] b Px:iﬂ(q’) — er?} ’
(vi) Lastly we notice that the conditions

lg p’ px+t é ) sz

P Parr P

is reduced, in case of ¢, = (1+8)q, or ¢, = q,+ ¢ to the following
well-used condition

IA

=0 =S =l S = -

Appendix

When we assume two calculation bases (1,q,) and (24 4%, q,-+ 4q,),
following relations are clear (t = 0,1,2, ..., n—1):

(P:cnﬂ"‘ th::ﬂ) A+~ = 134V n!(l Qs 1 1) - (A)
(Pz:n—r}‘ APz:%i]“'“th:ﬁg"?‘A Vo) A+2+40) — ¢, — gy, =
= (e tVom T dop Vo) A=y —A4,40) - (B)
Hence (B) — (A)

(AVN]}—AP )(1+?“) A Vnpz}-i*‘
= (1 tHV At+1V'E) AQx—htﬂ(th:-E‘_FAth:F+R‘:ﬁ+APz:¥f})Ai'

Hence clearly
B pgl oV i Dopyi1diitVom+ Dy AR, 5 = (©)

o+

= (1= 1Veur A L )A(Ix-uD:c+t”_“(th:H’1‘|‘Ath;F‘}’Pz:ﬁ‘;‘I‘AP::rﬂDz1—:UAT;'
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Therefore, carrying AV, . = 0 and 4,V,, 2 = 0 to (C) we easily
obtain

1 L :
AP&::E' == NL—'NI l:(/)'_,( tHV in Al-}-lV;::frﬂ) Aqa:}tD'c pe¥—
—1
—‘“E( i 4§ Vegit Pam +4AP,.; )DI_HUJ,
and 0
A _ L’-jl
lVI:i{j = D (AI;; o Z >_‘J (1*1 4-1%::1{;‘—‘41##1]7:0:&?})'
-t 0

-1

‘A’Ix—}-l Dy o—di Z (tV:c:r? +4 th:?ﬂ +Px:5ﬂ +4P,.;) D:v-l-t U]'

Therefore in case of the change of interest rate, putting Aq,, , =0
We have

HA’L n—1
AP . _ o
Tin — ‘M“’I:’_-_err};n !>0 ( V }‘4‘ V n| }_'P | —,_AI)CU n) x| ll)}, (D)
dth.‘l — ) t ‘l \1 V
0 D, AP, — _JDM+ v A4 2, 2w+ 4V + P+ AP, ) D, |,
o (D)
and in case of the change of mortality, putting A7 = 0 we have
AP o 1 n—1
Tin| = N_,E——N_,an [%} (l—g,HVI;ﬁ'"__Ati-lV n)qultIxHU] (E)
o= — ] 1 A nis
Sin] D, y lAPJ: ] 2 > —'}6“ (l“t-a»lvsr;m_d t-|41Vx:n”4)Agz }-t'Dt»Hv}' (1)

From (D) and (I%) we have

n—1

\‘ Dt P+ Eai)

d p
dd zinl T JN N ,
| n—1
P"_”"-‘l)."' \‘ (1ﬁtfl ).])x‘}_t’l_)
>0 " — = - N o Vx_*_" - ', ((1,r = q£+ C),
and - ]
P o— Py ‘\T‘:(J“z( — yui Vo) ..
=T i, = ep),

P ﬁ N, _Nz—l—n

x
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Hence we obtain
P! P .- P—-—P - d

zin| T Lain Tin TN 1
a2 . i RN . |
c>0 c B->0 ﬁ dé r:n ( )
When ¢, = (1+8) q,, clearly el
- 20_1 (t l-Vrﬂ_t—HVx:n';
R P —-—P; — 5
zin| ﬁ( Tin n)+ﬁ Nz_‘Nz,}.n
therefore At
P’ --‘—P (i— DOj Ozfl—tdzrl—trkl:n%—ﬂ
Tin Tin n
f->0 ﬁ e (Pz:n'_Pri'?) }f 4 ,7[;’1 S o =
o Oa:-l—t ('.‘;‘ra-—tml:
Lifﬁ* n—2 ;
. ~ (Px:‘n"_Pﬁ’) L (1 - 3 qz:ff’) (G)
assuming Cyin ¢ /
1 =
Z C:c b! dn—kﬂ = dy] ﬁda::-rﬂf
1 nt . % B2l ([a')a: n—lL
>1 obt Qg ptptin—t-1] ™ a’.’c:ngx:n'(]' S 3 'Q:z:‘.n) ) "-.i'x;{,';
I*rom (D) and (F) we have
t—1 t—1
d d b ]).L bt ZDI-}-t(th:rT:_}_Pz;nD
B th:rTJ = (mnl)a::n‘]) s~k & _SHER - »
do i =) D, D,.,
gl g—l
! ’ ‘])I,, ‘[) g U 1'"— V
tVa::n'[_LVa::nL _ ( Pz:wT—Px:ﬂ) TJ -1 B TJ af} { ( 1 z.nl)
o ¢ o0 ¢ Dx} ¢ Dx-}-t
(7: = 4z +0)-
P N V)
ter’::n| Vz o ( P::::ni Pz i ) :/0_1 a:+l._ T; z+t {41 zini
B 0B Dy Dyt
Hence we obtain (1, = (1+P) )
!Va’: | V;:n‘ fV;:n'I_tV:c:M L d v (I‘”)
¢—>0 C T B0 ﬁ o T a8 t'z:n|" :

Now we show some formulas derived from the so-called mean
value theorem.
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When f(z) and ¢(x) ave differentiable in [a,b] we may choose &
such ag f(b) — @) [(&)
g~ 9@ =

where a <= &< b and we assume ¢ (z) — = gz} == 0.

In (H) it we put @ =1, b — i+ i, f(1) = dyp and g(2) = d,
we have _ . (I%a)

d z:n=1 (i) :
.o S l—- E—1
__ ‘ 4o ““”‘ G20 T} 1 W (=)
A .. : z: 1@ - { S
(.(xml =l [JLLNI e Au’n] 9 ’
}' d "°=* ([“)nj](i) 1 (1 “)Fﬂ(i) (£—3)
— e Uy o o
do ™ (La)u=105
Wwhere d n—1/ n+l .
(Ia)w:-rf—q] == as Uy = 9 (lﬁ 6 o (L'}— qz:nQ Uyin)s
» az (n—1)% / n+1 . A i
([“a’)m:'n_—'i"] = 52 g in) = 3 ' (1 o 4 (I' + (I.an) Uy in]o

; By,
(Z"(L)uj' - (1(52 anl -~ 3 1— 4 (2 um.

Hence we may write when A1 1s small

Ia), . —iu nt—1
. ( a)x,n 11(8) (1 L b qx:nl) ’ (I)
(! a)n‘-ﬂ(i) 18

In the same way we have

A~ Ad

xin|

where h = &—1~ LAq.

d . b=F
i "“ d() “’;1::“]
Adm:n] == A(%U 2 ) ] n—l {=£ ~
nin—1) b2
2
§_=* 1) (£—14) P (i+q ))
—  (n— - - min
n—1 (—[CE)I-{;-Z-UU) 3 ( ( a |
S A (’76’0 4 ) . !‘n—l | o
fm(nf_l)m 5 1— n—l (&—1)
9 (i) 2

n—1 la) .. / m—1 ’ n+1
Pk A(nv.&i ) (a)f-'nal](t)_l -(1-— = (1_' (ot qw:ﬂl)))r' (J)
nin—1) ", 3
Vi)

2 where h = &—1~ 4.
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Example: C.S.0. Table, 1 =2,5%, 1+ 4i=389%,.
(La)g. 551 = 288,5745, (la)gy, = 271,7488,
— Adigy, = 1,2651, — A (3009 = 1,42892.
Hence by formula (I):
238,5745 / 0,005 899
(1 o T 006%>

971,7488 2 18
= 1,1107 - 1,00079 = 1,1116,

and by formula (J):
— Adigy. 5, ~ 1,1204(1 —0,00817) = 1,1112,
true value of — Ady,.57 = 1,1121.

The approximation to A4, is obtained as follow

d 1i=¢
[ Aa: n|
Ad . as
A = A1) [n"]* h
124), —
y P (é_. ___7) ( ‘zr)x "I(,L)
~ A7) ([A)x:ﬁfg(»i) (14), n|(i)
no 1—(E—i)n
1 —1
where (I4),; = — ‘ A, ~mn (1—— " (Iz:rr) Ay
' dd " 2
d ' n—1 2
12A = A:r;-i{‘ ~ ’sz (1 == 'n-n) A Gl
( )x | déz | 0 Do |/ rin|
Therefore when 1 1s small, we may write
14 —1
A, o Ay LDt (1 pp BBl q) (K)
NG 2 |

where h =&—1~ 141
Example: C.8.0. Table, 7= 2,5 % 14+ A1 = 89,.
(14)39.30, = 18,5002, 80v™ = 14,3023, — A(w**) = 0,06476,
hence by formula (K):

— Ad 9,55 ~ 0,06476

13,5002 0,005 8 0
- ( = 7 -0,0063 =

4,3023
== 0,006112 - 1,00685 = 0,06154, true value of — A4y, 44 = 0,06139.
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18, as already mentioned
(lfl)x-FH(f)_

The approximation to AP

,CH

fv S

2
(i n
Al)x:éa] ~ APﬂ 7 (G () ) - (L)
([a’)n——l(z _
('ﬂ| ‘z))z
o Ui
s (G )
A[)'z:n—| ~ / (n"U 8 ) 7:;1,_[_1 ":1 : . (Nl)
T
Example: C.S.0.Table, ©=2,5%, 1+ 41 =39,.
220
AP.,JO' — ~A(“ ) = (,001815,
Ctg(ﬂ
Ta)ss
Bz _ 6o, { _.-)2;1 — 0,5905,
(diso . 50 f) ) (digo)

hence by formula (1) 0,9756 — 0,6084
J (00 — U,

—AP,..a ~ 0,001815 — - — = 0,0017¢
APy, 301 09756 — 05905 0173

U 000172,

and by formula, (M) — APy 551 ~ 0,00165 0,3524

true value of "“‘APBD:BUI = 0,()0172

The approximation to A,V is, also as already mentioned

d’;ul-t:ﬁ £ ((]a’)'r: n—1) - ([a’).tl 1 n~t—l|)

r'im.;,; .y, :l: rt:m /
AV~ AV, | ] ! _ N
el T (_(M)-ﬁ:“u - (’“)n—‘t—u) &
_n'l ”,,1 (l,” t|

Example: C.8.0. Table, i=2,5%, i+ 4t=389,.

(
— AoV = ﬁﬂ(l_ 30') — (,014225

(l30

0,7434 (12,048 —8,293)
0,7448 (12 667 —8,682)
true value of — A Vi 59) = 0,01336.

hence A,V 1) ~ 0,014295 - =0,01388,
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For whole life, we may write in the same way

. (L),

AA, ~ Mz )y
. er
€z Vi)

[a) ..
Aii, ~ ity Uy o
(La) s, ()

)

B S
where (I4), = ~* and (la),= *'".

D, D,
Example: C.8.0. Table, 4.=2,5%, t+4i=389,.
6, — 98,2421,
13,6974
Adyy ~ 0,066042 " = 0,06081 (true value — 0,06063),
14,8752
399,7716 _
Adigy ~ 1,80608 - e 1,8254  (true value = 1,8264).
392,2805

Zusammenfassung

s werden Niherungsformeln hergeleitet fiir Rentenwert, Nettopriimie und
mathematische Reserve. Diese I'ormeln konnen beim I'ehlen vollstindiger Kom-
mutationstabellen  zur  Abschittzung  genannter Versicherungswerte niitzliche
Dienste leisten, ebenso zur Abschiittzung des Finflusses von Grundlageniinderungen
auf vorhandene Versicherungswerte und bei der technischen Behandlung erhihter
Risiken.

Résumé

Iauteur développe des formules d’approximation pour la valeur de la rente,
la prime pure et la réserve mathématique. Ces formules peuvent rendre d’utiles
services pour évaluation de ces éléments actuariels dans le cas ot des tables de
commutations complétes font défaut, de méme que pour évaluer Uinfluence de
changerments de bases suwr des valeurs actuarielles existantes, ainsi que pour le
traitement technique de risques aggravés.

Riassunto

[autore deduce formule d’approssimazione per rappresentare il valore attuale
delle rendite, dei premi puri e delle riserve matematiche. Se non si dispone di valori
di commutazione completi, queste formule rendono utili servizi per 'evaluazione
delle dette cquantitd come pure per valutare le differenze resultanti da un cambio
delle basi techniche o per il trattamento tecnico dei rischi tarati.
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